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Preface

Information technology (IT)—highly sophisticated information processing—forms
the intellectual basis at the forefront of the current, third scientific-technical revo-
lution. The first, generally placed at the turn of the eighteenth and nineteenth
centuries, created the foundations for replacing muscle power with that of steam,
and—as a consequence—manual production started to be displaced by industrial
mass production. The second, which took place at the turn of the nineteenth and
twentieth centuries, was brought about by a large number of groundbreaking
concepts and inventions occurring thanks to the new energy carrier—electricity.
This third scientific-technical revolution, started after the Second World War, is of a
different character from the previous ones in that it is nonmaterial. In essence, it
constitutes the collection, treatment, and transmission of data, and so the subject of
research and operation is here abstract, unreal objects. The dominant discipline for
innovative development and progress became information technology as it is
widely understood.

If therefore the crux of the changes does not consist of creating new machines or
devices, but of the radical transformation of preexisting essence and character, then
the spectrum of research and practical interests is unusually broad, even unlimited
in the framework of contemporary science and applicational fields. Thus, such is the
differing material of this book. It consists of three parts. In the first part, a
specialized calculating apparatus is presented, which originated within the context
of and for the needs of information technology: data analysis (especially explora-
tory) and its main tool—intelligent computing. This part contains 13 chapters.
Applicational aspects for problems in the scope of information technology and
system research have become the topics of seven texts comprising the second
part. In turn, the final ten-chapter third part is devoted to tasks of basic disciplines –
mathematics and physics – describing the world’s reality, investigated in those
presentations with the aid of contemporary information technology methods.
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The subject choice of particular parts of this edited book was determined through
discussions and reflection arising during the Third Conference on Information
Technology, Systems Research and Computational Physics (ITSRCP’18)1, creating
together with the sister Sixth International Symposium CompIMAGE’18—
Computational Modeling of Objects Presented in Images: Fundamentals, Methods,
and Applications (CompIMAGE’18)2 components of the event joining them the
International Multi-Conference of Computer Science (CS’18)3, which took place on
July 2–5, 2015, at the AGH University of Science and Technology in Kraków,
Poland. In total, at the above meeting participants from 21 countries—Austria,
Bangladesh, Colombia, Czech Republic, Germany, Hungary, India, Italy, Jordan,
Mexico, Morocco, Poland, Portugal, Slovakia, Spain, Sri Lanka, Taiwan, Tunisia,
Ukraine, USA, Yemen—from 5 continents, published their papers. The proceedings
of this event are available in the e-book [1]. The authors of selected papers pre-
sented at the ITSRCP’18 conference were invited to present their research as part of
this post-conference edited book.

The above multiconference was the essential continuation of the previous
Congress on Information Technology, Computational and Experimental Physics
(CITCEP 2015), December 18–20, 2015, Kraków, Poland, whose materials were
published in the edited book [2].

As the organizers of the ITSRCP’18 conference, we direct special words of
recognition to Reneta P. Barneva (State University of New York at Fredonia, USA)
being Scientific Chair, as well as Valentin E. Brimkov (SUNY Buffalo State, USA),
Joao Manuel R. S. Tavares and Renato M. Natal Jorge (both from University of
Porto, Portugal), accompanied together with Piotr Kulczycki (AGH Academy of
Science and Technology, Poland), the Steering Committee of the sister
CompIMAGE’18 conference. Its post-proceedings are currently printed in the edited
book [3].

We also would hereby like to express our heartfelt thanks to Technical Associate
Editors of this book, Dr. Piotr A. Kowalski and Dr. Szymon Łukasik, as well as
Co-Organizers of the above conferences, Dr. Joanna Świebocka-Więk, Grzegorz
Gołaszewski, and Tomasz Rybotycki, as well as all participants of this very
interesting interdisciplinary event.

September 2018 Piotr Kulczycki
Janusz Kacprzyk
László T. Kóczy

Radko Mesiar
Rafal Wisniewski

1http://itsrcp18.fis.agh.edu.pl/.
2http://isci18.fis.agh.edu.pl/.
3http://cs2018.fis.agh.edu.pl/.
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Using Random Forest Classifier
for Particle Identification
in the ALICE Experiment

Tomasz Trzciński1(B), �Lukasz Graczykowski2,
and Micha�l Glinka1 for the ALICE Collaboration

1 Institute of Computer Science, Warsaw University of Technology, Warsaw, Poland
t.trzcinski@ii.pw.edu.pl, mglinka2@stud.elka.pw.edu.pl

2 Faculty of Physics, Warsaw University of Technology, Warsaw, Poland
lukasz.graczykowski@pw.edu.pl

Abstract. Particle identification is very often crucial for providing high
quality results in high-energy physics experiments. A proper selection of
an accurate subset of particle tracks containing particles of interest for
a given analysis requires filtering out the data using appropriate thresh-
old parameters. Those parameters are typically chosen sub-optimally by
using the so-called “cuts” – sets of simple linear classifiers that are based
on well-known physical parameters of registered tracks. Those classifiers
are fast, but they are not robust to various conditions which can often
result in lower accuracy, efficiency, or purity in identifying the appro-
priate particles. Our results show that by using more track parameters
than in the standard way, we can create classifiers based on machine
learning algorithms that are able to discriminate much more particles
correctly while reducing traditional method’s error rates. More precisely,
we see that by using a standard Random Forest method our approach
can already surpass classical methods of cutting tracks.

Keywords: Monte Carlo tracks · Random forest classification

1 Introduction

Particle identification (PID), i.e. the identification of the mass and flavour
composition of particles produced during a collision, is very often a first pre-
processing step of a typical analysis in high energy physics experiments. It is
of a particular importance in the case of ALICE (A Large Ion Collider Experi-
ment) [1], one of the experiments of the Large Hadron Collider (LHC) [2], whose
goal is to study all aspects of ultra-relativistic heavy-ion collisions (lead–lead
(Pb–Pb)) in order to measure the properties of the Quark-Gluon Plasma [3,4].
ALICE is a complex detector composed of 18 different detection systems that
employ various methods of interaction with highly energetic particles to measure
c© Springer Nature Switzerland AG 2020
P. Kulczycki et al. (Eds.): ITSRCP 2018, AISC 945, pp. 3–17, 2020.
https://doi.org/10.1007/978-3-030-18058-4_1
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physical phenomena. Thanks to the complexity of detection systems, a separation
of signals left by different particle species is possible in a very broad momentum
range, from around 100 MeV/c up to around 10 GeV/c, making ALICE the
most powerful of the LHC experiments in terms of PID capabilities.

PID requires filtering out a signal corresponding to a given particle species
from signals produced by other particle types. This is typically achieved by
applying certain threshold parameters on the deviation of the signal in a given
detector from its nominal value. Those parameters are typically chosen by using
the so-called “cuts” – sets of simple linear classifiers which remove unwanted
data below or above a given threshold value. This method works well when the
signals are well separated from each other and information from one detector
is sufficient. Yet, when they start to overlap and proper combination of the
PID data from two or more detectors is required, setting correct threshold val-
ues becomes unintuitive and non-trivial. The sub-optimality of such approach
typically results in low accuracy, efficiency, or purity of the sample of selected
particles, hence reducing available data and reducing statistical power of physical
analyses.

In this paper, we address the above-mentioned shortcoming of the currently
used method and we propose to improve the selection of particles using machine
learning methods. More precisely, we propose a set of classifiers, called the Ran-
dom Forest [5], that are trained specifically to improve the discrimination between
particle types. The classifiers improve the sensitivity, defined as a ratio of cor-
rectly classified signal particles to its total amount, over the currently employed
method, while not decreasing the precision of the method. In this paper, we show
how a state-of-the-art Random Forest classifier can be used to solve the address the
problem of particle identification. We evaluate the quality of the proposed selec-
tion method and compare it with the traditional method, proving that our app-
roach can significantly outperform the currently used algorithm both in terms of
the number of correctly classified particles and the error rates of their selection.

The preliminary version of this paper was presented at the 3rd Conference on
Information Technology, Systems Research and Computational Physics, 2–5 July
2018, Cracow, Poland [6].

2 Particle Identification with TPC and TOF

PID of light-flavour charged hadrons (pions, kaons, protons), the most abundantly
produced particles in heavy-ion collisions, is usually performed using two ALICE
detectors, that is the Time Projection Chamber (TPC) [7] and the Time-Of-Flight
system (TOF) [8]. Understanding the detector response of both of them is crucial
for any PID technique.

The TPC – the main tracking device of ALICE – is a cylindrical gaseous detec-
tor which provides, for a given particle, measurements of the mean energy loss
per unit path length, 〈dE/dx〉, from up to 159 independent dE/dx measure-
ments along its trajectory. The 〈dE/dx〉 as a function of particle’s momentum
p is described by the Bethe-Bloch empirical formula, whose parameters depend
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on various factors, including the detector intrinsic resolution, track reconstruc-
tion details, parameters of the gas, and others [9]. The distribution of measured
〈dE/dx〉 around the value expected from the Bethe-Bloch parameterisation has a
Gaussian profile with a standard deviation σTPC. Therefore, the best PID estima-
tor for the TPC detector is defined as a distance, in numbers of standard devia-
tions NσTPC , of the measured 〈dE/dx〉 to the nominal signal from the Bethe-Bloch
curve.

The TOF detector provides the measurements of velocity of a charged particle
by measuring its time of flight tTOF over a given distance along the particle tra-
jectory l. The arrival time is measured by employing the Multigap Resistive Plate
Chamber technology which have an intrinsic resolution of 80 ps. For each parti-
cle type the measured arrival time, tTOF, is compared to the nominal (expected)
time, texp. The former is defined as a difference between the arrival time in TOF
and the event collision time, evaluated using a sophisticated procedure (for details
see [10]), while the latter is the time it would take for a particle of a given mass to
travel from the interaction point to the TOF. The distribution of the arrival time
measured in TOF around the expected time has a Gaussian profile with a stan-
dard deviation σTOF

PID . By analogy, the best PID estimator for the TOF detector is
defined as a distance, in numbers of standard deviations NσTOF

PID
, of the measured

arrival time tTOF to the nominal signal texp. In practice, tTOF is often expressed
as β = v/c, where v = l/tTOF is the particle’s velocity and c is the speed of light.

Figure 1 shows typical TPC energy loss and TOF velocity measurements as a
function of particle’s momentum from proton–proton collisions at the center-of-
mass energy of

√
s = 13 TeV measured by ALICE.

Fig. 1. Results of the measurements of (left) the energy loss in the TPC with lines corre-
sponding to Bethe-Bloch parameterisation and (right) particle’s velocity β in the TOF
detector as a function of particle’s momentum.

3 Baseline PIDMethod

The typical approach to the PID involves applying simple linear selection crite-
ria where single cut-off values are used to accept or reject tracks with specific
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NσTPC
PID and NσTOF

PID based on particle’s momentum. They are often chosen arbi-
trarily depending on the goals of the analysis (i.e. whether maintaining the very
high purity of the selected sample is required) and experience of a scientist perform-
ing the study. In addition, other parameters of the track which may be relevant for
PID in a non-trivial way are omitted. Finally, adjusting the cut-off values in order
to achieve the desired parameters of the sample requires a lot of time and effort on
the physicists side.

Some alternative approaches for PID exist, e.g. the Bayesian PID [11], which
relies on Bayesian probabilistic approach to the problem of particle identification.
Although this method was proven to provide higher signal-to-noise rations, it is
not widely used in practice yet and therefore in this work we use the traditional
PID as a baseline for our method.

4 Our Approach

In this paper, we propose an approach for machine learning-based PID that is
based on the Random Tree method [12]. More precisely, we choose a classifier,
called the Random Forest [5], that uses numerous random decision trees to classify
given observation. In this section, we describe the method and justify its selection
for our application.

4.1 Random Forest Algorithm

Random Forest is an ensemble of decision trees that generate the classification
decision based on a set of sub-decisions. In each decision tree, attributes are repre-
sented as nodes and classifier’s decisions as leaves. Each node is created by select-
ing best attribute from the fixed size random subset of attributes used to train
current tree. Their quality might be assessed via calculating entropy gain for each
attribute or its Gini index, which is defined as probability of wrong classification
while using only a given attribute. Each node splits a dataset into two subsets, try-
ing to maximize the chances that the samples of the same class end up in the same
subset. If one of those subsets has low number of data samples from other classes,
it is converted into a leaf and no further splitting is needed. Minimal impurity of a
node needed for this to happen equals zero by default, but can be modified as one
of classifier’s hyper-parameters. The whole process is then repeated to create new
nodes. In a classical approach, Random Forest trees are not pruned in any way and
those steps are repeated until all leaves are created.

The Random Forest classifier has several hyper-parameters that can be tuned:

– number of decision trees inside the forest
– maximum depth of each decision tree
– minimal impurity of a node for it to be converted into a leaf
– maximum number of attributes used per tree training
– minimal impurity decrease of resulting subdatasets for a node to be created
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The final classifier is created by training multiple decision trees. When final
classification is to be made, each of the tree processes the data independently.
Then, the final decision is chosen as a result of majority voting from all trees inside
the forest.

4.2 Unique Properties of Random Forest

In the context of PID, processing high amounts of data at large speed is essential.
This is why the Random Forest classifier is a perfect fit. Thanks to its simplicity
and ability to scale horizontally1, the classification decision process can be sped up
not only by increasing the computational power, but also by using more machines.
Many independent training processes on separate datasets can be parallelized on
separate machines and later all resulting decision trees can be simply aggregated
into a single classifier. This approach enables to fully exploit the potential of GRID
[13], a global collaboration of more than 170 computing centres in 42 countries
providing global computing resources to store, distribute and analyse enormous
amounts of data as part of CERN’s computing infrastructure.

Additionally, the Random Forest classifier is very resistant to overfitting. Over-
fitting is a common phenomenon known in machine learning which defines the sit-
uation when the classifier loses its ability to correctly classify samples outside of a
training dataset, because its parameters are over-tuned on the training dataset.

Another advantage of the Random Forest over other machine learning meth-
ods, such as Support Vector Machines, is its interpretability. The analysis of the
parameters used for a given split is straightforward and does not require any addi-
tional tools. Thanks to this property, we can create a simple set of ‘sanity checks’
to see whether particle classification is based on a complimentary set of attribute
choices rather than some hidden correlations within our dataset.

Finally, the Random Forest classifier is used in numerous applications across
domains, e.g. genetics – to identify DNA binding proteins [14] – or medicine –
to classify diabetic retinopathy [15]. This wide adoption of the Random Forest
method indicates the potential of this method and leads to a significant amount
of resources, such as tutorials, publications and libraries, that can be found in the
Internet and used to improve the final performance.

4.3 Implementation

In our work, we use a Python implementation of the Random Forest [5] classifier
provided by scikit-learn package [16], instead of the ROOT environment, which is
widely used at CERN and it is in fact our ultimate production environment.

We use Python for development purposes, as it offers a diverse set of tools used
in both machine learning and data engineerings tasks. Thanks to C and Fortran
snippets of code integrated in the Python backend, all calculations are efficient

1 Horizontal scalability is an attribute of a system, which may be expanded by adding
new nodes (machines, servers, computers), rather than by only increasing computing
power of existing ones.
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while a high level of API abstraction enables relatively easy code development. As
we envision ROOT as our final production environment, we maintain a full inte-
gration between those two distinct systems by using external libraries that allow
us to convert CERN datatypes into most commonly used Python one – pandas
DataFrame [17]. After the conversion is done we can use Python tools not only to
train a classifier, but also to evaluate its performance and tune its parameters.

5 Experiments

In this section, we describe the results of a comparison between our approach and
the traditional PID method. Both methods are used to perform a classification of
three types of particles. We choose pions, kaons and protons as they are the most
abundantly produced particles in a typical pp collisions and, therefore, an excellent
use case for our PID algorithm.

The remainder of this section is organized as follows. We first present the
dataset generated using Monte Carlo simulations that we use in our evaluation.
We then present the results of the initial experiments that aimed at determining
the importance of input parameters for the final classification task. We then outline
the final results of our evaluation which shows that the proposed Random Forest
classifier significantly outperforms currently used PID methods in the task of the
particle classification.

5.1 Dataset

As our dataset, we use Monte Carlo proton–proton data at the center of mass
energy of

√
s = 7 TeV, generated by PYTHIA 6.4 [18] model, Perugia-0 [19] tune.

After generating the particles, we transport (process) them using GEANT3 [20]
package, simulating the passage of the particles through the detector medium. We
also perform a full simulation of the detector response as well as the reconstruction
of full trajectories of the generated particles. The experimental conditions corre-
spond to 2010 data-taking period. This way, we obtain 413,896 particle tracks with
the associated label determining its particle class. This information is crucial for
classifier training as we can then cast the PID as a classification problem and assess
the performance of the Random Forest classifier when solving it.

For completeness, we present here the exact criteria used to select particle tra-
jectories that form our dataset:

– for tracks with pT > 0.5 GeV/c the combined information from both the TPC
and TOF was used, Nσ,PID

2 = Nσ,TPC
2 + Nσ,TOF

2, resulting in a circular cut
in the Nσ,TPC and Na

σ,TOF space,
– for tracks with pT < 0.5 GeV/c, where only a few have an associated signal in

the TOF and information only from the TPC was used Nσ,PID = Nσ,TPC.

For each of the particle trajectories, our dataset contains 37 attributes that can
be used as an input of the classification method:
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– β = v/c – particle’s velocity measured in TOF relative to the speed of light c,
– px, py, pz – components of the particle’s momentum along x, y, z directions,

respectively,
– p =

√
p2x + p2y + p2z – total momentum of a particle,

– pt =
√

p2x + p2y – transverse momentum of a particle
– No. of TPC clusters – number of TPC clusters belonging to a given particle

track,
– TPC signal – mean energy loss signal measured the TPC detector,
– Nσπ

TPC
, NσK

TPC
, Nσp

TPC
, Nσe

TPC
– difference expressed in units of standard devia-

tion σ between the measured and the expected signals for a pion, kaon, proton
and electron from the TPC detector, respectively,

– Nσπ
TOF

, NσK
TOF

, Nσp
TOF

, Nσe
TOF

– difference expressed in units of standard devi-
ation σ between the measured and the expected signals for a pion, kaon, proton
and electron in the TOF detector, respectively

– cov0-20 – components of a covariance matrix between x,y,z spatial coordinates
and the components of the particle’s momentum along x,y,z directions.

5.2 Attribute Importance

To understand the impact of each of the 37 attributes on the final classification
results, we train our Random Forest classifier using only subset of attributes, i.e.
excluding the attribute whose importance we evaluate. For this purpose we use
All Relevant Feature Selection, which is provided by package Boruta [21]. Main
principal behind this algorithm is that an attribute is irrelevant if it contributes to
the discrimination task less than a noise. To create an estimate of such noise we
permute all values inside single columns of a copy of all attributes so that they lose
their correlation with class label. Then new classifier is created and the importance
of all its attributes is computed. Maximal importance of permuted parameters is
compared to the each attribute and those which are significantly lower are ren-
dered as irrelevant. Additionally, those which importance is much higher are ren-
dered relevant. After that, all the steps are repeated until there is no unclassified
attribute left.

After our researchwe estimated that there are 12 attributes that are redundant.
Those attribute are: cov0, cov1, cov3, cov4, cov6, cov7, cov8, cov10, cov11, cov12,
cov15, cov16.To further validate our choice, we use our training dataset to compare
two classifiers: with all attributes and only with relevant. We choose OOB-score as
an evaluation method, which returns accuracy of classifying all training dataset,
but for each observation using only those decision trees, which were not trained
with that sample. Using this method we get very similar results: 0.9906 for bigger
set of attributes and 0.9907 after reduction, which allows us to think that not only
will that decrease computing time, but also heighten our scores. Final attributes
importances are shown in Fig. 2
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Fig. 2. Contribution of various track parameters to the overall PID from the training
of the classifier. The highest importance matches parameters used in traditional PID,
which proves correctness of this approach.

5.3 Parameter Tuning

We tune the hyper-parameters of our approach using a mean OOB cross-validation
score computed on the classification task. Figure 3 shows the results of a set of
experiments performed with different number of decision trees. One can see that
the performance of our Random Forest method for PID saturates for more than
75 trees and we use this value in the following experiments.

Additionally we test different maximal depths of decision trees taking by rang-
ing them from none to forty. Figure 4 shows the results of a set of experiments per-
formed. One can see that depth above 20 trees doesn’t influence score significantly.
We don’t restrict it, as it is recommended practice for the Random Forest classifier.

Finally, we also tune maximal number of attributes used to train a single deci-
sion tree. Table 1 shows the results of a set of experiments performed. We choose
the default value which is square root of all the attributes, as it provides one of the
best scores without significantly increasing training time.

The final set of values used in the rest of our work can be found below:

– maximum depth of each decision tree: infinite
– minimal impurity of a node for it to be converted into a leaf: 0.0
– maximum number of attributes used per tree training: 5
– minimal impurity decrease of resulting subdatasets for to create a node: 0.0
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Fig. 3. Mean cross-validation score, using OOB-score function to determine the best
number of estimators for Random Forest classifier.

Fig. 4. Mean cross-validation score, using OOB-score function to determine the best
maximum depth of a tree for Random Forest classifier.

Table 1. Results of analysis of maximum attributes number used for single decision tree
training.

Maximum attributes OOB score Training time [s]

25 0.990485 704

12 0.990732 317

5 0.990728 128

4 0.990639 105
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5.4 Evaluation Protocol

As our evaluation metrics, we use standard PID quantities: the PID efficiency and
purity. They are defined in Eqs. (1) and (2), respectively:

Efficiency =
number of tracks correctly classified as a given particle specie

number of all tracks of a given particle specie available in the sample
,

(1)

Purity =
number of tracks correctly classified as a given particle specie

number of tracks classified as a given particle specie
. (2)

Those metrics can be closely related to precision and recall metrics, widely used
in the machine learning community.

5.5 Results

Here, we present the final results of the performance of the traditional PID and
our method. We show a comparison of the efficiency and purity of the traditional
and ML-based PID methods of particles selection as a function of their transverse
momentum pT. Overall, our proposed approach significantly outperforms the tra-
ditional method, across all metrics.

KaonClassification. Kaon classification results are shown on Figs. 5 and 6. The
achieved classifier qualities are shown below:

– for traditional PID the efficiency is 80.75% and the purity of the kaon sample
is 88.28%,

– for the Random Forest the obtained efficiency is 97.57% and the purity of the
kaon sample is 99.67%.

Pion Classification. Pion classification results are shown on Figs. 7 and 8. The
achieved classifier qualities are shown below:

– for traditional PID the efficiency is 85.51% and the purity of the pion sample is
99.15%,

– for the Random Forest the obtained efficiency is 99.83% and the purity of the
pion sample is 99.15%.

ProtonClassification. Proton classification results are shown on Figs. 9 and 10.
The achieved classifier qualities are shown below:

– for traditional PID the efficiency is 79.66% and the purity of the proton sample
is 97.21%,

– for the Random Forest the obtained efficiency is 99.01% and the purity of the
proton sample is 98.92%.
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Fig. 5. Comparison of PID efficiency as a function of pT of the kaon selection between
the traditional PID method and the Random Forest classifier.

Fig. 6. Comparison of purity as a function of pT of the kaon selection between the tra-
ditional PID method and the Random Forest classifier.
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Fig. 7. Comparison of PID efficiency as a function of pT of the pion selection between
the traditional PID method and the Random Forest classifier.

Fig. 8. Comparison of purity as a function of pT of the pion selection between the tra-
ditional PID method and the Random Forest classifier.
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Fig. 9. Comparison of PID efficiency as a function of pT of the proton selection between
the traditional PID method and the Random Forest classifier.

Fig. 10. Comparison of purity as a function of pT of the proton selection between the
traditional PID method and the Random Forest classifier.
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While maintaining similar or higher purity levels, the Random Forest classi-
fier achieves much higher overall efficiency than the competing traditional PID
method. Overall, the proposed Random Forest method provides statistically rele-
vant improvement across both metrics and transverse momentum levels over the
traditional PID method.

6 Conclusions

In this paper, we compared the traditional PID procedure with a novel approach
that is based on a machine learning classifier. Our evaluation results show that
the approach based on a Random Forest classifier achieves higher purity and effi-
ciency levels in the context of classification of particles. Not only did our approach
yield better results, but it also significantly decreases the amount of human labor
that is necessary to achieve this score. With the ability to scale horizontally with
distributed systems, our approach seems to offer a promising alternative to the
currently used and computationally expensive methods. This is especially true for
analyses which require massive datasets that cannot fit in a memory of a single
machine. Thanks to the proposed machine learning-based method, it possible to
exploit larger datasets and obtain higher quality classifiers for the particle identifi-
cation task. One important limitation of our method is that it depends greatly on
how well the Monte Carlo simulation describes the real data experiment. Although
there is still place for improvement, we believe that the results presented in this
paper can serve as a proof of the potential offered by machine learning algorithms
and the Random Forest classifier in particular. Given its performance boost, we
are certain that this kind of machine learning approaches can be successfully incor-
porated in the ALICE Experiment, increasing the quality of high-energy physics
results.

Acknowledgements. The authors acknowledge the support from the Polish National
Science Centre grant no. UMO-2016/21/D/ST6/01946.
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Abstract. The mobile telecommunication area has been experiencing
huge changes recently. Introduction of new technologies and services (2G,
3G, 4G(LTE)) as well as multivendor environment distributed across
the same geographical area bring a lot of challenges in network opera-
tion. This explains why effective yet simple tools and methods deliver-
ing essential information about network problems to network operators
are strongly needed. The paper presents the methodology of generating
the so-called fault propagation model which discovers relations between
alarm events in mobile telecommunication networks based on Bayesian
Networks with Primary Component Analysis pre-filtering. Bayesian Net-
work (BN) is a very popular FPM which also enables graphical interpre-
tation of the analysis. Due to performance issues related to BN genera-
tion algorithms, it is advised to use pre-processing phase in this process.
Thanks to high processing efficiency for big data sets, the PCA can play
the filtering role for generating FPMs based on the BN.

Keywords: Fault Propagation Model (FPM) ·
Primary Component Analysis (PCA) · Root Cause Analysis (RCA) ·
Mobile telecommunication network · Bayesian Networks

1 Introduction

The history of mobile telecommunication started in the late 1970s when we had
analogue standards being introduced to cover basic voice calls. The entire family
of these analog systems is called 1G. In the 1990s, we entered the digital age
of mobile communication with the introduction of 2G technology. Technology
development driven by the need for mobile data transfer with higher and higher
speed resulted in the introduction of 2,5G (GPRS), 3G and 4G/LTE (Long Term
Evolution) standards. Currently, the telecommunication community is working
on the development and introduction of 5G standard which is supposed to be
ready for use by the year 2020 [13].
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Even medium-sized mobile telecommunication network consists of hundreds
or thousands of interconnected components like BSC (Base Station Controller),
BCF (Base Station Control Function), BTS (Base Transceiver Station), RNC
(Radio Network Controller), just to name a few. Each of these components can
be a source of many alarms.

Assume, for example, that the link between a BCF and BSC fails, as pre-
sented in Fig. 1. As a consequence, many of the BTS devices would not be able
to communicate with the BSC and it results in a huge number of redundant
messages being usually received by network operators - often dozens messages
per second.

BSC-1

BCF-1 BCF-2 BCF-3 BCF-4

BTS-1 BTS-2 BTS-3 BTS-4 BTS-5

Fig. 1. Network fault example

Identifying what happened in these circumstances is a very difficult, if not an
impossible task.

To be more precise let us start with a few terms needed in the following
analysis [24]:

– Event is an exceptional condition occurring in the operation of hardware or
software in a managed network; an instantaneous occurrence at a time.

– Root causes are events that can cause other events but are not caused by
other events; they are associated with an abnormal state of network infras-
tructure.

– Error is a discrepancy between observed or computed value or condition and
a true, assumed as correct value or condition.

– Failure or Fault is considered to be a kind of error.
– Symptoms are external manifestations of failures, observed as alarms.
– Event correlation is the process of establishing relationships between net-

work events.
– Alarm correlation is the process of grouping alarms which refer to the same

problem in order to highlight those which indicate possible rout cause.

The Root Cause Analysis (RCA) is the process of identifying root causes of
faults. The analysis contain several steps of correlating events which occurred
over certain period of time together with technical knowledge about the analyzed
system [1].
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There are numerous benefits of automating RCA (Root Cause Analysis)/
event correlation routines. Short troubleshooting time brings benefits, such as
satisfying Customers’ SLAs (Service Level Agreement). In addition, less skilled
personnel can be involved in network operation routines, thus reducing network
maintenance costs [22]. Major challenge during troubleshooting of faults in such
a complex system like telecommunication network are amount of data and anal-
ysis time. The troubleshooting data volume during faults propagation for big
networks can easily exceed several dozens of events per second. For the faults
that impact network usability for massive amount of end users, the resolution
time is crucial and has a big financial impact for the service provider. In order
to holistically cope with the above problem the data correlation methodology
should be characterized by fast processing as well as easy interpretation and reli-
able quantification of the results. In this paper we focus on Fault Management
events (alarms) correlation. Each alarm event possesses five major attributes:
alarm number, alarm description, alarm type, alarm severity, name of the alarm-
ing object (the network element). The alarm number is a unique number which
identifies fault. Usually the alarm numbers are divided into ranges representing
specific subsystem, network element type and alarm type. The alarm description
inside the alarm frame is a very short, compact description of the fault that usu-
ally contains a few words. Alarm type can be specified as communication, or for
example equipment type. Alarm severity specifies the importance of the fault
and describes the alarm class. It can take one of the following logical values:
critical, major, medium, minor or warning. The name of the object is object
identification label which clearly identifies the network element which sent the
alarm event. A medium-sized network has several thousand objects in Radio and
Core subsystems which can potentially send an alarm event. In specific network
element outage circumstances, the alarm flow can reach several dozens of alarms
per second. The difficulty of troubleshooting such a complex system like mobile
telecommunication network comes from the number of network elements as well
as their geographical distribution. Practice shows that events which represent
logical sequence of incidents are grouped in clusters within a limited time inter-
val. The primary criterion for alarm events correlation is time. Troubleshooting
is focused in the first stage on the alarm events which occurred close to each
other considering the time. Discovered events clusters constitute events corre-
lation hypothesis which should be further analyzed by domain experts. It can
happen that multiple incidents are accumulated in the same time interval. In
such a case it is always the expert’s role to evaluate the events and validate pro-
posed event correlation hypothesis. The nature of alarm events flow reflects on
certain physicality of the incident in the network. The alarms are either collected
at the same time or are generated with certain delay. In the light of the above
circumstances it is essential to find fast methodology for discovering alarm events
correlations. The picture below illustrates two alarm events clusters. First clus-
ter includes three events occurred at the same time, the second cluster consists
of three events which occurred sequentially with one second delay.
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Fig. 2. Alarm events correlation visualization

The goal of the paper is to propose a fast methodology for generating
Bayesian Network Fault Propagation Model for big data sets.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [15].

2 Principal Component Analysis

The Principal Component Analysis is the statistical data analysis technique
based on variance analysis which is used for dimension reduction. The PCA is
the so-called unsupervised method as there is no pre-classification or data label-
ing for the input data. The method operates directly on the input data set. The
pioneer in using and developing PCA was Pearson who used it in connection
to his work related to data compression and streaming at the beginning of the
20th century [19]. The method has been widely applied in signals analysis, data
compression or images transformations [3]. The PCA method is also used in
psychology, sociology and econometrics to discover the so-called latent variables
[5,11,14,18,20,21,26,27]. Regardless of the field where the method is used the
principles of PCA are the same. The general goal of PCA is to find a reduced
set of variables across original data describing the data set with less redundancy
from statistical point of view. There are several methods which are very closely
related to PCA and are used for similar purpose of reducing data set dimension
like: Karhunen - Loeve transform, Hotelling transform, Independent Component
Analysis (ICA) [4,9]. PCA replaces original correlated input data set by the
smallest set of uncorrelated factors the so-called Principal Components, which
describe the majority of data variance. The PCA components are linear combi-
nation of original input data set variables. First primary component covers the
majority of the input data variance, the second component is selected in such
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a way that it is not correlated with the first one and covers maximum of the
rest variance. As the final result we get as many factors (principal components)
as input variables but the data set variance is described by reduced number
of variables, the principal components. The PCA is non parametric method so
we do not need to take into consideration any parameters of data set density
distribution [4,6,9,12].

Let us assume we have a sample data set vector x̂ of the elements {x1, ..., xn}.
We do not make any assumptions on the probabilistic density distribution for
the sample, we assume that first and second order statistics exist and can be
calculated. We also assume that the data in the sample are centered mx =
E{x} = 0; x → x − E{x}. The PCA method transforms data set x linearly into
an orthogonal system of axes. The orthogonal space consists of orthogonal axes
which represent data set projections on axes, what maximizes variance on given
direction. Projections on orthogonal axes are not correlated between each other.
We can express the projections of vector x̂ elements on the given axes’ direction
as linear combination of the vector elements with specific coefficients:

x̂

·
wm

px

Fig. 3. Projection of x̂ on ŵm

‖p̂x‖ = ‖x̂‖|cosθ| =
|ŵm

T
x̂|

‖ŵm‖ (1)

According to PCA, we want to find the factor (direction wm) on which the
variance of source vector projection is maximally large. The variance of vector
x̂ projection px is defined as follows (for mx = 0):

V ar(‖p̂x‖) = V ar

(

|ŵm
T
x̂|

‖ŵm‖

)

= E

{

(ŵm
T
x̂)2

(‖ŵm‖)2

}

(2)

The variance of the projection px depends on the orientation of vector ŵm

and the norm of the vector ‖ŵm‖. Additional constraint related to the norm
of vector ŵm is introduced:‖ŵm‖ = 1 in PCA analysis. The above constraints
implies the following dependency taking Euclidean norm definition:

‖ŵm‖ = (ŵm
T
ŵm)1/2 = [

n
∑

k=1

w2
km]1/2 = 1 (3)
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E

{

(ŵm
T
x̂)2

(‖ŵm‖)2

}

= E{(ŵm
T
x̂)2} = ŵm

T
E{x̂x̂T }ŵm (4)

Cx = E{x̂x̂T } (5)

The matrix Cx is the covariance matrix of vector x which is the same as corre-
lation matrix for mx = 0.

V ar(‖p̂x‖) = ŵm
T
Cxŵm (6)

From the linear algebra the solution of maximizing the variance (2,6) is given
in terms of unit-length eigenvectors ê1, ..., ên of matrix Cx which are basis of vec-
tors ŵm : êm = ŵm. Eigenvectors are given by the so-called spectral decomposi-
tion of the covariance matrix. The maximizing solution is given in the direction:
êm = ŵm. Corresponding eigenvalues are denoted as follows: λ1, λ2, ..., λm. The
direction ŵm is given by the eigenvector êm = ŵm corresponding to appropri-
ate eigenvalue λm of the covariance matrix Cx taking into consideration the
constraint (3) [4,9].

max
{wm:‖ŵm‖=1}

ŵm
T
Cxŵm = λ1 ≥ λ2 ≥ ... ≥ λm = min

{wm:‖ŵm‖=1}
ŵm

T
Cxŵm (7)

V ar(‖p̂x‖) = V ar(ŵm
T
x̂) = λm (8)

The variance ŵm
T
x̂ is maximized under the constraint that it is not corre-

lated with previously found principal component ŵk
T
x̂ , k < m.(orthogonality)

E{(ŵm
T
x̂)(ŵk

T
x̂)} = ŵm

T
Cxŵk = 0 (9)

As the output of PCA method we get two major group of parameters: load-
ings and scores. The loadings represent the wight of the contribution of original
variables to given principal component. The scores are the coordinates of original
variables in new coordinate system built by the principal components.

The projection of data vector x̂ on the direction ŵm specified in (12) is
represented in the space spanned by the eigenvectors (êm) of data covariance
matrix decomposition by the following relation:

ŵm
T
x̂ =

√

λmêm (10)

Above dependency comes from a general Euclidean distance definition [4,6,9].
Euclidean distance with metric A (positive definite matrix) between 2 points in
Rp (x, y) is defined as follows:

EdA = {x, y ∈ Rp|(x̂ − ŷ)TA(x̂ − ŷ) = d2}. (11)

d2(x, y) = (x̂ − ŷ)TA(x̂ − ŷ). (12)
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If the metric A is the identity matrix (with ones on the matrix diagonal) we
get the following Ed definition:

d2(x, y) = (x̂ − ŷ)T (x̂ − ŷ). (13)

d2(x, y) =
p

∑

n=1

(xi − yi)2. (14)

For input vector x with center x0 the Euclidean distance is defined as follows:

EdA = {x ∈ Rp|(x̂ − x0)TA(x̂ − x0) = d2}. (15)

Graphical representation of the above inquiry are spheres with radius d and
center x0 the so-called iso-distance spheres.

In the case the metric A is the identity matrix:

EdIp = {x ∈ Rp|(x̂ − x0)T (x̂ − x0) = d2}. (16)

General distance definition for data transformed to orthogonal PCA space,
assuming positive definite covariance matrix Cx > 0 and centered input data
leads to the following definition:

EdCx
= {wm ∈ Rp|ŵm

T
Cxŵk) = d2}. (17)

The iso-distance ellipsoid in the PCA orthogonal space is presented in Fig. 4.

wk

wm

d
√

k

d√
m

ekem

Ed

Fig. 4. Iso-distance ellipsoid

3 Bayesian Networks Introduction

The Bayesian Network (BN) is a probabilistic structure of Directed Acyclic
Graph (DAG) which codes probabilistic relationships between nodes. The nodes
represent random variables(alarm events, in our case). Conditional probability



Bayesian Networks with Principal Component Analysis Filtering 25

associated with each node represents the strength of causal dependency between
the parent pa(xi) and child nodes {xi}. For this purpose each node is character-
ized by the Conditional Probability Table (CPT) which denotes local conditional
probability distribution. Local conditional probability attributes (CPTs) of the
nodes constitute global joint probability distribution P ({xi} ) constrained by
the connections between the nodes [7,10,17].

P (x1, x2, ..., xn) =
n

∏

i=1

P (xi|pa(xi)) .

The nodes dependency is strictly determined by a graph structure and at the
same time makes the in-dependency of not connected nodes - one of the base for
Bayesian Networks (Markov property, d-separation). This feature leads to the
factorization of joint distribution over the nodes and shows practical usefulness
of the BN analysis [7,10,17]. In principle, we can have continuous or discrete BN
depending on the type of conditional probability representation.

x1 x2 x3

x4

x5

Fig. 5. An example of a Bayesian network

A simple example of BN is presented in Fig. 5 and described by the following
joint probability distribution:

P (x1, x2, x3, x4, x5) = P (x1) · P (x2) · P (x3) · P (x4|x1, x2, x3) · P (x5|x4) .

Building the BN is done in two phases. In the first step we learn the struc-
ture of the BN and in the second step we discover the parameters of the BN
[7,17]. The structure learning is the process of discovering connections (arcs)
between nodes (random variables). In the structure learning we use two main
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classes of algorithms: the constraint-based algorithms and search and score-based
algorithms [17]. In constraint-based algorithms we use conditional independence
tests for data in order to discover relations (arcs) between variables (nodes in
the graph) and the v-structures concept which is used to verify and evaluate the
independence of a given two nonadjacent variables (nodes) for a given third one.
Two independence tests used in the constraints-based algorithms are: Mutual
Information (distance measure) and χ2 tests. In the majority of algorithms we
use Markov blanket of each node as the operation space in order to simplify
the identification of neighbor nodes. In this family of the algorithms we can list
the following algorithms: Inductive Causation (Verma and Pearl, 1991), Grow -
Shrink (GS), Incremental Association (IAMB), Fast Incremental Association
(Fast-IAMB), Interleaved Incremental Association (Inter-IAMB) [17]. In score
based algorithms the structure of the graph (BN) is learned by adding or remov-
ing the arcs from the full (or empty) graph in order to maximize the so-called
network score function. Examples of this type of algorithms are: Greedy Search,
Hill - Climbing, Simulated Annealing and many Genetic algorithms. The scor-
ing is done with respect to available data. Most commonly used functions in
network scores metrics in the case of discrete data set are Bayesian Dirichlet
equivalent (BDe) and Bayesian Information Criterion (BIC) or Akaike Informa-
tion Criterion (AIC) [17]. In the BN parameters discovering phase we calcu-
late the parameters of the network, which means calculating local distributions
and global distribution based on the network structure and the data. There are
two main approaches in the parameters learning used to estimate local/global
conditional distributions, i.e. it is Maximum Likelihood Estimation (MLE) and
Bayesian Estimation [16,17].

4 Bayesian Network Fault Propagation Model Generation
with PCA Pre-filtering

Proposed alarm events correlation methodology is presented in Fig. 6. The input
data are formatted as R environment data frame object. Each variable in the
data frame represents the time occurrence of the alarms in the network. Before
the analysis starts all the variables representing alarm occurrence for a given
network element are scaled (standardized). The scaling process is applied in the
data pre-processing phase and normalizes the data to achieve unit variance. It is
achieved by dividing centered values of alarm occurrence time by their standard
deviations. We analyze PCA loadings coefficients of the variables representing
occurrence time of alarms in the network. The analysis is done for several prin-
cipal components representing the majority of the data set variance. The PCA
loadings coefficients represent contribution of input variable to a given princi-
pal component. Events with close values of loadings coefficients represent the
same level of contribution to the principal component thus are considered to
be correlated. For PCA analysis we use prcomp function from package R. It
was observed that the PCA loadings coefficients are linked to the conditional
probability of the alarm events relation discovered by the BN generation algo-
rithms. PCA pre-filtered data with close values of loadings are then applied for
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Bayesian Network generation algorithm (constraint-based or search and score-
based). The reduced data set achieved though PCA pre-processing allows BN
algorithms to work only on potentially correlated alarms thus reducing the time
of Fault Propagation Model generation.

Input data PCA pre-filtering BN generation

Fig. 6. BN FPM generation with PCA filtering

We can summarize our Fault Propagation Models Generation Methodology
steps as follows:

1. Gather and standardize data (pre-processing phase).
2. Perform PCA analysis of the input data.
3. Construct the projection matrix containing loadings corresponding to input

data for two first primary components.
4. Filter input data with close values of loadings in two first primary components

subspace.
5. Derive strength and the relation direction among pre-filtered data by applying

selected Bayesian Network generation algorithm.
6. Generate Fault Propagation Model and conclude on alarms correlation.

5 Results and Examples

We present examples of the correlation carried out on real alarms data samples
from the live network of one of the mobile operators. The data set used for the
simulations had 1440813 alarm events divided into several sample files. The data
was gathered from heterogeneous mobile live network containing 2G, 3G and 4G
network elements from the period between July 2014 and May 2015. There are
three attributes stored for each alarm, the time of alarm occurrence, an ID which
depends on the source of problem and the identification of the network element
which generated the alarm. All numerical experiments were carried out on a
PC with Intel(R) Core(TM) i7-4600U 2.1 GHz processor, 16 GB main memory
and 64-bits MS Windows operating system. We used R package environment
version 3.3.1. In the first stage the performance of PCA pre-filtering was tested
as this is the main contributor to overall speed attributes for the methodology.
We used four independent samples for performance testing: sample1, sample2,
sample3, sample4 that we gathered at different period of time. In addition, each
sample has been divided into smaller subsets of alarms in order to better eval-
uate the performance of the methodology. The PCA processing time has been
measured for different amount of alarm events records in each sample. Following
subsets sizes have been used: 1000,5000,10000,20000,30000,40000,50000,60000.
The results of the tests are presented in Table 2 and in Fig. 9. The tests showed
that the PCA pre-filtering works very efficiently. In all of tested the samples,
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the processing time for a number of alarm events on the level of 20,000 took less
than 10 s. The processing time for 60000 alarms events in the worst case scenario
(sample2) took 52 s.

The PCA as a method which is primarily used for data dimension reduction
can be also used as pre-processing for other analysis such as Bayesian Network
generation, just like in our case. In Fig. 7 we present raw data visualization for
sample1. In the sample we have 7571 unique alarm events spread across the
sample with the time duration of 86,392 s.
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Fig. 7. Input data visualization, sample1

In the Fig. 8 the bipolt is presented which illustrates the input data in the first
two primary components subspace, the picture shows expected data reduction
effect.

The level of contribution of the first three primary components in the input
data reduction for analysed samples is presented in Table 1. The table shows us

Table 1. Proportion of variance for first three primary components in sample1, sam-
ple2, sample3, sample4

PC1 PC2 PC3

Proportion of variance Proportion of variance Proportion of variance

Sample1 0.703 0.141 0.059

Sample2 0.731 0.154 0.051

Sample3 0.702 0.123 0.055

Sample4 0.717 0.135 0.059
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Fig. 8. Input data biplot for PC1,PC2 subspace

how much information (variance) can be attributed to the first three principal
components. As visible in the table more than 80% variance is carried by only
two first primary components. This confirms significant correlation of input data
and justify usage of only two first primary components in our analysis.

Finally Table 3 and Fig. 10 show the result of applying score-based hill-
climbing BN generation algorithm for PCA pre-filtered data. In the example
we see three alarm events which occurred multiple times in the data sample.
In Table 3 we present three alarm events with their occurrence time in the data
sample and the loading values for three primary components. Correlation of these
alarms without data analytic approach will be very challenging due to amount
of data spread across big data sample. In this case 3G technology CELLs oper-
ation is affected by the problem with the license on the parent WBTS network
element. Thanks to the PCA method we can isolate potentially correlated alarm
events by analyzing the loading values and allow the BN generation algorithm to
generate the FPM in a very efficient time. In Table 4 we present the strength of
the relation in terms of conditional probability between correlated alarm events
discovered BN algorithm based on maximum likelihood parameter estimation
method. In addition, Fig. 10 depicts the relations directions visualization. We
present there the generated Bayesian Network for the events from example 2.
Presented example shows the relation between the PCA loadings and condi-
tional probabilities derived through the BN algorithms. It shows that the PCA
pre-filtering combined with BN generation algorithms is a very fast methodology
with high accuracy and reliability what allows quickly generating even very com-
plex Fault Propagation Models. In our case the BN is generated using bnlearn
package from R environment. In addition we calculated conditional probability
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between the alarm events using the bn.fit function from the bnlearn package.
It has been observed that the conditional probability of the relation between
PCA pre-filtered alarm events considered as correlated by PCA pre-filtering is
very high (>0.8) what proves the usefulness of the methodology.

Table 2. PCA correlation methodology performance

Alarm
events
number

Sample1
Correl.
time [s]

Sample2
Correl.
time [s]

Sample3
Correl.
time [s]

Sample4
Correl.
time [s]

1000 <1 <1 <1 <1

5000 <1 1 <1 1

10000 1 3 1 2

20000 5 9 3 7

30000 10 14 5 10

40000 17 27 7 21

50000 23 46 12 38

60000 NA 52 17 51
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Fig. 9. Performance of PCA-based alarm events correlation methodology
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Table 3. Correlation example

Alarm event Event time PC1 PC2 PC3

CELL OPERATION

DEGRADED.RNC-864/

WBTS-20135/WCEL-23

321 662 785 837 966 1267 1521 1679

1926 2032 2199 2350

0.000146748 0.000225049 -0.000118459

2436 2525 2673 2797 2851 2963 3075

3289 3415 3638 4414

4570 5410 5909 6066 7814 8667 8748

16403 17539 18105 19182

19342 19490 19592 19828 19972

20030 20073 20296 20460

20638 20816 20945 21293 21769

21857 22069 22612 22794 22866

23012 23203 23289 23378 23442

23518 23772 23842 23974

24042 24307 24419 24575 24729

25959 85823 86231 86348

CELL OPERATION

DEGRADED.RNC-864/

WBTS-20135/WCEL-13

323 453 785 837 967 1268 1522 1680

1927 2033 2200

0.000147244 0.000224397 -0.000246041

2350 2437 2526 2674 2798 2852 2964

3076 3290 3416 3639 4415

4571 5411 5910 6067 7815 8668 8749

16404 17540 18107 19183

19342 19491 19593 19830 19973

20073 20297 20460 20640

20817 20945 21293 21770 21859

22071 22347 22612 22794 22867

23012 23203 23289 23379 23443

23519 23772 23842 23975

24042 24308 24577 24731 25960

85824 86349

BTS reset needed to

activate a license.RNC-

864/WBTS-20135

323 455 787 839 968 1270 1523 1681

1927 2034 2201

0.000147198 0.000223802 -0.000246653

2352 2437 2527 2675 2799 2853 2965

3077 3291 3417 3640 4416

4572 5412 5911 6068 7816 8669 8750

16405 17541 18107 19185

19343 19493 19594 19830 19975

20074 20298 20461 20640

20817 20946 21294 21772 21859

22071 22348 22614 22796 22867

23014 23205 3290 23382 23445 23520

23774 23844 23975

24044 24308 24578 24731 25961

85825 86350

Table 4. Conditional probabilities distribution

BTS reset needed to activate a license.RNC-864/WBTS-20135

CELL OPERATION
DEGRADED.RNC-864/WBTS-
20135/WCEL-13

CELL OPERATION
DEGRADED.RNC-864/WBTS-
20135/WCEL-23

0.823460154 0.999966717
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Fig. 10. A Bayesian network generated from PCA pre-filtered data.

6 Summary and Conclusions

The Primary Component Analysis method is a very efficient, fast and reli-
able methodology for discovering correlation among input variables representing
alarms time occurrence in the network. We used time as the correlation domain
in our experiments. It has been proven that the loadings values which are close
represent a level of correlation with the input variables. The level of correla-
tion is measured by the similarity of the loadings coefficients. We’ve used values
of loadings coefficients for the first two Primary Components of PCA analysis
of input data for detecting correlation. All input variables representing given
alarm occurrence with similar loadings coefficients for the first two Primary
Components are classified as correlated. The PCA is very efficient in selecting
potentially correlated alarm events in big data sets. It has been proven by exper-
iments that PCA works very well as data dimension reduction method and can
be used as a pre-filtering mechanism for Bayesian Network Fault Propagation
Models generation. The experiments shown that there is a relation between PCA
loadings coefficients and conditional probability in Bayesian Network environ-
ment. Higher value of the PCA loading results in higher value of the conditional
probability in Bayesian Network Fault Propagation Model.
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Abstract. The Cuttlefish Algorithm, a modern metaheuristic proce-
dure, is a very recent solution to a broad-range of optimization tasks.
The aim of the article is to outline the Cuttlefish Algorithm and to
demonstrate its usability in data mining problems. In this paper, we
apply this metaheuristic procedure for a clustering problem, with the
Calinski-Harabasz index used as a measure of solution quality. To exam-
ine the algorithm performance, selected datasets from the UCI Machine
Learning Repository were used. Furthermore, the well-known and com-
monly utilized k-means procedure was applied to the same data sets -
to obtain a broader, independent comparison. The quality of generated
results were assessed via the use of the Rand Index.

Keywords: Clustering · Cuttlefish Algorithm ·
Biologically inspired algorithm · Optimization · Metaheuristic

1 Introduction

Data mining and computational intelligence are currently one of the fastest devel-
oping IT fields. The dynamic growth of computing capabilities in computers
enables automatic analysis of huge amounts of data and building very accurate
models of investigated phenomena from various fields. Examples of applications
can be seen in different situations, including, in particular, those of engineering
[11], but also in control tasks [18], economics [16] or even within the environ-
mental sciences [5]. The use of computers allows to perform tasks that often
exceed human capabilities in terms of the amount of data analysed, the speed
of learning and the accuracy of results. There are a huge number of tools to
c© Springer Nature Switzerland AG 2020
P. Kulczycki et al. (Eds.): ITSRCP 2018, AISC 945, pp. 34–43, 2020.
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automatically perform tasks such as classification, regression or clustering, and
the choice of a specific algorithm often depends on the data set. Currently, a lot
of research is carried out in this field and a large number of scientific papers are
being put forward that propose different algorithms.

Exploratory Data Analysis mainly consists of addressing the issues of cluster-
ing, classification, data and dimension reduction, as well as outliers detection.
The main goal of the clusterization procedure is to break up the confederate
data collection into smaller subsets called ‘clusters’. This action is unsupervised,
being achieved by way of information directly derived from the data set itself.
This division algorithm has been successfully applied within a wide variety of
situations, including, in particular, those of engineering [11], but also in control
tasks [18], economics [16] or even within the environmental sciences [5].

In this work, the exploratory data analysis and computational intelligence
houses have been combined. The first of these domains is represented by the
task of clustering, i.e. the division of a certain set of dancers into a number of
subgroups. Such grouping belongs to the tasks of combinatorial optimization
and is characterized by the time complexity of NP [26]. The second of the algo-
rithms considered here is the metaheuristic optimization algorithm inspired bio-
logically by the life and behavior of the Cuttlefish herd. This algorithm belongs
to a large family of procedures inspired by herd retention. This group includes
many other procedures such as Particle Swarm Optimization, Bee Colony Opti-
mization, Elephant Herding Optimization, Ant Colony Optimization, Bacterial
Memetic Algorithm, Firefly Algorithm Krill Herd Algorithm, Flower Pollination
Algorithm, Grasshopper Optimisation Algorithm, Symbiotic Organisms Search
and Crow Search Algorithm.

In addition, it is worth noting that many biologically inspired optimization
algorithms have been referred to in the task of clasterization, e.g. Firefly Algo-
rithm [23], Flower Pollination Algorithm [15,19], Krill Herd Algorithm [12,15],
Grasshopper Optimisation Algorithm [13].

Optimization problems are encountered when deriving solutions to many
engineering issues. The optimization task may be considered as that of choosing
the best possible use of limited resources (time, money, energy, resources etc.),
while attempting to bring about certain goals. In achieving this, the optimization
problem can be notated in a formal way. Let us introduce the ‘cost function’ K:

K : A �−→ R, (1)

where A ⊂ R
n. The optimization task consists of finding the value x∗ ∈ A, such

that for every x ∈ A, the following relationship is true:

K(x) ≥ K(x∗). (2)

Although the optimization problem can be easily defined and described, deter-
mining its solution is already a very difficult issue. To resolve this problem,
certain optimization algorithms are commonly used.
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The presented research compares the quality of results achieved through
applying a Nature-derived clustering algorithm, with that gained through uti-
lizing the k-means [22] procedure. The biological inspired group of algorithm is
employed so as to find the best position of the cluster centre, and then the par-
ticular element of the investigated data set are assigned to a particular group.
In the presented approach, the Cuttlefish Algorithm (CFA) [6], is employed, this
being a continuous optimisation procedure. For assigning the particular solu-
tion in each iteration of the optimisation task, the Celinski-Harabasz Clustering
Index [4] is subsequently applied. For global comparative purposes, final results
based on all considered clustering procedures are measured by way of the Rand
Index [1].

This article summarizes research on the CFA metaheuristic algorithm as
applied for clustering tasks. After a short introduction, in Sect. 2, the CFA pro-
cedure will be presented with a description of the biological inspired character-
istics. Section 3 reveals the sets of benchmark data sets for which the research
presented in this article is based. It, as well provides the results of the com-
parative tests. In the last part of the paper, a summary of the results obtained
and plans for further research within the clustering procedure based on CFA
procedure are included.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [14].

2 Optimization Metaheurisctics

The CFA is a global optimization procedure inspired by the natural behavioural
activity of the Cuttlefish organisms. This procedure was introduced by Adel
Sabry Eesa, Adnan Mohsin Abdulazeez Brifcani and Zeynep Orman, in the
paper [6]. A characteristic feature of Cuttlefish, and the inspiration of the present
algorithm [7], is the ability for the activity of individual creatures to be modelled
within that of a large herd.

The algorithm is inspired by the change of color by the cuttlefish - a predatory
cephalopod with eight arms and two tentacles. Cuttlefish changes color both
to hide from the threat and to lure a partner during the mating season. The
patterns and colors of cuttlefish are produced by light reflected from different
layers of cells (chromatophores, leucophores and iridophores) put together and
this combination of cells allows the cuttlefish to have a large number of patterns
and colors. The algorithm was designed based on two processes (reflection and
visibility), which serve as a strategy for searching for new solutions.

The formula (3) describes the way of finding a new solution in the optimiza-
tion task by means of reflection and visibility:

Xnew = reflection + visibility. (3)
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The cuttlefish cells are divided into four groups in which new patterns and
colors are obtained - which in computational intelligence is associated with the
acquisition of a new solution:

– Group I - based on the current solution

reflection = R ∗ Xc, (4)

visibility = V ∗ (Xbest − Xc) (5)

– Group II - based on current and the best solution

reflection = R ∗ Xbest, (6)

visibility = V ∗ (Xbest − Xc) (7)

– Group III - based on the best solution

reflection = R ∗ Xbest, (8)

visibility = V ∗ (Xbest − Xavg) (9)

– Group IV - based on a random search of investigated space

reflection = ξ, (10)

visibility = 0 (11)

where: Xnew denotes a proposition of a new solution, Xcur is a current solution,
Xbest indicates a best solution, ξ is a random position of investigated state
space, R designates a random value generated from the uniform distribution
for the interval [r1, r2], V denotes a random value generated from the uniform
distribution for the interval [v1, v2] and finally Xavg is an average value of the
vectors representing best solution.

The operation of the algorithm begins via the initialization of data structures,
i.e. describing individuals, as well as the whole population. Initializing the data
structure representing a single cuttlefish, means situating it in a certain place
(at the ‘solution space’) by giving it a set of coordinates. For this purpose, it
is recommended to employ random number generation according to a uniform
distribution. Like other algorithms inspired by Nature, each individual represents
one possible solution of the problem under consideration. After the initialization
phase of the algorithm, it continues into a series of iterations.

Algorithm 1 presents the pseudocode of the discussed algorithm. At the
beginning, the population is initialized with random values of the N-dimensional
space and the evaluation of individual solutions. In the next step, the population
is divided into the 4 groups which were discussed above. If the current solution
(in each of the 4 groups) is better than the best solution so far, then the best
solution is overwritten with the new solution. These steps are repeated until the
stop criterion is fulfilled.
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Algorithm 1. High-level CFA pseudocode
Define and populate the algorithm’s data structures
Initialize random initial population, i.e. position of the swarm of Cuttlefishes
Evaluate fitness of each Cuttlefish individual on the basis of its position
Find the best global solution
Divide Cuttlefish population into four subgroups GI , GII , GIII and GIV

while stop criteria is not reached do
Calculate the average value of the best global solution Xavg

for i=1: population size in GI do
Calculate the reflection based on eq (4)
Calculate the visibility based on eq (5)
Generate the new position of i-th individual based on eq (3)
Update current position (if the achieved cost is lower)

end for
for i=1:population size in GII do

Calculate the reflection based on eq (6)
Calculate the visibility based on eq (7)
Generate the new position of i-th individual based on eq (3)
Update current position (if the achieved cost is lower)

end for
for i=1:population size in GIII do

Calculate the reflection based on eq (8)
Calculate the visibility based on eq (9)
Generate the new position of i-th individual based on eq (3)
Update current position (if the achieved cost is lower)

end for
for i=1:population size in GIV do

Generate the new position of i-th individual based on eqs (11) and (3)
Update current position (if the achieved cost is lower)

end for
Check the feasible bounds for new positions
Evaluate fitness of each individual on the basis of its position
Update the best global solution (if the achieved cost is lower)

end while
Return: x∗ /best solution/ and K(x∗)

The population is divided into groups in order to increase the possibility of
defining procedures that will lead to finding the best solution. Group I is aimed
at exploiting the search space in order to find a global extreme, using the best
solution found so far. Group IV has a similar role, here, a search of the space in
a completely random way is carried out. However, a different role is played by
Groups II and III. They are focused on exploring the local extreme in the hope
that it is a global extreme.

The algorithm depends on the selection of four parameters: r1, r2, v1 and v2.
As a result of applying the CFA, the best value of the cost function K and the
argument for which it was calculated, are achieved.
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3 Clusterization Procedure

Let us assume that Y is a data set matrix with dimensions D and M , respectively.
Each data collection element is represented by one column of Y . The main goal of
the clustering procedure is to divide the data set and assign particular elements
of Y to the distinguished clusters CL1, . . . , CLC ,. In this procedure each cluster
is characterised by a point called as the ’centre of cluster’, which is calculated as:

Oc =
1

#CLc

∑

xi∈CLc

yi, (12)

where #CLc denotes the number of elements assigned to the cth cluster.
Similarly, the centre of gravity for all the investigated elements y1, . . . , yM is
defined as:

OY =
1
M

M∑

i=1

yi. (13)

In this approach, the optimisation task in the clusterization procedure is
based on the metaheuristic CFA. Herein, each element of the optimisation task
is encoded as a collection of cluster centroids. Therefore, the product value D ·C
expresses the dimensionality of a particular optimization task. In this case, the
number of the clusters is established at the beginning of the grouping process.
Moreover, the assignment of individual elements to particular cluster is made
on basis of the rule of the newest centroid point. Thus, for each point of Y ,
the distances to all cluster- centroids is calculated. In addition, the investigated
point yi belongs to the group CLc if the Euclidean distance dist(yi, Oc) is the
smallest. In this work, the Celinski-Harabasz Index [3,4] is applied as a crite-
rion for assessing the quality of the data set division. This clustering index is
implemented within the optimisation metaheuristic algorithm as a cost function.
The Celinski-Harabaszis applied as a criterion for assessing the quality of the
data set division. This clustering index is implemented within the optimisation
metaheuristic algorithm as a cost function. The Celinski-Harabasz criterion has
its foundation within the concept of data set variance. This index is defined as:

ICH =
VB

VW

M − C

C − 1
, (14)

where VB and VW denote overall between-cluster and within-cluster variance
respectively. These are calculated according to the following formulas:

VB =
C∑

c=1

#CLc‖Oc − OY ‖2, (15)

and

VW =
C∑

c=1

∑

yi∈CLc

‖yi − Oc‖2, (16)
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here, ‖ · ‖ is the L2 norm (Euclidean distance) between the two vectors.
It should be underlined that high values of Celinski-Harabasz Index results

point towards well-defined partitions. Because of the aforementioned properties,
the following forms of cost functions are formulated:

KCH =
1

ICH
+ #CLempty, (17)

where #CLempty denotes the number of clusters without any assigned element.
More information about this index can be found at [4].

4 Numerical Studies

In order to obtain numerical results regarding quality of the verification tasks,
twelve sets of data obtained from the UCI Machine Learning Repository and S-
sets were taken into consideration [17] (Table 1). In Table 2, results in the form
of Rand Index mean value and resulting standard deviation are presented. In
the first part of the table, results based on the well-known kmeans clustering
procedure are revealed, in subsequent parts, results based on CFA-clustering are
shown. The best achieved results are bolded. All presented investigations were
repeated 30 times. Based on other previous studies, the following sets of CFA
parameters were used for all investigations r1 = −0.5, r2 = 1.0, v1 = −2.0 and
v2 = 2.0.

Table 1. Data sets used for experimental verification

Name of
data set

Abbreviation
in paper

Number of Bibliographical
reference

Elements (M) Features (D) Classes (C)

Synthetic 1 S1 5000 2 15 [8]

Synthetic 2 S2 5000 2 6 [8]

Synthetic 3 S3 5000 2 3 [8]

Synthetic 4 S4 5000 2 6 [8]

Ionosphere ION 351 34 2 [25]

Iris Iris 150 4 3 [10]

Seeds Seeds 210 7 3 [5]

Sonar SON 208 60 2 [9]

Thyroid TH 7200 21 3 [20,21]

Vehicle VH 846 18 4 [24]

Wisconsin
Breast
Cancer

WBC 683 10 2 [27]

Wine Wine 178 13 3 [2]
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Table 2. Achieved results of comparison

Data set k-means clustering CFA-clustering

R σR RCFA σRCFA

S1 0.9748 0.0093 0.9930 0.0018

S2 0.9760 0.0072 0.9842 0.0037

S3 0.9522 0.0072 0.9587 0.0026

S4 0.9454 0.0056 0.9432 0.0023

Iris 0.8458 0.0614 0.8991 0.0022

Ionosphere 0.5945 0.0004 0.5949 0.0003

Seeds 0.8573 0.0572 0.8731 0.0042

Sonar 0.5116 0.0016 0.5191 0.0001

Vehicle 0.5843 0.0359 0.6161 0.0006

WBC 0.5448 0.0040 0.5491 0.0056

Wine 0.7167 0.0135 0.7452 0.0003

Thyroid 0.5844 0.0982 0.5218 0.0032

Based on the results reported in Table 2, it can be noted that it is only in the
case of the Thyroid data collection that the application of the classic k-means
procedure achieved the generation of better results than did the utilization of
the CFA-clustering algorithm. In other applications, in a comparison between
these metaheuristic methods, the CFA-clustering won 11 times, the k-means won
once.

A quite interesting observation is that regarding the stability of the obtained
results. In the case of the k-means algorithm, the standard deviation of the
results is several times higher than that of other methods. Especially worth
emphasizing, is the pronounced negligible standard deviation of results based
on CFA-clustering for most data set cases. It, thus, can be mainly concluded
from the aforementioned results, that, unequivocally, the heuristic method gen-
erates better solutions to the problem of clustering than does the classic k-means
method.

5 Conclusions

This paper was a presentation of a comparison in quality terms, of the two algo-
rithms - CFA and k-means - when applied for optimisation purposes within a
data clustering problem. In the numerical verification, twelve data sets, taken
from the UCI repository, were used for comparison purposes. The location of the
cluster centre was then investigated by way of optimisation procedures. Here, the
Celinski-Harabasz Index was first used to determine the quality in the heuris-
tic solution. For comparative purposes, the well-known rand index evaluation
measure was performed. Based upon the obtained results, one can note that in
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almost all the data set cases, the metaheuristic algorithms demonstrated greater
quality of result when compared with that gained by way of the k-means pro-
cedure. In particular, the CFA procedure revealed a much greater stability and
greater quality.
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Abstract. In this paper we present our test results with our memetic algorithm,
the Discrete Bacterial Memetic Evolutionary Algorithm (DBMEA). The algo-
rithm combines the Bacterial Evolutionary Algorithm with discrete local search
techniques (2-opt and 3-opt).
The algorithm has been tested on four discrete NP-hard optimization prob-

lems so far, on the Traveling Salesman Problem, and on its three variants (the
Traveling Salesman Problem with Time Windows, the Traveling Repairman
Problem, and the Time Dependent Traveling Salesman Problem). The DBMEA
proved to be efficient for all problems: it found optimal or close-optimal solu-
tions. For the Traveling Repairman Problem the DBMEA outperformed even the
state-of-the-art methods.
The preliminary version of this paper was presented at the 3rd Conference on

Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [1].

Keywords: Traveling Salesman Problem � Time windows �
Traveling Repairman Problem � Time dependent

1 Introduction

The first version of the Bacterial Evolutionary Algorithm (BEA) was introduced by
Nawa and Furuhashi in 1999 [20]. They used it for discovering the optimal parameters
of a fuzzy rule based system.

Since then the algorithm has been widely used for various optimization problems.
In 2002 Inoue et al. used the bacterial evolutionary algorithm for an interactive nurse
scheduling optimization problem [15]. In 2009 Das et al. introduced a clustering
algorithm based on the bacterial evolutionary algorithm for automatic data clustering
[5]. In 2009 the Bacterial Memetic Algorithm was proposed for the modified Traveling
Salesman Problem with time dependent costs [8]. In 2011 the Eugenic Bacterial
Memetic Algorithm was presented for solving the Traveling Salesman Problem with
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fuzzy and time dependent cost values [10, 11]. In 2011 the group of the authors
introduced an algorithm based on the BEA for solving the Three Dimensional Bin
Packing Problem [6]. In 2012 a Bacterial Memetic Algorithm was introduced for offline
path planning of mobile robots by Botzheim et al. [3]. In 2013 the group of the authors
proposed a memetic algorithm which combines the BEA with gradient-based local
search for solving a fuzzy resource allocation problem [7]. In 2014 Hsieh proposed a
BEA inspired algorithm for solving the Hierarchical redundancy allocation for multi-
level reliability systems [14].

2 The DBMEA Algorithm

The DBMEA combines the discrete version of the BEA with local search techniques
(2-opt and 3-opt), so it can be called memetic algorithm.

Recently the memetic algorithms [19] are very popular in the field of optimization
because it can be efficient in solving NP-hard optimization problems. This combination
can eliminate the weaknesses of both methods. Evolutionary algorithms search in the
global search which often cause slow convergence speed. Local search methods search
in the neighborhood of the current tour, so they often fail to find the global optimum.

The process of the DBMEA consists of the following steps:

• Creating the Initial Population

In each iteration until the stoppage criterion is met the following are repeated:

• Bacterial mutation for each bacterium
• Combined 2-opt and 3-opt local search
• Gene transfer performed on the population

2.1 Creating the Initial Population

In DBMEA the bacteria form a population. Each bacterium represents a possible
solution for the examined problem.

In DBMEA the bacteria are coded with a very simple permutation encoding. The
starting point of the tour is indexed with 0 (for each tour it is the starting node, so it
does not appear in the codes), and other nodes are mapped with a unique index (1..n).
The tours are expressed as the sequence of these indices clearly identifying the tour.
Each node needs to visit once, so the length of the tours is n − 1. An example of
encoding can be seen in Fig. 1.

The initial population contains randomly created individuals and three deterministic
individuals. The deterministic individuals are created with the following heuristics:

• Nearest neighbour (NN) heuristic: It creates a tour in which always the nearest
unvisited city is visited.

• Secondary nearest neighbour (SNN) heuristic: in this tour always the second nearest
unvisited city is visited.
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• Alternating nearest neighbour (ANN) heuristic: It is the combination of the above
mentioned two methods. It represents a tour in which the nearest and second nearest
unvisited cities are visited in alternating order.

2.2 Bacterial Mutation

The bacterial mutation operation -works on the bacterium individually- consists of the
following steps (Fig. 2):

• Creating a pre-defined number (Nclones) of clones from the original bacterium
• Dividing the bacterium into fixed length (not necessary coherent) segments

The following step are repeated until all segments are examined:
• Selecting randomly a non-mutated segment
• Randomly changing the node sequence of the selected segment in the clones
• Calculating the costs of the clones and the original bacterium
• Selecting the individual with the lowest cost among the clones and the original

bacterium
• Copying the segment content of the best individual into the other clones and

original bacterium

Fig. 1. The encoding of the tour

Fig. 2. Bacterial mutation
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• After the mutation of all segments replacing the original bacterium with the best
individual among the mutated original and clones in the population

The bacterial mutation results that each bacterium in the population becomes more
or in worst case equally fit.

In our algorithm two different types of mutation, the coherent segment mutation
and the loose segment mutation are used.

Coherent Segment Mutation: In this case adjacent elements form the segments. It is
easy to execute: the chromosome is cut into segments with equal length (Fig. 3.).

Loose Segment Mutation: As opposed to the coherent segment mutation, the segments
of the bacterium do not need to consist of adjacent elements. The elements of the
segments may come from different parts of the bacterium (Fig. 4.).

The time complexity of the bacterial mutation is OðNindNclonesn2Þ in one generation
and the space requirement is OðNindNclonesnÞ [3].

2.3 Local Search

Adding local search techniques to the process of an evolutionary algorithm usually
greatly increases the effectiveness of the algorithm [13].

They search for improvements in the local environment of the candidate solutions,
therefore they usually find only a local optimal solution.

Fig. 3. Coherent segments

Fig. 4. Loose segments
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In DBMEA the local search combines the 2-opt and 3-opt techniques. First, the tour
is improved by 2-opt steps. And when no further improvement is possible with 2-opt,
then 3-opt will be applied for the tour. The local search is stopped, when the tour
cannot be improved further by 3-opt steps.

2-opt Local Search
2-opt local search replaces two edge pairs in the original graph to reduce the cost of the
tour (Fig. 5).

The edge exchange is continued till no further improvement is possible.

3-opt Local Search
The 3-opt local search improves the tour by replacing three edges with three other
(Fig. 6). There are four ways to reconnect the tour. The output of the 3-opt step is
always the less costly tour.

2.4 Gene Transfer

The gene transfer operation provides the information transfer within the population
promoting the development of the bacteria.

Fig. 5. 2-opt local steps

Fig. 6. 3-opt local steps
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The gene transfer consists of the following steps:

• Sorting the population in descending order according to their fitness values
• Dividing the sorted population into two halves (superior and inferior half) Ninf times

the following is repeated:
• Choosing randomly a bacterium from both parts (source and destination

bacterium)
• Copying a part of the source bacterium with pre-defined (Itransfer) length into the

destination bacterium
• Eliminating the double occurrence of nodes to keep the same length (Fig. 7)

The time complexity of the gene transfer consists of the following components:

• The calculation time of fitness values O Nindnð Þ
• The time complexity of sorting the population in a descending order, based on the

fitness values O NindlogNindð Þ
• The calculation time of the new fitness value of the modified bacterium, and its

reinsertion into the population O Ninf nþNindð Þ� �

The total time complexity of the gene transfer operation in each generation is
CGT ¼ O Nind nþ logNindð ÞþNinf nþNindð Þ� �

[9].

3 Computational Results

The DBMEA algorithm was tested on 4 discrete optimization problems, on the
Traveling Salesman Problem and on three TSP variants.

3.1 The Traveling Salesman Problem

In 2016 we presented the Discrete Bacterial Memetic Evolutionary Algorithm
(DBMEA) for the Traveling Salesman Problem (TSP). The algorithm was tested on
TSP benchmark instances up to 1400 nodes [16].

The efficiency of the DBMEA has improved significantly by speed-up the local
search. This improved version of DBMEA was able to solve instances up to 5000
nodes close-optimally within reasonable time [17]. Our results were compared with the

Fig. 7. Gene transfer
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state-of-the-art heuristic and exact solver, the Helsgaun’s Lin-Kernighan [11] and the
Concorde algorithm [2] running on the same hardware as the DBMEA. Our algorithm
in all cases found near-optimal solutions (average solution is within 0.16% to the
optimum) and the runtime was well predictable. The Helsgaun’s Lin-Kernighan and the
Concorde behaved worse in terms of runtime predictability, in addition the Concorde
failed to solve the four examined biggest instances within 3 CPU days (Fig. 8) [17].

3.2 The Traveling Salesman Problem with Time Windows

After some minor modifications the DBMEA was tested on the TSP with Time
Windows which is a TSP variant problem [17]. A time window is assigned to each
node and the salesman has to reach and leave the nodes within its time windows. The
aim is to find the feasible solution with the lowest total cost.

The DBMEA produced similarly good results as the most efficient methods (gen-
eral VNS [3], compressed annealing [21]) in the literature: it found in all test cases the
best-known (24 out of 28) or the near-best-known solutions even for larger time
windows [16].

3.3 The Traveling Repairman Problem

We also examined the Traveling Repairman Problem (its other names are Minimum
Latency Problem, Delivery Man Problem). In the case of the TRP the cost function is
the sum of arrival times at each node. The aim is to find the tour which has the
minimal cost.

The DBMEA was tested on TSPLIB benchmark instances, and the results were
compared with the most efficient methods (GILS-RVND [24], heuristic of Salehipour
et al. [22]) in the literature. Except two cases (lin318, pr439) the DBMEA found the
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Fig. 8. Comparison of runtime for the Traveling Salesman Problem [16]
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best-known solutions, and for att532 it found new best solution (Table 1) [25]. With
the DBEA the average values (averaging 10 runs) was lower than with the GILS-
RVND for the bigger instances which means that with few runs the DBMEA is more
likely to produce “good” solutions than the GILS-RVND. The three methods were run
on different, but similar hardware configurations. With the growing of the problem size
the DBMEA became faster compared to the other methods (Fig. 9.).

3.4 The Time Dependent Traveling Salesman Problem

Recently the Time Dependent Traveling Salesman Problem (TDTSP) was examined by
Schneider [23] and Li et al. [18]. In 2002 Schneider presented a simulated annealing
algorithm, Li et al. developed a record-to-record travel algorithm (RTR algorithm) for
solving the TDTSP. Both methods were tested on the bier127 problem which consists
of 127 beer gardens in the area of Augsburg.

Table 1. Comparison of results for the Traveling Repairman Problem [24]

Instance Best known DBMEA GILS-RVND Salehipour et al. Gap [%] GILS-RVND Gap [%]
Salehipour et al.

Best value Avg. value Best value Avg. value Best value Best value Avg. value Best value

st70 19215 19215 19215 19215 19215 19553 0.00 0.00 −1.73

rat99 54984 54984 54984 54984 54984 56994 0.00 0.00 −3.53

kroD100 949594 949594 949594 949594 949594 976830 0.00 0.00 −2.79

lin105 585823 585823 585823 585823 585823 585823 0.00 0.00 0.00

pr107 1980767 1980767 1980767 1980767 1980767 1983475 0.00 0.00 −0.14

rat195 210191 210191 210284.3 210191 210335.9 213371 0.00 −0.02 −1.49

pr226 7100308 7100308 7100308 7100308 7100308 7226554 0.00 0.00 −1.75

lin318 5560679 5562148 5566344.8 5560679 5569820 5876537 0.03 −0.06 −5.35

pr439 17688561 17693137 17710528 17688561 17734922 18567170 0.03 −0.14 −4.70

att532 5581240 5579113 5584915.3 5581240 5597867 184484351 −0.04 −0.23 −69.76
1Calculate Euclidean distances instead of ATT pseudo-Euclidean distances
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Fig. 9. Comparison of runtime for the Traveling Repairman Problem [24]
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The TDTSP problem was formulated by Schneider. A traffic jam region was placed
in the centre (coordinate of the left corner point (7080, 7200), width is 6920, and the
height is 9490). The salesman works between 9 am and 3 pm. The rush hours are
between 12 pm and 3 pm. In this period the edge lengths between two nodes in the
traffic region are multiplied with a jam factor. The travel speed is computed by dividing
the total distance of the optimal TSP tour (118293.524) by the working hours of the
salesman. The travel speed is held constant for all values of the jam factor. The aim is
to find the tour with the lowest cost.

The DBMEA was tested on the bier127 and two self-generated instance with 250
nodes. The coordinates of the nodes have been generated from a uniform distribution
(for s250_1 instance 70%, for s250_2 instance 50% of the nodes were placed within the
jam region). The working hours and the calculation of travel speed is the same as in the
case of bier127.

For the Time Dependent TSP the following speed-up techniques were used to
accelerate the local search:

• Candidate list [13]: It contains the indices of the closest vertices in ascending order
and is created for all vertices. During the local search only the pre-defined number
of closest vertices (candidate lists contain them) are examined for each vertex,
because a shorter edge is more likely to be part of a good solution.

• “Don’t look back bits” [13]: Each vertex in assigned to a “don’t look back bit”. If
no improving was found for a given vertex v, then until an incident edge changes,
do not consider v (changes its “don’t look back bit” to 1).

The algorithm was tested with the following parameters:

• the number of bacteria in the population (Nind = 100)
• the number of clones in the bacterial mutation (Nclones = ncities/10)
• the number of infections in the gene transfer (Ninf = 40)
• the length of the chromosomes (Iseg = ncities/20)
• the length of the transferred segment (Itrans = ncities/10)
• length of the candidate lists (square root of the number of cities)

Our tests were carried out on an Intel Core i7-7500U 2.7 GHz, 8 GB of RAM
memory workstation under Linux Mint 18.2. The DBMEA was coded in C++. Our
results were calculated by averaging 10 test runs.

For bier127 instance like the simulated annealing the DBMEA found the best-
known solutions with each jam factor while RTR algorithm in most cases failed to find
them (Table 2). The runtimes of the DBMEA are also given, although they are not
comparable with the other two methods: the runtimes of the simulated annealing was
not given by Schneider, and the RTR algorithm was tested on a much slower hardware
than the DBMEA.

Table 3 contains our result for our two self-generated instances with 250 nodes.
Based on the results we can state that the DBMEA also worked well on these instances:
it found high quality solutions even with bigger jam factors (the cost of the tours are
close to the cost of the tour with jam factor 1.00).
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Table 2. Comparison of results on the bier127 problem with different jam factors

Jam
factor

DBMEA Simulated
annealing

RTR
algorithm

Best value Average
value

Average
time [s]

Best value Best value

1.00 118293.524 118293.524 26.878 118293.524 118293.524
1.03 118749.356 118749.356 21.993 118749.356 118796.154
1.04 118901.300 118901.300 20.237 118901.300 119971.191
1.05 119053.244 119053.244 18.802 119053.244 119503.279
1.06 119153.582 119189.167 49.288 119153.582 119857.323
1.10 119313.720 119313.720 36.190 119313.720 119957.387
1.20 119714.065 119714.065 40.395 119714.065 119714.065
1.30 120114.410 120130.594 38.964 120114.410 120637.093
1.38 120434.687 120438.749 48.904 120434.687 120434.687
1.39 120453.554 120453.554 34.028 120453.554 120453.554
1.50 120571.743 120571.743 37.150 120571.743 120617.178
1.60 120679.186 120821.535 52.399 120679.186 121108.329
1.70 120786.630 120866.307 47.350 120786.630 120898.269
1.80 120894.074 120966.040 43.558 120894.074 121195.816
1.90 121001.518 121102.499 52.044 121001.518 121148.519
2.00 121125.195 121125.195 24.668 121125.195 121298.538
3.00 121125.195 121125.195 15.839 121125.195 122222.204
10.00 121125.195 121125.195 26.750 121125.195 121167.051
100.00 121125.195 121125.195 45.636 121125.195 122280.886
2000.00 121125.195 121125.195 42.277 121125.195 121417.575

Table 3. Results on the instances with 250 nodes with different jam factors

Jam
factor

DBMEA

s250_1 s250_2
Best
value

Average
value

Average
time [s]

Best
value

Average
value

Average
time [s]

1.00 5593.721 5598.908 385.005 5883.419 5888.389 364.514
1.01 5602.693 5606.621 333.424 5886.761 5889.916 308.640
1.02 5607.850 5612.466 332.826 5887.832 5894.831 298.073
1.03 5614.172 5619.788 346.240 5888.904 5894.328 310.768
1.04 5618.168 5621.647 374.396 5889.975 5895.813 343.722
1.05 5618.168 5621.516 320.237 5891.047 5896.819 310.488
1.1 5618.168 5623.638 277.473 5896.389 5907.867 311.524
1.2 5618.168 5626.335 309.946 5904.205 5921.092 310.449
1.3 5618.168 5627.508 327.514 5912.021 5936.651 328.916
1.5 5618.168 5631.149 303.666 5922.831 5938.454 319.962
2.00 5618.168 5630.845 317.846 5943.707 5948.585 324.703
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4 Conclusion

In this paper our results were summarized with DBMEA testing it on four discrete NP-
hard optimization problems. Our former results were briefly evaluated on the TSP, the
TSP with Time Windows, and the TRP problem. Our newest results on the Time
Dependent TSP were also presented.

The DBMEA can be called an efficient algorithm because it produced optimal or
near-optimal solutions for every examined optimization problem. For TRP the
DBMEA outperformed even the state-of-the-art methods in the literature.
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1 Széchenyi István University, Egyetem tér 1, Győr 9026, Hungary
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Abstract. If the antecedents of a fuzzy classification method are derived
from pictures or measured data, it might have too many dimensions to
handle. A classification scheme based on such data has to apply a care-
ful selection or processing of the measured results: either a sampling,
re-sampling is necessary or the usage of functions, transformations that
reduce the long, high dimensional observed data vector or matrix into a
single point or to a low number of points. Wavelet analysis can be useful
in such cases in two ways.

As the number of resulting points of the wavelet analysis is approxi-
mately half at each filters, a consecutive application of wavelet transform
can compress the measurement data, thus reducing the dimensionality of
the signal, i.e., the antecedent. An SHDSL telecommunication line eval-
uation is used to demonstrate this type of applicability, wavelets help in
this case to overcome the problem of a one dimensional signal sampling.

In the case of using statistical functions, like mean, variance, gradient,
edge density, Shannon or Rényi entropies for the extraction of the infor-
mation from a picture or a measured data set, and they don not produce
enough information for performing the classification well enough, one or
two consecutive steps of wavelet analysis and applying the same func-
tions for the thus resulting data can extend the number of antecedents,
and can distill such parameters that were invisible for these functions
in the original data set. We give two examples, two fuzzy classification
schemes to show the improvement caused by wavelet analysis: a mea-
sured surface of a combustion engine cylinder and a colonoscopy picture.
In the case of the first example the wear degree is to be determine, in the
case of the second one, the roundish polyp content of the picture. In the
first case the applied statistical functions are Rényi entropy differences,
the structural entropies, in the second case mean, standard deviation,
Canny filtered edge density, gradients and the entropies.

In all the examples stabilized KH rule interpolation was used to treat
sparse rulebases.

The preliminary version of this paper was presented at the 3rd Confer-
ence on Information Technology, Systems Research and Computational
Physics, 2–5 July 2018, Cracow, Poland [1].
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1 Introduction

Real-life control or classification problems are often solved by fuzzy methods,
as fuzzy inference is usually practically more efficient, flexible and close to the
human way of thinking than classical, crisp decision schemes. As the digital
measuring and picture taking devices become more and more widespread, the
measured data becomes larger, contains more information bout the measured
or photographed objects, but most of the such acquired information disturbs an
automatic control or classification scheme. For training a neural network or other,
nature based learning method, however, very large number of measurement with
time and resource consuming pre-processing is often needed, thus in some cases
it is not possible to use them.

Digital measuring devices sample either in time, like in the case of an oscil-
loscope or temperature monitoring system; in frequency, like in the case of spec-
trum analysers; or in space, like in the case pictures or 3D scanners. The results
of such measurements often consist of several hundreds or thousands or even
millions of points, but such large data sets are not suitable for serving as the
antecedent set for a fuzzy decision or classification scheme.

The measured data has to be made processable by a fuzzy inference system
of reasonable size and complexity, mostly by decreasing the amount of data with
the condition of keeping as much information as possible. The simplest step to
achieve this may be re-sampling: selecting only a few from the measured values
as representatives of the whole data set. A more sophisticated method would
be averaging. However, both lead to loss of information. From image and data
compression it is well known that wavelets are suitable for distilling a lot of the
available information and achieving a large compression ratio, thus it seems to
be reasonable to try wavelet transform for achieving suitable compression rate
as well as sufficiently small information loss. In case of telecommunication line
insertion loss over frequency functions, this method proved to be effective.

Instead of wavelet-based compression of the measurement results, its useful
information content can be extracted by calculating statistical parameters, like
its mean value, standard deviation, average gradient or gradient direction, some
kind of shape-related quantity or its entropy, or entropies, if Rényi’s general-
isation of the definition of entropy is used. In the case of pictures edge den-
sities or colour elated parameters might be also necessary. Rényi’s generalised
entropies can be combined into such quantities that characterise the shape or
topology of the measured distribution, too, this step can map the measured
data into a couple of points. This scheme is useful especially in the case of
two- or three-dimensional measured data, as the number of measured points is
usually too high, and the number of the remaining points is still too high after
wavelet-based compression. In many cases, using only entropies, or other, similar
functions leads to critically high information loss, thus a method for regaining
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Fig. 1. Crisp and fuzzy membership function of a measured variable.

some of the information should be introduced. As the high-pass filter outputs
of the wavelet transform distill the fine details from the original data and the
low-pass outputs behave as a kind of averaging, applying the same functions –
the previously mentioned statistical parameters and entropies – on the wavelet
transformed versions of the images leads to other information. This step can
enhance the performance of an inference system without increasing the num-
ber of antecedents too much. This scheme proved to be efficient in significantly
increasing the effectiveness of a classification scheme in surface roughness and
colorectal polyp content characterisation.

These two approaches are studied in the following considerations. As a first
step, in Sect. 2 a summary about fuzzy classifications is given completed with a
section of fuzzy rule interpolation. Next the introduction of wavelet transforms
is given in Sect. 3. Section 4 gives the generalization of the Shannon entropy and
its use in the characterisation of shapes of functions or distributions. The appli-
cability of the first approach is demonstrated in Sect. 5, and the usage of wavelet
transform for increasing the information content is given in Sects. 6 and 7.
A conclusions to be found in the last section.

2 The Fuzzy Component of the Approach

2.1 Fuzzy Sets

In set theory L.A. Zadeh came forth with a new concept in 1965. According
to his idea [2], an element can not only be fully member of a set, or fully not
member of it, but there can be infinite many possibilities inbetween. This concept
is closely related to the human way of thinking, as there is a smooth transition
between a tea being hot or cold, or a dog breed being small, medium-sized or
large. Zadeh’s fuzzy sets do not only allow membership values of exclusively 0 or
1 (like with the traditional, crisp sets), but any value in the [0, 1] unit interval.
A measured value can have a membership degree in a fuzzy set, thus it also
becomes a fuzzy quantity, as it can be seen in Fig. 1 Based on such fuzzy sets,
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Fig. 2. Mamdani’s fuzzy consequent from a two-dimensional antecedent and two con-
sequent sets. The rules are denoted by the membership values Ai,j of the variable xi,
the consequent sets by Byj , and the final consequent set by B∗. The final consequent is
usually defuzzified, thus one value ydefuzz becomes the result of the inference. Arbitrary
units.

decisions can be made, like “IF the water level is low”, “THEN fill the water
tank with a small amount of water”, or “IF the temperature is high”, “THEN
classify it to the highest class”. In the case of multiple conditions, like “IF the
gasoline concentration is high AND the pressure is high” it is necessary to re-
define he operators “AND” and “OR”. Zadeh defined “AND” as the lowest of the
membership values (called nowadays rather t-norm), and “OR” as the highest
(called s-norm or t-conorm).

2.2 Fuzzy Inference

Using the fuzzy membership functions a rather flexible control systems can be
built. Mamdani proposed [3] the first concept for carrying out fuzzy control
(and decisions), which was a computationally more efficient implementation of
the Compositional Rule of Inference method also proposed by Zadeh [4]. His
concept used multiple input variables, i.e., antecedents. For each of the outputs,
i.e., consequents, he defined a set of rules, consisting of membership functions
for all the antecedents. The consequent fuzzy set arises as the s-norm (e.g.,
maximum) of the results for consequents, and the results for a consequent is the
t-norm (e.g., minimum) of the rules belonging to that consequent, as it can be
seen in Fig. 2.

The rules are generated from measured data, either using statistics or some
intelligent learning algorithm. This means that there must be some measure-
ments, where not only the antecedents, but also the consequents are known,
moreover, it is useful to have such data for testing the inference system. In our
examples very simple rules are used: the membership function of each antecedent
for each consequent is a triangle, with the minimum and maximum of the mea-
sured data forming the support of the membership function and the mean form-
ing the core, the peak of the triangle, as seen in Fig. 3.
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xmax xxmin xaverage

Fig. 3. A simple rule generation method from the measured values of the training set.
The statistics of the measured data is represented by the histogram of the plot, while
the resulting fuzzy rule by the triangle-shaped membership function. Arbitrary units.

2.3 Fuzzy Rule Interpolation

In measurements it often happens that the rulebase does not completely cover
the space of the possible measured data, i.e., sparse rulebases are generated. In
this case, making the other measured data evaluable can be carried out by rule
interpolation. Stabilized KH interpolation [5–7]
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(
1
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)k
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(
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(
1

dαU (A∗,Ai)

)k
, (2)

give very good results in our examples, too.

3 The Wavelet Component of Our Approach

Wavelet analysis [8] developed from several branches of signal processing and
numerical mathematics in the late 1970s-early 1980s. Up till now its main use
is image compression, from fingerprint databases through the Mars rover [10] to
the JPEG2000 image coding standard [9]. It is also possible to suppress noise,
enhance edges, or retrieve special types of patterns from images by wavelet
transform, moreover, similarly to Fourier transform [12], wavelets are used to
simplifying differential equations, too [11].
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3.1 Multiresolution Analysis

The discrete wavelet transform is mathematically defined by a so called multires-
olution analysis of the function space, mostly the square integrable functions’
Hilbert space. It consists of subspaces embedded into each other, each subspace
belonging to a resolution level, hence the name. The finest resolution level sub-
space is dense in the original function space (i.e., to any function of the original
function space to any limit there can bee found a function in the infinitely fine
resolution subspace that is closer than the limit). The lowest (infinitely low)
resolution level consists of only constant functions.

The most interesting part of this approach of the function space is that
each subspace is expanded by a set of basis functions, which have the same
shape, just shifted over a regular grid. The shape of the basis functions change
from subspace to subspace, i.e., from resolution level to resolution level only by
shrinking or dilation: the fine resolution level subspaces have higher and narrower
basis function distributed over a grid of smaller grid distance, while the rougher
resolution levels have lower, wider basis functions over grids with larger grid
distance, as it can be seen from the following definitions of the basis functions
at resolution level j and shift position k

φjk(x) = 2j/2φ(2jx − k). (3)

These basis functions φjk of the embedded subspaces are called scaling func-
tions.

Wavelets are also similar basis functions: they provide the way between two
resolution levels. The spaces completing a rougher resolution level subspace to
the next, finer resolution subspace are the detail spaces, and their basis functions
are the wavelets, defined as

ψjk(x) = 2j/2ψ(2jx − k). (4)

This subspace setup means, that any function of any resolution level j can be
expressed either as a linear combination of its resolution level subspace, or using
any rougher resolution level scaling function subspace as a basis, and adding
wavelets to it as a refinement, i.e., as

f [j](x) =
∞∑

−∞
cjkφjk(x), (5)

or by decreasing the basic resolution level by 1 as

f [j](x) =
∞∑

−∞
cj−1 kφj−1 k(x) +

∞∑

−∞
dj−1 kψj−1 k(x), (6)

or by decreasing the rougher resolution level to zero, as

f [j](x) =
∞∑

−∞
c0kφ0k(x) +

j−1∑

i=0

∞∑

−∞
dikφik(x), (7)
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ci

c’i

d’i

Fig. 4. One step of the wavelet transform as two branches of convolutional filter signal
processing and downsampling steps. The low-pass filter results in the scaling function
expansion coefficients c′

i, while the high-pass filters give the fine details, i.e., the wavelet
expansion coefficients d′

i.

Practically, measurement results can be treated as a very fine resolution
level coefficient set of the sampled function, their wavelet transform results in
the rougher resolution level scaling function and wavelet coefficients by using
the so called refinement equation

φ(x) = 21/2
Ns∑

i=0

hiφ(2x − i), (8)

and its wavelet counterpart

ψ(x) = 21/2
1∑

i=−Ns+1

(−1)ih−i+1φ(2x − i). (9)

For the simplest wavelet family, the so called Haar wavelets [13], the coefficients
h0 = h1, these mother basis functions have a support length 1 unit; the other
wavelets have more coefficients, thus longer support.

3.2 Wavelet Analysis in Signal Processing

This mathematical definition can be translated to signal processing devices: prac-
tically the usage of (8) and (9) can be translated directly to digital signal pro-
cessors as convolutional filtering and downsampling, as it can be seen in Fig. 4.
The coefficients in the convolutional filters are proportional to the coefficients
at the refinement equations.

In multiple dimension data sets either multiple dimension wavelets, or more
often separate wavelet analysis steps in the separate dimensions has to be
carried out.

4 Entropies as Compact Descriptions of Two-Dimensional
Datasets

The entropy in information theory was introduced by Shannon [14] as the expec-
tation value of the information for a complete set of events, i.e., for such sets,
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where all the events have probabilities between 0 and 1, and the sum of all the
probabilities is 1. If the probabilities are {p1, p2, . . . , pN}, then the entropy can
be written as

S = −
N∑

i=1

pi log2 pi. (10)

4.1 Rényi Entropies

Shannon’s entropy definition was generalised for many purposes, Rényi’s [15]
series of entropies, i.e.,

Sα =
1

1 − α
log

N∑

i=1

pα
i , (11)

gives the Shannon entropy as a limit at α = 1.
For α = 0 this entropy is the entropy of the uniform distribution. This

is sometimes called Hartley entropy, as Hartley has introduced the concept of
information and its expectation value using such set, where the probabilities were
equal. This approximation is still used if nothing is known about the probability
distributions, only the number of the possible outcomes.

For α = 2 the formula turns into

S2 = − log
N∑

i=1

p2i . (12)

4.2 Structural Entropies of Probability Distributions

In the beginning of the 1990s Pipek and Varga [16,17] found out, that the differ-
ence of Rényi entropies can characterize the structure of the probability distribu-
tion {p1, p2, . . . , pN} in a very peculiar way. They introduced structural entropy
as the difference of two Rényi entropies

Sstr = S1 − S2, (13)

and similarly, the they proved that the so called filling factor q, which was used
in solid state physics and quantum mechanics, is also related to a Rényi entropy
difference the following way

log(q) = S0 − S2. (14)

Later these quantities were applied in characterisation of the localisation of pixel
intensities in scanning microscopy images [18,19]. Bonyár developed a localiza-
tion factor for describing the roughness of gold electrodes based on these entropy
differences [20,21].
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Measured insertion loss and its wavelet transform

Fig. 5. Measured insertion loss as a function of frequency for the lines of the 5 perfor-
mance groups. The darker shades of colours mean the measured lines properties, while
the brighter counterparts denote the wavelet transforms.

5 Telecommunication Lines

5.1 Measurements

In telecommunication line performance prediction the goal is to develop a method
that approximates the real-life performance of the line sufficiently well, without
actually building the connection, as it is costly and time consuming. For SHDSL
lines, which are mainly for business use, errors in the prediction lead to financial
loss to the telecommunications provider. Lilik measured over 170 lines [22], and
developed a fuzzy method for performance prediction [23,24].

During the measurements the SHDSL links were built, and their perfor-
mances were measured. Also many physical parameters were determined using
general measuring devices available at telecommunications service providers.
Sorting out the noise, the return loss and many other parameters, it was proved
that based on solely the insertion loss values of an area’s telecommunications
lines their performance can be evaluated with rather high reliability. The mea-
sured insertion loss values over the 0 to 2 MHz frequency ban can be seen in Fig. 5.

5.2 Characterisation Scheme

In order to be able to build a classification method, the measured data was sep-
arated to a training set and a test set. In the original characterisation scheme
simple, triangular rules were built from the measured data of the training set
according to Fig. 3. As the insertion loss values have rather large fluctuations
around a quite smooth trend, five characteristic frequencies were chosen, and
the insertion loss values at those frequencies served as antecedents. Selecting
fewer frequency points makes the calculations unstable, more points make it
unnecessarily complicated. Still, there were a lot of lines that were not evalu-
able, and there were very few cases, when the fluctuations were so bad, that the
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evaluation was not successful, i.e., instead of sorting the line into its real perfor-
mance group, or one group below it (which is still acceptable for the provider),
it sorted it to better performing group or predicted much worse data rate than
the real one.

For overcoming these problems, as a first step, we introduced fuzzy rule
interpolation to out classification scheme, thus making practically all the lines
evaluable.

Instead of selecting five representative samples from the complete insertion
loss-frequency function, we also applied wavelet analysis to filter out the large-
scale trends from the function. The first wavelet transform we use can also be
seen in Fig. 5. It can be seen, that the distribution of the transformed points is not
equidistant: in the lower frequency domain we included one step finer resolution
level results than in the higher frequencies, because the communication’s spectral
power density is much larger at lower frequencies.

65 lines were used for testing, in the case of the characteristic frequencies, 12
lines were put to one class lower than their real group, while in the case of the
wavelet transformed antecedent selection 8 lines went to the acceptable group
and the remaining 57 ones to their true classes. In both cases all the lines were
classified well, moreover, if the wavelet transform was carried out until 2 or 4
points remained, the classification was still as correct as the 5-point version [24].

With these results we demonstrated that wavelets can be used for stabilis-
ing calculations, if the measured data fluctuates and lowering the antecedent
dimension as well.

6 Wear

If the number of the antecedent dimensions is already too low, like in the case of
classification based on the Sstr and ln q values calculated for an image, wavelets
can provide 4 more pictures to be analysed, as it can be seen in Figs. 6 and 7. In
2D data sets the wavelet analysis is carried out in both dimensions. This results
in 4 output pictures of approximately quarter of the size of the original data set
(half in each direction), one output for the case of using low-pass filters in both
dimensions, which is a kind of average of the original image, two outputs where
one of the directions have low-pass, the other high-pass filter, and one output
where both filters are high-pass. In the followings the latest picture will be called
diagonal, the first averaging, and the two between will be mentioned as vertical
and horizontal results, depending on which direction has the fine details, i.e.,
which direction used high-pass filter.

6.1 Measurements

In [25] Solecki and Dreyer measured a combustion engine using silicone replica
and surface scanners. Silicone replicas are often used in geometrical measure-
ments as the shape of many instruments does not allow to access certain inter-
esting points of an object. In the case of a combustion engine the inner surface
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Fig. 6. A measured surface segment before wavelet analysis.

of the cylinders can be accessed only by specially designed devices that are not
available in general laboratories, but they are developed exquisitely for one type
of automated measurement in the industry. These highly specialized tools are
expensive thus if hardly accessible surfaces are to be measured, either the object
has to be cut, or replicas are to be taken from the surface. If the object under
test is needed for further tests, clearly only the second option is possible.

The measurements of the 4 cylinders of the engine under test were carried
out using Struers RepliSet F5 which is able to reproduce patterns of size down to
0.1 microns. Replicas were taken of the new engine before building it and after
500 hours of polycyclic endurance test (later the engine was cut so that the worn
surface could be studied directly, as well). The resulting samples were measured
by a TalysurfCLI2000 white-light surface scanner at 5 points for each of the
cylinders. These points were selected so that one point would be between the
topmost and the second ring’s turning point, another point would be between
the next two piston rings’s turning points, and three along the path where all
3 piston rings had worn the surface. An example of the 1 mm by 1 mm surface
parts of a new and worn engine can be seen in Fig. 8. Slight vertical scratches can
be seen on the worn surface. Such a vertical scratch can be seen in the previous
worn image of Fig. 6, too, and slightly visible in the vertical transformed picture
of Fig. 7.

6.2 Characterisation Scheme

The classification scheme was very similar to the one in the previous section. The
antecedents consisted of solely the structural entropy and the logarithm of the
filling factor, i.e., the two Rényi entropy differences. The Sstr(ln q) plot of 128
measured surface sub-domains are plotted in Fig. 9. It can be seen, that though
the points corresponding to worn and new surfaces occupy overlapping domains,
there are clearly such parts of the plot which belong to only one type of surface.
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Fig. 7. A measured surface segment after wavelet analysis.

However, these two characterising quantities are not sufficient for building
fuzzy classification scheme: from the 128 surface subdomains 64 were used for
building the rulebase, and of the 64 test data, only 33 could be classified correctly,
which is worse than a random guess.

In the case of two-dimensional data, such as the above surface scans, wavelet
transformation has to be carried out in both dimensions, thus resulting in 4
output data matrices: one for the transformation, where both directions had
low-pass filters, one for the high-pass-high-pass case, and two mixed filter pairs.
The structural entropy and the filling factor can be calculated for all 4 of the
resulting matrices, thus the antecedent dimension can be increased from 2 to
up to 10. We tested [26] the method with all 4 wavelet transformed surface types
as well as with only the low-pass–low-pass and high-pass–high-pass matrices,
and the results were not different from each other. The number of incorrectly
classified surface elements went down to 13, which indicates, that the structural
entropies are not suitable for being antecedents without other quantities. The
second wavelet transform usually does not improve the results in this example.

However we could demonstrate that wavelet analysis is able to introduce
independent information to the overly simplified antecedents.
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Fig. 8. A measured surface segment before and after the polycyclic endurance run.

7 Colorectal Polyps

Colorectal polyps are wart-like objects inside the last parts of the bowel system.
Some of these polyps can develop into colorectal cancer, which is a really dan-
gerous type of cancer, as it can be detected usually quite lately. If these polyps,
that have the possibility to develop into cancer could be detected and removed
early, then they would not develop into malign objects, thus detecting and clas-
sifying colorectal polyps is a really important task. Having a visual aid for the
medical experts based on automatic image processing can help the diagnosis.
There are several groups trying to find polyps on colonoscopy images, some of
them even have their own database built. In the following considerations, we
apply our method founded in [27] on the pictures of [28]. An example can be
seen in Fig. 10, while the wavelet transform of the picture is given in Fig. 11.

The classification scheme consists of the following steps. First, the images
are cut into tiles of size N ×N , where N is generally between tenth and fifth of
the original image size, in our case 200 compared to the image size of magnitude
1000. Next, using the masks provided by the database, for each tile the polyp
content, i.e., the percentage of the area with masked pixels is calculated: based
on this value the tiles are classified as “with polyp” and “without polyp”. For
each of the tiles, for all 3 colour channels the antecedents were calculated. The
antecedents are the mean, standard deviation, edge density, structural entropy
and ln q and the gradients. The edge density is calculated the following way: the
tile is transformed to a black and white edge image by Canny filtering, then the
rate of the edges (white points) compared to the tile-size.

Next, every second image is used for determining the fuzzy rules according
to Fig. 3. As out previous experiences show, that for different types of images
the classification success rates are different, we sorted the pictures into groups of
the same patient of the same take, and generated rules from each of the groups.
The thus arising rules are applied for classification using the same method as in
the case of the cylinder surfaces, only the antecedent dimension increased to 21,
or 99 in the case of using wavelet analysed pictures, too.
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Fig. 9. Structural entropy map of 64 new and 64 worn surface segments. This is a
typical way of plotting structural entropy, and determining the localization type of the
studied distribution. The teal thick solid line denotes the theoretical limiting curve,
above which no points should appear. The dashed, dotted and dash-dotted lines shows
three typical distributions, i.e., if a point is near the line corresponding to the 2nd
order power law distribution (dash-dotted), then the average localization type in the
distribution is similar to the second order power law function. The green squares give
the points generated from the new surfaces’s scans, while the red circles the worn ones.

Fig. 10. A colonoscopy picture of [28] turned into grayscale image, before wavelet
analysis.

The results for both cases can be seen as ROC plots in Fig. 12. The Classical
ROC plots are not that much visible due to the large number of points, however,
if a 3rd axis, i.e., the image group number is also given, we can conclude the
followings. The false positive rate is rather low in all cases, especially in the case
of using wavelet analysed images, too. The true positive rate is for some pictures
extremely low, so this method without wavelet analysis is not usable, however,
wavelets improve the results up to a more acceptable level in all cases.
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Fig. 11. Colonoscopy picture after wavelet analysis. Note that the upper left corner of
the picture in Fig. 10, i.e., the pixel of index (1, 1) moved to the lower left part of the
coordinate system (the picture is upside down).
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Fig. 12. True positive vs false positive rate for the various picture groups for the various
rulebases. First plot is the ROC, the second is a 3D view, and 3rd plot focuses n true
positive rate. First row: without wavelet analysis, 21 antecedents, second row: with
wavelet analysis, 99 antecedents.
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8 Conclusion

In this articles the usage of wavelet transform in fuzzy antecedent selection was
studied. Two completely different strategies were mentioned. First, the simplifi-
cation of the decision and decrease of the number of antecedents by using wavelet
transform instead of samples form a measured data vector, which scheme’s effec-
tiveness was demonstrated on insertion loss-based performance prediction of
telecommunication lines. Second, the introduction of new, independent informa-
tion by using wavelet transformed data beside the original one for classification
schemes with overly simplifying antecedent selection such as selecting structural
entropies. Combustion engine cylinder surface scan classification was used as
a demonstrating example, where the performance of the classification could be
improved significantly by introducing two of the wavelet transforms of the sur-
face matrix. The other example was colonoscopy picture segment classification,
where the improvement due to wavelet analysis was more visible, and to almost
all the image types the classification error rate became acceptable.
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Abstract. Fuzzy grey cognitive maps (FGCMs) are extensions of fuzzy
cognitive maps (FCMs), applying uncertain weights between the con-
cepts. This uncertainty is expressed by so-called grey numbers. Similarly
to FCMs, the inference is determined by an iteration process, which may
converge to an equilibrium point, but limit cycles or chaotic behaviour
may also turn up.

In this paper, based on the grey weighted connections between the
concepts and the parameter of the sigmoid threshold function, we give
sufficient conditions for the existence and uniqueness of fixed points for
sigmoid FGCMs.

Keywords: Fuzzy cognitive map · Grey system theory ·
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1 Introduction

Many decision-making problems are too complex to be solved by classical meth-
ods, especially when several uncertain or imprecise factors present [2]. Numer-
ous successful techniques are based on cognitive or fuzzy models [3], which are
extremely useful when a high number of interrelated factors should be considered
by the decision maker and these factors form a complex system [4]. Fuzzy Cog-
nitive Map (FCM) is a soft computing technique, which can effectively represent
causal expert knowledge and uncertain information of complex systems [5] by
using direct causal representation, moreover, the quick simulation of complex
models [6] is also possible.

Fuzzy cognitive maps use directed graphs in which constant weights are
assigned to the edges from the interval [−1, 1] to express the strength and direc-
tion of causal connections. The nodes represent specific factors of the modelled
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system and are usually called ‘concepts’ in FCM theory. The current states of
the concepts are also characterized by numbers in the [0, 1] interval (in some
applications the interval [−1, 1] is also applicable [7]). These are the so-called
‘activation values’.

The system can be formally defined by a 4-tuple (C,W,A, f) where C =
C1, C2, . . . , Cn is the set of n concepts, W : (Ci, Cj) → wij ∈ [−1;+1] is a
function which associates a causal value (weight) wij to each edge connecting the
nodes (Ci, Cj), describing how strongly influenced is concept Ci by concept Cj .
The sign of wij indicates whether the relationship between Cj and Ci is direct or
inverse. So the connection or weight matrix Wn×n gathers the system causality.
The function A : (Ci) → Ai assigns an activation value Ai ∈ R to each node
Ci at each time step t (t = 1, 2, . . . , T ) during the simulation. A transformation
or threshold function f : R → [0, 1] calculates the activation value of concepts
and keeps them in the allowed range (sometimes a function f : R → [−1, 1] is
applied). The iteration which calculates the values of the concept may or may
not include self-feedback. In general form it can be written as

Ai(k) = f

⎛
⎝

n∑
j=1,j �=i

wijAj(k − 1) + diAi(k − 1)

⎞
⎠ (1)

where Ai(k) is the value of concept Ci at discrete time k, wij is the weight of
the connection from concept Cj to concept Ci and di expresses the possible self-
feedback. If we include the self-feedback in the weight matrix W , the equation
can be rewritten in a simpler form:

A(k) = f (WA(k − 1)) (2)

Continuous FCM may behave chaotically, can produce limit cycles or reach
a fixed point attractor [7]. Chaotic behaviour means that the activation vector
never stabilizes. If a limit cycle occurs, a specific number of consecutive state
vectors turn up repeatedly. In case of a fixed point attractor, the state vector
stabilizes after a certain number of iterations [8,9]

The behaviour of the iteration depends on the threshold function applied and
its parameter(s), on the elements (weights) of the extended weight matrix and
on the topology of the map.

2 Mathematical Background

The existence and uniqueness of fixed point of sigmoid fuzzy cognitive maps was
firstly discussed by Boutalis, Kottas and Christodoulou in [10] for the case when
the parameter of the log-sigmoid threshold function is λ = 1, (so the function
was f(x) = 1/(1 + e−x). The possible number of fixed points was analysed by
Knight, Lloyd and Penn in [11]. The results of [10] were generalized in [12].
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2.1 The Contraction Mapping Theorem

The mathematical investigation presented in Sect. 3 is based on the so-called
contraction mapping theorem. First we recall the notion of contraction:

Definition 1. Let (X, d) be a metric space. A mapping f : X → X is a con-
traction mapping or contraction if there exists a constant c (independent from
x and y), with 0 ≤ c < 1, such that

d (f(x), f(y)) ≤ cd(x, y) (3)

Let f : X → X, then a point x∗ ∈ X such that f(x∗) = x∗ is a fixed point
of f . The following theorem provides sufficient condition for the existence and
uniqueness of a fixed point.

Theorem 1 (Banach’s fixed point theorem). If f : X → X is a contraction
mapping on a nonempty complete metric space (X, d), then f has only one fixed
point x∗. Moreover, x∗ can be found as follows: start with an arbitrary x0 ∈ X
and define the sequence xn = f(xn−1), then limn→∞ xn = x∗.

The following statement and its corollary play a crucial role in the proofs:
The derivative of the sigmoid function f : R → R, f(x) = 1/(1 + e−λx), (λ > 0)
is bounded by λ/4.

Lagrange’s mean value theorem states that if a function f is continuous on
the closed interval [a, b], and differentiable on the open interval (a, b), then there
exists a point c ∈ (a, b) such that f(b) − f(a) = f ′(c)(b − a). It implies that for
a log-sigmoid function f : |f(x) − f(y)| ≤ λ/4 · |x − y|.

In our previous work the following theorem was proved regarding the exis-
tence and uniqueness of fixed points of FCMs (see [12]). We will show in Sect. 3,
that for fuzzy grey cognitive maps a very similar result can be derived. Moreover,
the theorem below is a special case of the result presented in Sect. 3.

Theorem 2. Let W be the extended (including possible feedback) weight matrix
of a FCM, let λ > 0 be the parameter of the log-sigmoid function. If the inequality

‖W‖F <
4
λ

(4)

holds, then the FCM has one and only one fixed point. Here ‖ · ‖F stands for the

Frobenius norm of the matrix, ‖W‖F =
(∑

i

∑
j w2

ij

)1/2

.

We should note here that this is a sufficient, but not necessary condition.
The fact that ‖W‖F < 4/λ implies that there is one and only one fixed point,
while if ‖W‖F ≥ 4/λ, we do not know whether there are more than one fixed
points or limit cycles.
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2.2 Fuzzy Grey Cognitive Maps

Fuzzy grey cognitive maps (FGCMs) are very effective problem-solving tech-
niques within environments with high uncertainty and imprecision, combining
the findings of Grey System Theory (GST) and fuzzy cognitive maps [13,14]. It
has been designed to analyze small data samples with poor information [15,16].
The main difference between fuzzy and grey systems concepts arises in the inten-
sion and extension of the modelled or analyzed object. While grey system theory
focuses on objects with clear extension and unclear intension, fuzzy theory in
most of the cases deals with objects with clear intension and unclear extension.

FGCM based models unavoidably consist of numerical operations on so-called
grey numbers. A grey number (usually denoted by ⊗G) is a number whose
accurate value is unknown, but it is known the range within the value is included.
A grey number with both a lower limit (G) and an upper limit (G) is called an
interval grey number [17], so ⊗G ∈ [G,G]. In applications, a grey number is
usually an interval. Basic operations on grey numbers:

1. ⊗G1 + ⊗G2 ∈ [G1 + G2, G1 + G2]
2. − ⊗ G ∈ [−G,−G]
3. ⊗G1 − ⊗G2 ∈ [G1 − G2, G1 − G2]
4. ⊗G1 × ⊗G2 ∈ [min(S),max(S)]

where S =
{
G1 · G2, G1 · G2, G1 · G2, G1 · G2

}
5. If λ > 0, λ ∈ R, then λ · ⊗G ∈ [λG, λG]

The following statement is straightforward and plays an important role in
our further investigations: if f : R → R is strictly monotone increasing function,
then f(⊗G) ∈ [f(G), f(G)].

An FGCM models unstructured knowledge by causalities through grey rela-
tionships (grey numbers) between them based on fuzzy cognitive maps. FGCMs
are a generalization of FCMs, since an FGCM with all the relations’ intensi-
ties represented by exact numbers (in the grey system theory they called white
numbers) would be a usual FCM. In general, FGCM represents the human intel-
ligence better than FCM, because it expresses unclear relations between factors
and models incomplete information better than FCM.

The dynamics of an FGCM begins with the initial grey vector state A(0),
which represents initial uncertainty. The elements of this vector are grey num-
bers, i.e. Ai(0) ∈ [Ai(0), Ai(0)] for every i. The updated nodes’ states are com-
puted by an iterative process with an activation function, resulting grey numbers
as concept values:

Ai(k) ∈
[
f(wiA(k − 1)), f(wiA(k − 1))

]
(5)

After a certain number of iterations, an FGCM with continuous threshold func-
tion arrives at one of the following cases:

1. It settles down to a so-called grey fixed-point attractor.
2. The state could keep cycling between several states, known as a limit grey

cycle.
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3. The FGCM continues to produce different grey vector states for each itera-
tion, this is the grey chaotic attractor.

3 Convergence of Fuzzy Grey Cognitive Maps

Easy to see that a fuzzy cognitive map with grey weights (FGCM) has grey con-
cept values. We assume that the human expert or the training process assigns
the proper signs to the weights, so a weight is either positive or negative (more
exactly nonnegative or nonpositive). This means that the type of relationship
(direct or inverse) between the concepts is properly described by the fuzzy cog-
nitive map, so in most of the cases, it seems to be a right assumption.

Let ⊗wij be a weight describing the connection between concepts Cj and Ci.
Due to our assumptions, ⊗wij is a grey number and it is element of a subset of
the interval [−1, 0] or the interval [0, 1], so

⊗ wij ∈ [wij , wij ] ⊂ [−1, 0] or ⊗ wij ∈ [wij , wij ] ⊂ [0, 1] (6)

Let us introduce the following notation:

w∗
ij =

{ |wij | if ⊗ wij ≤ 0
wij if ⊗ wij ≥ 0

(7)

I.e. w∗
ij is the absolute value of the most extreme value of ⊗wij that is possible.

The following theorem provides sufficient condition for the existence and
uniqueness of fixed point of FGCMs. Here fixed point ⊗A∗ is

⊗A∗ = [⊗A∗
1, . . . ,⊗A∗

n]T ∈
[
[A∗

1, A∗
1], . . . , [A

∗
n, A∗

n]
]T

The grey fixed point is unique in the sense that the endpoints of the intervals
containing grey concept values are unique, i.e. the values A∗

i and A∗
i are unique

for every i.

Theorem 3. Let ⊗W be the extended (including possible feedback) weight
matrix of a fuzzy grey cognitive map (FGCM), where the weights ⊗wij are non-
negative or nonpositive grey numbers and let w∗

ij be defined as in Eq. 7. Moreover,
let λ > 0 be the parameter of the sigmoid function f(x) = 1/(1 + e−λx) applied
for the iteration. If the inequality

⎛
⎝

n∑
i=1

n∑
j=1

w∗
ij

2

⎞
⎠

1/2

<
4
λ

(8)

holds, then the FGCM has one and only one grey fixed point, regardless of the
initial concept values.

Actually, the left handside term is the Frobenius norm of a matrix which entries
are the w∗

ij values.
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Proof. Let ⊗A be the vector of concept values: ⊗A = [⊗A1, . . . ,⊗An]T , and let
G be a function for the iteration process:

⊗ G(A) = G(⊗A) = [G(⊗A)1, . . . , G(⊗A)n]T = [⊗G(A)1, . . . ,⊗G(A)n]T (9)

Here the elements of the vector are grey numbers, i.e.

⊗ G(A)i ∈ [
f(wiA), f(wiA)

]
(10)

where wi is the ith row of matrix ⊗W . We are going to show that for a suitable
distance metric d and under certain conditions the inequality

d(⊗G(A),⊗G(A′)) ≤ c · d(⊗A,⊗A′) (11)

holds with c < 1, so mapping G is a contraction, so it has one and only one fixed
point. For metric d we choose the following one:

d(⊗G(A),⊗G(A′)) =

[
n∑

i=1

d2(⊗G(A)i,⊗G(A′)i)

]1/2

(12)

where

d2(⊗G(A)i,⊗G(A′)i) =

(
G(A)i − G(A′)i

)2

+
(
G(A)i − G(A′)i

)2

2
(13)

Note that if G(A)i = G(A)i for A and A′ and for all of the coordinates, then it
becomes the ordinary Euclidean metric.

Moreover, the following inequalities hold:

(
G(A)i − G(A′)i

)2

=
(
f(wiA) − f(wiA

′)
)2 ≤

(
λ

4

)2 (
wiA − wiA

′)2 (14)

(
G(A)i − G(A′)i

)2

=
(
f(wiA) − f(wiA′)

)2 ≤
(

λ

4

)2 (
wiA − wiA′)2 (15)

The main problem is that the equations

wiA =
n∑

j=1

wij · Aj (16)

wiA =
n∑

j=1

wij · Aj (17)

hold only in the case when all of weights are nonnegative. In general

⊗ wijAj ∈

⎧⎪⎪⎨
⎪⎪⎩

[
wij · Aj , wij · Aj

]
if ⊗ wij ≥ 0

[
wij · Aj , wij · Aj

]
if ⊗ wij ≤ 0

(18)



80 I. Á. Harmati and L. T. Kóczy

In the case when all of the weights are nonnegative we get the following upper
estimation:

(
f(wiA) − f(wiA

′)
)2 ≤

(
λ

4

)2 (
wiA − wiA

′)2 (19)

=
(

λ

4

)2
⎛
⎝

n∑
j=1

wij ·
(
Aj − A′

j

)⎞
⎠

2

(20)

≤
(

λ

4

)2
⎛
⎝

n∑
j=1

wij
2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (21)

where the last row comes from applying the well-known Cauchy-Schwarz
inequality. Similar inequality is true for the upper endpoints:

(
f(wiA) − f(wiA′)

)2 ≤
(

λ

4

)2
⎛
⎝

n∑
j=1

wij
2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (22)

Applying the definition of w∗
ij , further upper estimations can be given:

(
f(wiA) − f(wiA

′)
)2 ≤

(
λ

4

)2
⎛
⎝

n∑
j=1

w∗
ij

2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (23)

(
f(wiA) − f(wiA′)

)2 ≤
(

λ

4

)2
⎛
⎝

n∑
j=1

w∗
ij

2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (24)

Now we are ready to give an upper estimation for the distance of ⊗G(A) and
⊗G(A′):

d2(⊗G(A),⊗G(A′)) =
n∑

i=1

d2(⊗G(A)i,⊗G(A′)i) (25)

=
n∑

i=1

(
G(A)i − G(A′)i

)2

+
(
G(A)i − G(A′)i

)2

2
(26)

≤
n∑

i=1

1
2

(
λ

4

)2
⎛
⎝

n∑
j=1

w∗
ij

2

⎞
⎠

⎡
⎣

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ +

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠

⎤
⎦ (27)

=
(

λ

4

)2
⎛
⎝

n∑
i=1

n∑
j=1

w∗
ij

2

⎞
⎠ · 1

2

⎡
⎣

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ +

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠

⎤
⎦

(28)

=
(

λ

4

)2
⎛
⎝

n∑
i=1

n∑
j=1

w∗
ij

2

⎞
⎠ · d2(⊗A,⊗A′) (29)
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By taking the squareroot of each side we get that

d(⊗G(A),⊗G(A′)) ≤ λ

4

⎡
⎣

n∑
i=1

n∑
j=1

w∗
ij

2

⎤
⎦
1/2

· d(⊗A,⊗A′) (30)

By Banach’s fixed point theorem, if λ
4

(∑n
i=1

∑n
j=1 w∗

ij
2
)1/2

< 1, then mapping
G is a contraction, so it has one and only one fixed point, which was the statement
in Theorem 3.

Let’s turn to the case when all of the weights are nonpositive. The argument
is similar to the previous one, with a small modification:

(
f(wiA) − f(wiA

′)
)2 ≤

(
λ

4

)2 (
wiA − wiA

′)2 (31)

=
(

λ

4

)2
⎛
⎝

n∑
j=1

wij ·
(
Aj − A′

j

)⎞
⎠

2

(32)

≤
(

λ

4

)2
⎛
⎝

n∑
j=1

wij
2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (33)

Similarly:

(
f(wiA) − f(wiA′)

)2 ≤
(

λ

4

)2
⎛
⎝

n∑
j=1

wij
2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (34)

Moreover, applying again the definition of w∗
ij we can state that:

(
f(wiA) − f(wiA

′)
)2 ≤

(
λ

4

)2
⎛
⎝

n∑
j=1

w∗
ij

2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (35)

(
f(wiA) − f(wiA′)

)2 ≤
(

λ

4

)2
⎛
⎝

n∑
j=1

w∗
ij

2

⎞
⎠ ·

⎛
⎝

n∑
j=1

(
Aj − A′

j

)2

⎞
⎠ (36)

From this point the proof goes on the same way as in the previous case and we
get the same inequality:

d(⊗G(A),⊗G(A′)) ≤ λ

4
·
⎡
⎣

n∑
i=1

n∑
j=1

w∗
ij

2

⎤
⎦
1/2

· d(⊗A,⊗A′) (37)

In the general case, when positive and negative weights also occur, in the
upper bound of

(
f(wiA) − f(wiA

′)
)2 may occur terms like wij ·

(
Aj − A′

j

)
and
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terms like wij ·
(
Aj − A′

j

)
. The following facts come trivially from the two cases

we have discussed already:

– If wij ·
(
Aj − A′

j

)
occurs in the upper bound of

(
f(wiA) − f(wiA

′)
)2, then

wij ·
(
Aj − A′

j

)
occurs in the upper bound of

(
f(wiA − f(wiA′)

)2
.

– If wij ·
(
Aj − A′

j

)
occurs in the upper bound of

(
f(wiA) − f(wiA

′)
)2, then

wij ·
(
Aj − A′

j

)
occurs in the upper bound of

(
f(wiA) − f(wiA′)

)2
.

The following inequalities come from the definition of w∗
ij :

∣∣wij ·
(
Aj − A′

j

) ∣∣ ≤ w∗
ij · ∣∣Aj − A′

j

∣∣ (38)
∣∣wij ·

(
Aj − A′

j

) ∣∣ ≤ w∗
ij · ∣∣Aj − A′

j

∣∣ (39)
∣∣wij ·

(
Aj − A′

j

) ∣∣ ≤ w∗
ij · ∣∣Aj − A′

j

∣∣ (40)
∣∣wij ·

(
Aj − A′

j

) ∣∣ ≤ w∗
ij · ∣∣Aj − A′

j

∣∣ (41)

Applying these upper estimations and rearranging the terms in the the upper

estimation of d2(⊗G(A),⊗G(A′)) by
(
Aj − A′

j

)2

and
(
Aj − A′

j

)2

we get that

d2(⊗G(A),⊗G(A′)) ≤
(

λ

4

)2 n∑
i=1

n∑
j=1

w∗
ij

2 ·
n∑

j=1

(
Aj − A′

j

)2

+
(
Aj − A′

j

)2

2

(42)

=
(

λ

4

)2
⎛
⎝

n∑
i=1

n∑
j=1

w∗
ij

2

⎞
⎠ · d2(⊗A,⊗A′) (43)

Taking the square root of both sides we get the same inequality as in the previous
cases:

d(⊗G(A),⊗G(A′)) ≤ λ

4

⎡
⎣

n∑
i=1

n∑
j=1

w∗
ij

2

⎤
⎦
1/2

· d(⊗A,⊗A′) (44)

If
λ

4

⎡
⎣

n∑
i=1

n∑
j=1

w∗
ij

2

⎤
⎦
1/2

< 1, then mapping G is a contraction, so according to

Banach’s fixed point theorem, it has one and only one fixed point, which com-
pletes the proof for the general case. 	


Note that if wij = wij for all the weights (in grey system theory it means
that wij is not grey, but white number, a number without uncertainty), then
this condition is the same as in Theorem 2.
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4 Summary

Fuzzy grey cognitive maps are extensions of fuzzy cognitive maps that are able
to handle uncertainties in the weight matrix. These uncertainties can express the
imprecision or incomplete information of human experts. Similarly to standard
FCMs, FGCMs can reach an equilibrium point (fixed point), produce limit cycles
or chaotic behaviour. In this paper, we proved a theorem that under conditions
expressed by the elements of the weight matrix and the parameter of the applied
sigmoid threshold function, the FGCM always reaches an equilibrium point,
regardless of the initial concept values.
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Abstract. In the field of logistics packaging (industrial-, or even customer
packaging), companies have to take decisions on determining the optimal
packaging solutions and expenses. The decisions often involve a choice between
one-way (disposable) and reusable (returnable) packaging solutions. Even
nowadays, in most cases the decisions are made based on traditions and mainly
consider the material and investment costs. Although cost is an important factor,
it might not be sufficient for finding the optimal solution. Traditional (two-
valued) logic is not suitable for modelling this problem, so here the application
of a fuzzy approach, because of the metrical aspects, a fuzzy signature approach
is considered. In this paper a fuzzy signature modelling the packaging decision
is suggested, based on logistics expert opinions, in order to support the decision
making process of choosing the right packaging system. Two real life examples
are also given, one in the field of customer packaging and one in industrial
packaging.

Keywords: Fuzzy signature � One-way packaging � Returnable packaging

1 Introduction

Packaging is a significant element in any logistics system [12]. Without proper
packaging handling and transportation would be difficult and expensive along the
supply chain (SC). Although cost is an important factor, it is not enough to consider
only the costs of material and investment while choosing the right packaging system,
many other aspects should be considered.

It has been found that paying limited attention to packaging can cause higher costs
in the physical distribution. Furthermore, researchers argue that packaging should not
only be considered from the point of view of cost, but focus should be put on its role as
a value-added function in the SC [5].

The best packaging solutions are those that, beside the optimal cost levels maxi-
mize the use of packaging space so that all the products can easily be packed and
stacked, and at the same time reduce packaging waste [9].

As a matter of course, the environmental aspects are also part of these important
processes, including the reduction of waste during production [11]. Furthermore,
improving the efficiency of packaging is an important strategic goal for the
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organizations considering the aspects of sustainability and economy [7]. Legislation
has also forced companies to rethink their packaging operations [6].

The functions of packaging in general can be classified as follows [4]:

• Product and environment protection (physical, safety, natural deterioration, waste
reduction)

• Logistics containment and handling (unit, bulk, pallet, containers)
• Information (symbol, logo, description)

Packaging systems can have different levels: primary, secondary and tertiary
packaging (Fig. 1).

Primary packaging is the main package that holds the product that is being
processed [8]. The aim of secondary packaging (it is also called transport or distri-
bution packaging) is to preserve the product on its way from the point of manufacture
to the customer. It includes the shipping container, the internal protective packaging
and any utilizing materials for shipping. It does not include packaging for consumer
products (primary packaging) [16]. Tertiary packaging combines all of the secondary
packages for example into one pallet [8].

Fig. 1. Packaging system levels [8]
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The functions of transport packaging are:

• Containment (basic purpose, supplying use value to products)
• Protection (ensuring integrity and safety of the contents and occasionally also

protecting the environment from the product)
• Performance (transportation, handling, storing, selling and use of the product)
• Communication (identification of the contents and informing about package fea-

tures and requirements) [16].

The most important actors of an industrial packaging supply chain (PSC) are
suppliers, assembly factories and packaging collectors (if returnable packaging is used)
[13]. Packaging producers are also important, but choosing the right packaging for the
product belongs to the competency of the factories, their suppliers, or both together.

In the field of logistic packaging (industrial transportation, or even consumer
packaging) the companies take decisions in order to determine the optimal packaging
expenses. This decision-making situation practically means a choice between one-way
(disposable) and reusable (returnable) packaging systems [1, 2]. The former is only
suitable for one use as far as reusable containers and packaging are loaded with
products and shipped to the destination, then the empty container is sent back to the
supplier, refilled with products and this cycle is repeated over and over again as a

Fig. 2. Packaging supply chain – open loop system [14]
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closed-loop system. In case of an open-loop system reusable packaging is collected at a
centralized return handling center, where it is cleaned, stocked, and distributed for
refilling [16]. In the second case the packaging is not necessarily returning back to the
initial partner who filled it (Fig. 2).

The main problem with one-way packaging is the waste created after the usage
while relative production cost is lower. On the other hand, transportation and main-
taining cost is a relevant issue in case of returnable packaging [2, 10]. Returnable
packaging has been frequently used for example in the US automotive industry in order
to reduce waste, costs, transport damages and for enabling JIT deliveries [15].

Managing returnable packaging systems requires more than just inverse trans-
portation. The cleaning and maintenance of containers, as well as the storage and the
administration are also involved in the process [3].

In most cases distance decides if the packaging comes back, but it also depends on
the complexity of the supply chain. Transport modes also can play a noticeable role (for
example road, rail or maritime transport).

2 The Fuzzy Signature Model

In this section the structure of the fuzzy signature modelling the packaging problem on
hand will be proposed including the tree graph and the aggregation operations in the
intermediate nodes.

In the FSig in the intermediate nodes the use of weighted arithmetic mean opera-
tions is proposed.

Based on expert knowledge three main aspects were defined when a decision has to
be made about one-way or returnable packaging, thus the weight in the respective
aggregation will be as follows:

• characteristics of the product which has to be packaged (a1; w = 3)
• characteristics of the supply chain (a2; w2 = 9) and
• external factors (a3; w3 = 2)

All leaves of the tree assume their values (µi) from the interval [0,1]. The values
belonging to the intermediate nodes are calculated by respective functions specified to
each leaf according to the logistics meaning and role. The relations among the indi-
vidual descendants on the same level are determined with respective aggregations (see
in Sect. 2.1). The final purpose of the model is to support the decision whether a
disposable (one-way) or returnable packaging system should be used. When the final
value created by the aggregation in the root (a0) is close to 0, it should rather be one-
way, if the result of a0 is close to 1, the packaging should rather be returnable (Fig. 3).
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2.1 Definition of the Aggregation Operators

Based on the opinion of a panel of logistics experts is was decided that all aggregations
are of the weighted arithmetic mean type, because the components of the individual
characteristics and features are comparably importance, which may be expressed by
weights of the same order of magnitude (given in Tables 1, 2 and 3).

Fig. 3. Tree structure of the fuzzy signature
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It must be mentioned however that certain special goods with special characteristics
(such as dangerous goods) may necessitate the usage of aggregations of different type,
especially the minimum aggregation or some rather drastic aggregations, because of the
either necessary relation of the packaging materials or very high cost of cleaning
removing all remains of the material dangerous for health or the environment. The
examples based on real life goods packaging technologies used by real companies have
confirmed the values (Fig. 6) and the type of aggregations used in this rather complex
fuzzy signature.

2.2 Defining the Main Aspects and the Weights

In the following the parent and child nodes are described in groups: weights (wi) with
aggregations of the intermediate nodes are listed in Tables 1, 2 and 3.

Product Characteristics (a1)
This attribute represents the technical aspects of designing the right packaging for a
particular product.

Production batch size and turnover are two strong aspects, but also geometrical
characteristics like shape, size and weight of the product should be considered. Fur-
thermore, physical, biological, chemical sensitivity and value of the goods also play an
important role. Within physical sensitivity the mechanical and climate effects must be
differentiated. The ranking and weights in the fuzzy aggregation can be seen in Table 1.
ID represents the position of the aspect (as a leaf or aggregation) in the fuzzy signature.

Table 1. Ranking and aggregation weights of product characteristics and its sub-trees

1 product characteristics
ID Features Ranking Weights
11 batch size 1-2. 9
12 turnover 1-2. 9
13 geometrical 3. 7
14 sensitivity 4-5. 2
15 value 4-5. 2
1.3 geometrical characteristics
ID Features Ranking Weights
131 shape 1. 4
132 size 2-3. 1
133 weight 2-3. 1
1.4 sensitivity
ID Features Ranking Weights
141 physical 1. 6
142 biological 2. 3
143 chemical 3. 2
1.4.1 physical
ID Features Ranking Weights
1411 mechanical 1. 6
1412 climate 2. 4
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Supply Chain (logistics) Characteristics (a2)
This attribute represents the logistics aspects of designing the right packaging for the
given product. Transportation represents the main part of logistics activities in the
supply chain (SC), but material handling and IT support are also essential for an
effectively working SC. As it was mentioned earlier, transportation distance is highly
important, as well as the volume of goods delivered at the same time. From the
packaging point of view environmental circumstances during transportation (temper-
ature, vibration and humidity) evidently influencing the decision. Quality of the
infrastructure and the transport modes used (modality) should also not be left out of
consideration. Material handling means all operations related to handling of the goods
in the supply chain, including warehousing, unloading, uploading and transshipments.
The organizational level of truck loads (full truck load – FTL, less than truck load –

LTL) is also significant when deciding about returnable packaging because the com-
plexity of the task is growing with the number of participants in the process. The
ranking and aggregation weights in the fuzzy sub model can be seen in Table 2.

Table 2. Ranking and aggregation weights of supply chain characteristics and its sub-trees

2 supply chain characteristics
ID Features Ranking Weights
21 transportation 1. 8
22 IT support 2. 7
23 material handling 3. 2
2.1 transportation
ID Features Ranking Weights
211 distance 1. 8
212 volume 2. 7
213 impacts 3. 5
214 infrastructure 4. 3
215 modality 5. 1
2.3 material handling
ID Features Ranking Weights
231 transshipment 1. 8
232 FTL/LTL 2. 2
2.1.3 environmental impacts
ID Features Ranking Weights
2131 temperature 1. 4
2132 vibration 2. 3
2133 humidity 3. 2
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External Factors (a3)
This attribute represents the external conditions, regulations and legal aspects. The
degree of cooperation among the participants is a very important aspect and it fun-
damentally determines the possibility of using returnable packaging systems. Envi-
ronmental effects cannot always be clearly expressed and considered enough in
corporate practice, but they are necessary to be built in the model. These are the
following: quantity of raw materials and energy consumed in production, CO2 emission
while return transportation, effective vehicle utilization and pool size (it means the total
quantity of returnable packaging devices circulating in the system to ensure the stabile
operation). The ranking and weights in the fuzzy model can be seen in Table 3.

All membership functions are a variant of the triangular or trapezoidal membership
functions (see e.g. Fig. 4).

Table 3. Ranking and aggregation weights of the external factors and its sub-trees

3 external factors
ID Features Ranking Weights
31 cooperation 1. 8
32 regulations 2. 3
33 legal 3-4. 2
34 environmental effects 3-4. 2
3.2 regulations
ID Features Ranking Weights
321 environmental 1-4. 2
322 health 1-4. 2
323 benefits 1-4. 2
324 standards 1-4. 2
3.4 environmental effects
ID Features Ranking Weights
341 production related 1 10
342 CO2 emission 2 8
343 pool size 3 7
345 effective vehicle utilisation 4 5
3.4.1 production related
ID Features Ranking Weights
3411 raw material 1. 10
3412 energy 2. 8
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3 Application of the Model

In this chapter two real life examples (an industrial and a customer packaging) will be
shown in order to illustrate the applicability of the proposed model.

3.1 Case Study 1

The products considered are automotive engines (CKD) transported from Europe to
two different destinations in India and China. The finished engines are sensitive
products therefore special (wooden) crates are used mainly to store and transport them
in the practice. These ensure safe and reliable transport and storage. The columns of the
crates are usually collapsible in order to save space while returning back as empty
packaging transportation. There are posts inside the crate which are supposed to keep
the engine in place, but these can be also collapsed (Fig. 5).

Fig. 4. Membership function examples

Fig. 5. Returnable packaging used for overseas CKD transport
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The program counts every entity according to the fuzzy signature. The values of all
leaves (µi) are fuzzy numbers calculated from membership functions and all values of
the parents are calculated according to an aggregation and their weights. The charac-
teristics of the engine crate are described by logistics experts. The result of the whole
signature is calculated by all aggregations according to Tables 1, 2 and 3 is
a0 = 0.608936 (see Fig. 6).

According to the aspects considered in the model the packaging system should
rather be returnable. This is in full accordance with the practice of the automotive
engine factory providing data for the case study.

Some of the sub sub-models result in µ < 0.5 which should induce one way
packaging but these values are compensated by all three sub-models, so the final result
and the aggregated final membership degree all suggest returnable packaging.

3.2 Case Study 2

The packaging problem considered here is a well known customer packaging: pet
bottles. The methodology is the same like in the case of the wooden crates. The result is
calculated by the model above described is a0 = 0.519534. Although reusable plastic
bottles had issues in the practice and they are barely used today, according to the
aspects considered in the model this packaging system should also rather be returnable.

4 Conclusions and Future Work

In both case study examples the use of fuzzy signature models led to overall mem-
bership degrees, supporting the use of the type of packaging that is in accordance with
expert domain knowledge. In the first case µ0 = 0,609 > 0,5 indicating returnable
packaging. In the second case µ0 = 0,519 � 0,5 which value indicates that both
solutions are justifiable. Indeed, in the logistics practice both returnable pet bottles and
one-way solutions have been used. As a conclusion we may state that the model
proposed is basically suitable for decision support, and it is expected that further
refinement of the model may lead to generally applicable technique.

Further research is going on, towards refining the model, especially separating cus-
tomer and industrial products; and modelling the environmental issues in more detail.

The primary version of this paper was presented at the 3rd Conference on Infor-
mation Technology, Systems Research and Computational Physics, 2–5 July 2018,
Cracow, Poland [17].
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Abstract. The images obtained by X-Ray or computed tomography
(CT) may be contaminated with different kinds of noise or show lack
of sharpness, too low or high intensity and poor contrast. Such image
deficiencies can be induced by adverse physical conditions and by the
transmission properties of imaging devices. A number of enhancement
techniques in image processing may improve the quality of the image.
These include: point arithmetic operations, smoothing and sharpening
filters and histogram modifications. The choice of the technique, how-
ever, depends on the type of image deficiency. In this paper, the primary
aim is to propose an efficient image enhancement method based on non-
parametric estimation so as to enable medical images to have better
contrast. To evaluate the method performance, X-Ray and CT images
have been studied. Experimental results verify that applying this app-
roach can engender good image enhancement performance when com-
pared with classical techniques.

Keywords: Image enhancement · Contrast stretching ·
Nonparametric estimation · Numerical algorithm · X-ray images

In medical diagnostics, image enhancement seems to be most demanding with
regard to maintaining a high-quality presentation of all relevant details. Herein,
the multi-aspect, often ambiguous and highly subjective character of the image,
the human visual system and the observer’s experience, will introduce a great
deal of difficulties into the choice of the assessment of medical imagery quality.
The principle objective is to modify image attributes to make it more suitable for
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the visibility of structures and objects within the body and improve perception
and interpretability of the information held within the image. This is directly
related to the structure of the digital image, the applied imaging methods and
the employed acquisition technology. Visibility within the various anatomical
regions and tissue compositions is determined by a combination of the following
factors: contrast, blur, signal-to-noise ratio, artefacts and spatial distortions [12,
15]. The aforementioned contrast originates within the human body as some
form of physical contrast and is transformed into visible contrast in the image.
Therefore, it constitutes the foundation image quality characteristic. The ability
to adjust and optimize the contrast for maximum visibility is one of the major
advantages of digital images.

The current rapid growth in computational power allows the use of non-
parametric methods in elaborating new techniques for image processing. In the
paper [16], an adaptive image enhancement method based on kernel regression
and local homogeneity is proposed. First, the image is filtered via kernel regres-
sion. Local homogeneity computation is then introduced as this offers adaptive
selection about further smoothing. The overall effect of this algorithm includes
noise reduction and edge enhancement. The approach is considered to have bet-
ter performance than other filter methods.

Another filter class is based on the nonparametric estimation of the density
probability function in a sliding filter window, and is proposed in [11]. The study
is addressed to the problem of impulsive noise removal in multichannel images.
The obtained results show that the proposed technique excels over the standard
methods currently applied.

Apart from enhancement methods, more advanced procedures based on non-
parametric estimation have been elaborated. A new method of edge detection
based on kernel density estimation is presented in [9]. In this algorithm, pix-
els in the image with minimum value of density function are treated as edges.
Extensive experimental evaluations has revealed that the edge detection method
is significantly a competitive algorithm and the experimental results may be
extended to real problems in the field of medical imaging.

Moreover, the paper [2] presents an image segmentation approach based on
the gradient clustering algorithm [3,7,8]. This was used for detecting objects
structure that have been studied by way of computed tomography. The study
results have shown the adequacy of using nonparametric kernel estimation
theory.

In our research, the main aim is to propose an alternative method of enhanc-
ing and optimizing the contrast characteristics by way of using kernel density
estimation. The method has been implemented and tested on gray-scale medical
images, and it shows a significant improvement in the output images.

1 Nonparametric Density Estimation

Let (Ω,Σ,P ) be a probability space. Let further a real random variable X :
Ω → R be given, with a distribution characterized by the density function f .
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The corresponding kernel estimator f̂ : R → [0,∞) calculated using experimen-
tally obtained values for the m-element random sample

x1, x2, . . . , xm, (1)

in its basic form is defined as

f̂(x) =
1

mh

m∑

i=1

K

(
x − xi

h

)
, (2)

where m ∈ N\{0}, the coefficient h > 0 is called a smoothing parameter, while
the measurable function K : R → [0,∞) of unit integral

∫
R

K(x)dx = 1, sym-
metrical with respect to zero and having a weak global maximum in this place,
takes the name of a kernel.

In practical applications, it is recommended to individualize the bandwidth
h on particular kernels K

(
x−xi

h

)
, hence improving the quality of estimator (2).

This relies on introducing the local bandwidth factors s1, s2, . . . , sm, for the
parameter h, defined as

si =

(
f̂(xi)

s̃

)−c

for i = 1, 2, . . . ,m, (3)

where f̂ is the kernel estimator in its basic form (2), s̃ means the geometrical
mean of the numbers f̂(x1), f̂(x2), . . . , f̂(xm) and c ∈ [0,∞) denotes the sensi-
tivity parameter. Based on indications for the optimization criteria, the standard
value c = 0.5 is usually suggested.

Finally, the kernel estimator with adaptive bandwidths hi = hsi takes the
following formula:

f̂(x) =
1

mh

m∑

i=1

1
si

K

(
x − xi

hsi

)
. (4)

Specifying the kernel estimator of a density function f , gives a natural
description of the distribution of X, and allows the estimator of the cumula-
tive distribution function, denoted hereinafter as F̂ : R → [0, 1], to be found
from the relation

F̂ (x) =
∫ x

−∞
f̂(u)du, (5)

where f̂ denotes the kernel density estimator (4). Denoting the primitive of a
kernel K as I : R → [0, 1], that is

I(x) =
∫ x

−∞
K(u)du (6)

the kernel estimator of the distribution function can be expressed as

F̂ (x) =
1
m

m∑

i=1

I

(
x − xi

hsi

)
. (7)
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The quality of the estimation depends on the choice of the kernel K and the
calculation of the bandwidth h. This is made most often by way of established
optimization criterions. Fortunately, the choice of the kernel form has no signif-
icant meaning and thanks to this, it becomes possible to take into account the
primarily properties of the estimator obtained. The standard normal kernel is
one of the most commonly ones used in practice. The Gaussian kernel function
takes the form

K(x) =
1√
2π

e− x2
2 . (8)

For this kernel, the estimated density function is smooth and includes the deriva-
tives of all the orders. On the other hand, if the primitive of the kernel K is
needed the Cauchy kernel can be recommended. The Cauchy kernel is given by
the formula

K(x) =
2
π

1
(1 + x2)2

(9)

and its primitive is brought about through applying the rule

I(x) =
1
π

(
x

1 + x2
+ arctan(x) +

π

2

)
. (10)

The shape of the estimated density function depends strongly on the smooth-
ing parameter h that has been chosen for the density estimation. Small values
of this parameter lead to spiky density estimates that show spurious features
whereas too large values create over-smoothed estimates that hide structural
features. A frequently used bandwidth selection procedure, called the “cross-
validation method”, is based on optimization criteria wherein h is chosen to
minimize the function g : (0,∞) → R, defined as

g(h) =
1

m2h

m∑

i=1

m∑

j=1

K̃

(
xj − xi

h

)
+

2
mh

K(0), (11)

where K̃(x) = K∗2(x)−2K(x) whilst K∗2 denotes the convolution square of the
function K, that is

K∗2(x) =
∫

R

K(u)K(x − u)du. (12)

Tasks concerned with the choosing the kernel and calculating the smoothing
parameter, as well as the additional procedures bringing about improvements in
the quality of the estimator obtained are found in [5,6,10,13].

2 Image Enhancement Using Kernel Density Estimation

In order to introduce the image enhancement method based on kernel density
estimation, theoretical aspects will be shown first.
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2.1 Theoretical Aspects

Suppose that the intensity levels of an image to be enhanced will be treated as
a random variable x, and assume for a moment that x has been normalized to
the interval [0, 1]. Herein, the value equal to 0 denotes the lowest intensity level
and the value equal to 1 denotes the highest intensity level. Moreover consider
the transformation of the form

y = T (x), x ∈ [0, 1] (13)

that gives an intensity level y for every value x of the source image. Assume
also, that y ∈ [0, 1] and the transformation y = T (x) is monotonically increasing
and single-valued in that interval. This guarantees the increasing order from
the lowest to the highest intensity in the output image and the existing inverse
transformation x = T−1(y) for y ∈ [0, 1].

Assume that fx and fy denote the probability density functions of the random
variables x and y respectively. Thus

fy(y) =
∣∣∣∣
dx

dy

∣∣∣∣ fx(x). (14)

Furthermore, let the transformation function be of the form [4]

y = T (x) =
∫ x

0

fx(u)du. (15)

The transformation T is, hence, the cumulative distribution function of x.
Assume for simplicity that T is differentiable. Thus

dy

dx
=

dT (x)
dx

=
d
dx

(∫ x

0

fx(u)du

)
= fx(x) (16)

and

fy(y) =
∣∣∣∣
dx

dy

∣∣∣∣ fx(x) = 1 for y ∈ [0, 1]. (17)

The function fy is a probability density function, and, therefore, it must be equal
to 0 for every y /∈ [0, 1]. Hence, for the transformation function given in the
formula (15), the resulting density function fy is always uniformly distributed,
regardless of the form of function fx.

2.2 Proposed Methodology

Let an image of width W and height H be defined as a two-dimensional function
L which gives each pixel a nonnegative value L(x, y), where x, y are spatial
coordinates for x = 0, 1, . . . ,W −1, y = 0, 1, . . . ,H −1. The amplitude of L(x, y)
at any pair of coordinates (x, y) is called the intensity level of the image at
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that point. Thus the digital image may be represented as a table of discrete
values L(x, y) for simplicity, denoted as lxy:

⎡

⎢⎢⎣

l00 l10 . . . lW−1,0

l01 l11 . . . lW−1,1

. . . . . . . . . . . .
l0,H−1 l1,H−1 . . . lW−1,H−1

⎤

⎥⎥⎦ . (18)

The nonparametric approach to estimating the probability density function
from the observed data will then be applied for the intensity levels occupied by
the image pixels.

As was noted in Sect. 2.1, this makes it possible to develop a transforma-
tion function that can achieve high dynamic range based only on the informa-
tion available in the distribution of the aforementioned intensity levels. Con-
sider the data set containing m = WH elements lij for i = 0, 1, . . . ,W − 1,
j = 0, 1, . . . ,H − 1, drawn for simplicity in the sequence

l1, l2, . . . , lm. (19)

Let the intensity levels l1, l2, . . . , lm be represented by discrete values in the
range [0, L − 1], where L denotes the number of possible intensity levels. Using
the methodology presented in Sect. 1, the auxiliary kernel estimator (4) of the
elements (19), will be created:

f̂(l) =
1

mh

m∑

i=1

1
si

K

(
l − li
hsi

)
. (20)

Herein, the transformation function T will be defined as the cumulative distri-
bution function of the kernel density estimator multiplied by (L − 1) and will
take the form

T (l) = floor

(
(L − 1)

∫ l

0

f̂(u)du

)
, (21)

where L denotes the number of possible intensity levels and the function floor()
rounds down to the nearest integer. The transformation function given in the
formula (21) is uniformly distributed on the interval [0, L − 1], thus it has the
effect of transforming the intensity levels distributions such that they are dis-
tributed more uniformly. Hence, it will flatten the intensity level distribution,
and in doing so, will finally enhance the contrast in the image.

Finally, the formula to enhance the contrast of the image, normalized to the
interval [0, L − 1], will be defined using the form

l′i = floor

(
(L − 1)

F̂ (li) − F̂0

1 − F̂0

)
, (22)

where the kernel estimator of the cumulative distribution function can be
expressed as

F̂ (l) =
1
m

m∑

i=1

I

(
l − li
hsi

)
, (23)
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and the function I(l) =
∫ l

−∞ K(u)du, while the value F0 is the minimum nonzero
value of the cumulative distribution function (23).

2.3 Implementation Remarks

The proposed methodology for image enhancement, based on nonparametric
kernel estimation, requires the construction of the kernel estimator of the cumu-
lative distribution function. Therefore, the kernel K is assumed here to be in the
Cauchy form (9) for which the primitive is given by the formula (10), as this is
convenient for further calculations.

The output values l′i of the source intensity levels li on the output image
can be computed very quickly using the lookup table LUT, which assigns an
output value to every possible input value li, i = 1, 2, . . . ,m by means of the
formula (22). As a result, the processed image is obtained by mapping each pixel
with the intensity level li in the source image via a corresponding pixel with the
appropriate intensity level l′i = LUT(li).

Moreover, because of ongoing research into the computer implementation of
the algorithm, the parameters appearing in the formulae (20)–(22) are effectively
calculated by convenient numerical procedures. Due to the kernel estimation
methodology the whole procedure can be naturally extended to the multidimen-
sional case when full-color images are processed.

It is also worth mentioning that the presented approach overcomes the rigid-
ity of arbitrary assumptions of the form of a density function.

3 Results and Discussion

Figures 1, 2 and 3 display the three monochrome images with 296 × 236 pixels
and 256 gray levels of good, low and enhance contrast, respectively. The third
image shows the results of performing the transformation (22) on the second,
low-contrast image. Herein, it can be seen that the transformation has produced
an output image that has nearly a uniform density estimation. Here too, it shows
significant improvement, yet, as expected, a significant visual difference is also
produced in the kernel density estimator. This comes about because intensity
levels span the full spectrum of the gray scale (in comparison with the low-
contrast image), thus, the transformation has significant effect on the visual
appearance.

These results well illustrate the power of the proposed transformation. They
also reveal the effectiveness of the kernel estimator-based enhancing method of
making medical images consistent for efficacious detection and interpretation.

Along with the visual quality assessment, the PSNR [14] measure was com-
puted based on the pixel difference between the good contrast image (Fig. 1)
and the output images obtained using each of the following enhancing contrast
methods for the low-contrast image (Fig. 2): histogram stretching, histogram
equalization and the proposed procedure.
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Fig. 1. The good-contrast image with its corresponding kernel density estimator (thin
line) and cumulative distribution estimator (thick line).

Fig. 2. The low-contrast image with its corresponding kernel density estimator (thin
line) and cumulative distribution estimator (thick line).

Fig. 3. The enhancement image with its corresponding kernel density estimator (thin
line) and cumulative distribution estimator (thick line).
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Table 1. The PSNR results obtained for enhancing contrast methods.

Method PSNR

Histogram stretching 19.56

Histogram equalization 16.40

Proposed method 15.79

Based on obtained results (Table 1), the proposed technique generated very
good image quality. Moreover, the kernel density methodology used here, through
the additional procedures improving the quality of the estimation, may be use-
ful for adapting the final results to the requirements of the problem under
consideration.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [1].

4 Summary

The probability density function estimation is a fundamental task applicable
within the various methods employed in data analysis. Here, an estimate of the
intensity levels distribution is derived from an image and gives a natural descrip-
tion of its characteristics. The applied transformation allows the production of
processed image with a uniform intensity levels distribution, and, as a result, gen-
erates a significant improvement in its quality. Due to the advantages of it being
very intuitive, conceptually simple and flexible, this innovative technique can
be easily applied in order to elaborate upon current image processing practices.
What is more, the kernel density estimation method allows the use of additional
procedures that will improve the quality of the estimator, as well as the fitting of
the model to practical requirements. For the first, we recommend modifying the
smoothing parameter and the linear transformation [5,10], while for the second,
the boundary support method [5,13]. These procedures may serve as the basis
for developing more advanced applications of the proposed methodology wherein
the specified properties of the intensity distribution of the processed image are
needed.
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Abstract. Analyzing astronomical observations represents one of the
most challenging tasks of data exploration. It is largely due to the vol-
ume of the data acquired using advanced observational tools. While other
challenges typical for the class of Big Data problems - like data variety -
are also present, datasets size represents the most significant obstacle in
visualization, and subsequent analysis. The paper studies efficient data
condensation algorithm aimed at providing its compact representation.
It is based on fast nearest neighbor calculation using tree structures and
parallel processing. The properties of the proposed approach are prelim-
inary studied on astronomical datasets related to the GAIA mission. It
is concluded that introduced technique might serve as a scalable method
of alleviating the problem of data sets size.

Keywords: Big Data · Astronomy · Data reduction

1 Introduction

Last decades are characterized by unprecedented burst of new data being gen-
erated in various fields of science and engineering. In essence, it can be useful
to generate new insights, lead to discoveries and improve standard of living.
However the toolbox of contemporary data science – though broad and rein-
forced by unconventional methods of artificial intelligence – does not contain
algorithms, which cope well with the challenges of, so called Big Data. This
term encompasses a set of problematic properties of data sets stored in present-
day computer systems. Besides the obvious obstacle of data volume, variety –
which relates to diverse data types and structure of the dataset, velocity – which
refers to the speed of new data generation and veracity – which corresponds to
data quality/uncertainty, can be named [10].
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Astronomy, among other fields of science, is nowadays strongly affected by
the Big Data problems. It is due to the fact that it currently possess a wide-
area of data acquisition tools. In reality the sizes of catalogs of astronomical
objects reach petabytes, and they may contain billions of instances described
by hundreds of parameters [13]. Even the seemingly simple task of visualizing
such datasets becomes a serious challenge. In such case, along with significant
computing power, sophisticated data preprocessing algorithms are required.

The aim of this paper is to provide efficient method of data condensation,
that is selecting the most representative objects in data, in a way to preserve
data density. Such data prototypes can later be used for visualization, as well as
for other data mining procedures. For this purpose we propose a modified fast
density-based multiscale data condensation algorithm [14]. Our variant utilizes
approximate nearest-neighbor technique, together with parallel processing. We
preliminary evaluate our approach on astronomical dataset related to the GAIA
mission [1]. The preliminary version of this contribution was presented at the 3rd
Conference on Information Technology, Systems Research and Computational
Physics, 2–5 July 2018, Cracow, Poland [20].

The paper is organized as follows. First, in the next Section, we provide
methodological preliminaries – introducing data reduction and examples of
related techniques in astronomy, as well as the problem of efficient nearest
neighbors calculation. The third Section overviews proposed approach and it
is followed by the discussion on the first results obtained for real astronomical
data, which was included in Sect. 4. Finally, general remarks regarding charac-
teristic features of introduced approach and planned further studies are under
consideration.

2 Methodological Preliminaries

2.1 Data Reduction and Its Use in Astronomy

Data preprocessing techniques used in astronomy ought to deal with large
datasets – also in real-time mode. It is a consequence of rapid development
of new instruments and new data gathering schemes. It effectively means that
the volume of the data generated doubles every year [19]. The practical illustra-
tion of this problem is the amount of objects captured by sky surveys across the
last 50 years, as demonstrated in Table 1.

Consequently data reduction is typically introduced as close as possible to
the instrumentation level, i.e. at signal/image processing phase. Its goal is to
bring down the size of transferred data. Such reduction in most of cases involves
removing noise, signatures of the atmosphere/instrument and other contaminat-
ing factors [9,18].

When the object-based data is already available its reduction is performed
typically with sampling methods [16]. Uniform sampling techniques with or with-
out replacement are the most widely used approach – also in astronomy (e.g.
see [7] or [17]). Stratified sampling – as the one preserving the ratio of objects
present in different classes – is also used (e.g. [2]). As the alternative to statistical
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Table 1. Selected sky surveys (as reported in [13])

Survey Institution Number of
objects

Type Time frame

Hipparcos European Space Agency 0.12M Optical 1989–1993

Tycho-2 European Space Agency 2.5M Optical 1989–1993

DPOSS Caltech 550M Optical 1950–1990

2MASS Univ. of Massachusetts, Caltech 300M Near-IR 1997–2001

Gaia European Space Agency 1000M Optical 2013–

SDSS Astrophysical Research Consortium 470M Optical 2000–

LSST LSST Corporation 4000M Optical 2019–

sampling more sophisticated procedures employing probabilistic modeling could
be considered. Literature of the subject contains at least one example of such
technique – in [22] the dataset is clustered into hyper-balls with predetermined
radii. Each of them is associated with a kernel and a weight, in such way that
this mixture is exposing the local data distribution.

Paragraph above was describing general, i.e. problem independent, methods
of data reduction. As astronomy relies heavily on advanced visualization many
procedures of data reduction were developed to deal with the problem data
abundance in visual analytics [11]. They are mainly based on creating new data
context containing only selected data points – which makes data visualization
less complex. Selection of such reduced set is performed either manually (as in
[6]) or using distance from the observer. For more extensive overview of data
reduction schemes in astronomy, along with use-case examples one could refer
to [13].

Here we will discuss and use general data condensation technique proposed
by Mitra et al. [14]. It was already positively evaluated for elementary data
reduction tasks present in preprocessing of astronomical sky surveys [13]. It relies
on finding iteratively points with the closest k-nearest neighbor (the distance to
which is denoted by rk) and then adds it to the reduced dataset, which is initially
empty. At the same time other points lying within a disc of radius 2 ∗ rk are
eliminated (not included in the reduced set E). Listing below describes the main
steps of the data reduction algorithm.

It can be seen that the algorithm requires utilizing both, nearest neighbor
search and so called radius search – finding points situated in the hyper-sphere
of given radius.

2.2 Approximate Nearest Neighbors

Finding nearest neighbors in the data constitute a very important issue – as
a plethora of data mining algorithms are being built on this component. It
includes outlier detection [4], classification [12] and clustering [5]. That is why
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Algorithm Density-Based Data Condensation Algorithm
1: Denote B = {x1, x2, . . . , xN} as the initial dataset. Set condensation ratio k
2: Prepare empty reduced dataset E
3: For each data point xi ∈ B we calculate the distance dk(xi) to its k nearest neighbor
4: Pick the point j with the smallest value of dk(xj), i.e. xj = argmin

i=1,...,N
dk(xi)

5: Insert xj into reduced dataset E, denote the distance to its k neighbor as rk.
6: Remove all points from B which are situated within 2 ∗ rk from xj

7: Repeat steps 3-6 until B is not empty

fast k-nearest neighbor calculation is crucial to data analysis – especially when
it is performed on large datasets.

Naive (or so-called brute-force) k-nearest neighbor search involves the follow-
ing steps:

Algorithm Brute-force k-nearest neighbor search
1: Calculate all pairwise distances d(xi, xj), i, j = 1, ...N .
2: For each query point xi sort distances in the ascending order.
3: For each query point xi find a set of k closest neighbors

The time complexity of such procedure – taking into account that the neigh-
borhood is to be identified for all query points – is O(N2) + (N2 logN). It
becomes prohibitive for most practical applications [3].

Three major classes of algorithms have been identify to speed-up the process
of locating nearest neighbors: kd-trees or other tree-based partitioning struc-
tures, hashing techniques and neighboring graph approaches. The first are based
on building a hierarchical structure partitioning the data recursively, e.g. along
the dimension of maximum variance. Examples of approaches based on this
paradigm include the use of kd-trees [8] and vp-trees [23]. The second approach
is based on to hashing points in a similarity preserving way, i.e., by putting it
them in the buckets grouping similar items (as in Locality Sensitive Hashing
[24]). The example of the thirds strategy can be found in [21] where a random
k-NN graph approximation, updated in each step of the algorithm is being used.

For more extensive discussion on fast nearest-neighbor strategies one could
refer to [15]. In subsequent part of the paper we will discuss how fast near-
est neighbor calculation, based on kd-trees, can be included within the parallel
scheme of data reduction strategy – to make its execution feasible, even for large
datasets.

3 Proposed Approach

Proposed scheme of efficient data condensation involves at first building tree
structure – using standard kd-tree algorithm. It should be then distributed



Efficient Astronomical Data Condensation 111

among nodes which are subsequently used for k-nearest neighbor calculation.
Each node is responsible for locating set of nearest neighbors for its assigned
part of the dataset. The search process itself is again parallelized at multi-core
level. It is followed by sequential radius search – locating points situated within
2 ∗ rk from the one with the smallest value of dk(xj) and removing them from
the dataset. Evidently each removal operation requires the update of kd-tree
data structure. The process is repeated until the initial dataset is completely
pruned. The algorithmic summary of the whole process is presented below.

Algorithm Data condensation with parallel nearest neighbors calculation based
on kd-trees
1: Denote B = {x1, x2, . . . , xN} as the initial dataset. Set condensation ratio k
2: Prepare empty reduced dataset E
3: Build kd-tree for B.
4: Distribute tree structure among proc nodes
5: Assign part of the dataset to each node
6: Execute k-nn search in parallel on each proc node, gather results
7: Pick the point j with the smallest value of dk(xj), i.e. xj = argmin

i=1,...,N
dk(xi)

8: Insert xj into reduced dataset E, denote the distance to its k neighbor as rk.
9: Execute sequential radius search

10: Remove all points from B which are situated within 2 ∗ rk from xj

11: Update kd-tree
12: Repeat steps 5-11 until B is not empty

It can be observed that parellization is used at the most time consuming step
of locating nearest neighbors. It is not needed at the stage of radius search – as
it is executed only once for one point – in each data pruning step. In subsequent
part of the paper we will evaluate this approach and study its properties.

4 First Results

To evaluate the performance of proposed data condensation approach we have
set up an experiment, involving reducing dataset size for a portion of GAIA
data release 1 snapshot [1]. We have used only spatial information – namely
transformed 3D coordinates of astronomical objects.

We examined first the impact of neighborhood size k on the resulting reduced
dataset size, assuming that the initial dataset had 250 000 objects. It can be seen
that the reduction provides very compact representation of analyzed snapshot –
even for small number of neighbors we obtain only few percent of the initial
sample (Fig. 1).

Secondly, we have studied the running times for the algorithm with varying
value of condensation ratio k. The dataset size was set to 250 000 elements. One
node with 4 threads running concurrently was used for this experiment.
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Fig. 1. Compression ratio for varying value of k

Fig. 2. Running times for varying value of k

The analysis of the results obtained at this stage (presented on Fig. 2) leads
us to conclusion that the profit resulting from parallelization within one node
increases with the size of k. This is due to the frequent need of synchroniza-
tion, with small values of the number k, which reduces the efficiency of parallel
processing. Furthermore, higher values of k result in more intensive reduction,
requiring less steps of data pruning. It was observed however that for large
number of neighbors the impact of identifying neighboring points becomes more
tangible – and it consequently deteriorates algorithm’s time performance.
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Finally we have also studied the speed-up obtained for parallel calculation of
nearest neighbors for 100 000 objects using 4 nodes – with one parallel thread
running on each of them. It was established that parallelization is more beneficial
for high number of neighbors. While the k increases, speed-up becomes asymp-
totically linear. The growing overhead of communication and synchronization
operations was not yet observed (Fig. 3).

Fig. 3. Observed speed-up for 4 nodes with one thread running vs single node config-
uration

5 Conclusion

The paper presented an application of fast k-nearest neighbor search – based on
kd-trees and parallel processing – in data condensation strategies. It was estab-
lished during preliminary experiments that using improved nearest-neighbor
strategies may allow to tackle large astronomical datasets. It is due to the use
of efficient data representation and parallelization of data reduction scheme.

Further work in this area will concern evaluating performance of data con-
densation with varying error of nearest-neighbor approximation. The impact of
parallelization will be studied more extensively. Finally, it is planned to investi-
gate other methods of nearest-neighbor approximation e.g. techniques based on
random kd-trees or hierarchical clustering.

Acknowledgments. This work was partially financed (supported) by the Faculty of
Physics and Applied Computer Science AGH UST statutory tasks within subsidy of
Ministry of Science and Higher Education.

The study was also supported in part by PL-Grid Infrastructure.



114 S. �Lukasik et al.

References

1. GAIA mission. https://www.cosmos.esa.int/gaia. Accessed 20 Aug 2018
2. Abraham, S., Philip, N.S., Kembhavi, A., Wadadekar, Y.G., Sinha, R.: A pho-

tometric catalogue of quasars and other point sources in the Sloan Digital Sky
Survey. Mon. Not. R. Astron. Soc. 419, 80–94 (2012)

3. Arefin, A.S., Riveros, C., Berretta, R., Moscato, P.: GPU-FS-kNN: a software tool
for fast and scalable kNN computation using GPUs. PLoS ONE 7(8), e44000 (2012)

4. Breunig, M.M., Kriegel, H.-P., Ng, R.T., Sander, J.: LOF: identifying density-based
local outliers. In: Proceedings of the 2000 ACM SIGMOD International Conference
on Management of Data, SIGMOD 2000, pp. 93–104. ACM, New York (2000)

5. Bubeck, S., von Luxburg, U.: Nearest neighbor clustering: a baseline method for
consistent clustering with arbitrary objective functions. J. Mach. Learn. Res. 10,
657–698 (2009)

6. Burgess, R., Falcao, A.J., Fernandes, T., Ribeiro, R.A., Gomes, M., Krone-Martins,
A., de Almeida, A.M.: Selection of large-scale 3D point cloud data using gesture
recognition. In: Camarinha-Matos, L., Baldissera, T., Di Orio, G., Marques, F.
(eds.) Technological Innovation for Cloud-Based Engineering Systems: Proceed-
ings of the 6th IFIP WG 5.5/SOCOLNET Doctoral Conference on Computing,
Electrical and Industrial Systems, DoCEIS 2015, pp. 188–195. Springer, Cham
(2015)

7. Dutta, H., Giannella, C., Borne, K., Kargupta, H.: Distributed top-k outlier detec-
tion from astronomy catalogs using the DEMAC system. Chapter 47, pp. 473–478.
SIAM (2005)

8. Eastman, C., Weiss, S.F.: Tree structures for high dimensionality nearest neighbor
searching. Inf. Syst. 7(2), 115–122 (1982)

9. Freudling, W., et al.: Automated data reduction workflows for astronomy. The
ESO Reflex environment. Astron. Astrophys. 559, A96 (2013)

10. Grandinetti, L., Joubert, G., Kunze, M., Pascucci, V.: Big Data and High Per-
formance Computing. Advances in Parallel Computing. IOS Press, Amsterdam
(2015)

11. Hassan, A., Fluke, C.J.: Scientific visualization in astronomy: towards the petascale
astronomy era. PASA Publ. Astron. Soc. Austral. 28, 150–170 (2011)

12. Li, L., Zhang, Y., Zhao, Y.: k-nearest neighbors for automated classification of
celestial objects. Sci. China Ser. G 51(7), 916–922 (2008)

13. �Lukasik, S., Moitinho, A.A., Kowalski, P.A., Falcão, A., Ribeiro, R.A., Kulczycki,
P.: Survey of object-based data reduction techniques in observational astronomy.
Open Phys. 14, 64 (2016)

14. Mitra, P., Murthy, C.A., Pal, S.K.: Density-based multiscale data condensation.
IEEE Trans. Pattern Anal. Mach. Intell. 24, 734–747 (2002)

15. Muja, M., Lowe, D.G.: Scalable nearest neighbor algorithms for high dimensional
data. IEEE Trans. Pattern Anal. Mach. Intell. 36(11), 2227–2240 (2014)

16. Pal, S.K., Mitra, P.: Pattern Recognition Algorithms for Data Mining. CRC Press,
Boca Raton (2004)

17. Rocke, D.M., Dai, J.: Sampling and subsampling for cluster analysis in data mining:
with applications to sky survey data. Data Min. Knowl. Disc. 7(2), 215–232 (2003)

18. Schirmer, M.: THELI: convenient reduction of optical, near-infrared, and mid-
infrared imaging data. Astrophys. J. Suppl. Ser. 209, 21 (2013)

19. Szalay, A., Gray, J.: The world-wide telescope. Science 293(5537), 2037–2040
(2001)

https://www.cosmos.esa.int/gaia


Efficient Astronomical Data Condensation 115

20. �Lukasik, S., Lalik, K., Sarna, P., Kowalski, P.A., Charytanowicz, M., Kulczycki,
P.: Efficient astronomical data condensation using approximate nearest neighbors.
In: Kulczycki, P., Kowalski, P.A., �Lukasik, S. (eds.) Contemporary Computational
Science, pp. 55–56 (2018)

21. Wang, D., Shi, L., Cao, J.: Fast algorithm for approximate k-nearest neighbor
graph construction. In: 2013 IEEE 13th International Conference on Data Mining
Workshops, pp. 349–356, December 2013

22. Wang, X., Tino, P., Fardal, M.A., Raychaudhury, S., Babul, A.: Fast Parzen win-
dow density estimator. In: 2009 International Joint Conference on Neural Networks,
pp. 3267–3274, June 2009

23. Yianilos, P.N.: Data structures and algorithms for nearest neighbor search in gen-
eral metric spaces. In: SODA, vol. 93, pp. 311–321 (1993)

24. Zhang, Y.-M., Huang, K., Geng, G., Liu, C.-L.: Fast kNN graph construction with
locality sensitive hashing. In: Blockeel, H., Kersting, K., Nijssen, S., Železný, F.
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Abstract. Outlier analysis is very often the first step in data pre-
processing. Since it is performed on mostly raw data, it is crucial that
algorithms used are fast and reliable. These factors are hard to achieve
when the data analysed is highly dimensional, such is the case with multi-
ple time series data sets. In this article, various outlier detection methods
(distance distribution-based methods, angle-based methods, k-nearest
neighbour, local density analysis) for numerical data are presented and
adapted to multiple time series data. The study also addresses the prob-
lem of choosing an appropriate similarity measure (L-p norms, Dynamic
Time Warping, Edit Distance, Threshold Queries based Similarity) and
its impact on efficiency in further analysis. Work has also been put into
determining the impact of an approach to apply these measures to mul-
tivariate time series data. To compare the different approaches, a set of
tests were performed on synthetic and real data.

1 Introduction

In most applications of time series data analysis, focus is put on finding novelties
and abrupt changes in the temporal context of a particular time series itself.
We have at our disposal a lot of methods for detecting such phenomena as
regression modelling. A different problem is treating each time series as a single
data element and trying to find within such elements those which are abnormal.
There are many studies to find outliers within numerical data points, but in
therms of time series data (and other highly specific data types), the methods
used are mostly simple and not too sophisticated. There is a reason for this, with
complex data types, even simple operations like comparing two objects to each
other can have a high computational cost, so combining it with high cost analysis
algorithms may be tempting but impossible in terms of actual usage. This study
is an attempt to compromise numerical data outlier detection methods with the
complex data similarity measures which time series are.

In Sect. 2, are presented a number of measures are presented that can be
used to determine the similarity level between time series. The L-p norms are
commonly used, since these have a computational complexity of O(n), so it is fast
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and reliable in most cases. However, there are assumptions that the compared
series are the same lengths which is a huge downside of them. Another popular
approach is the use of elastic methods such as those originating from speech
recognition, dynamic time warping and edit distance methods (like EDR and
ERP). These methods are free to use with various length series at the cost of
O(n2) complexity. A different approach is mapping data to the threshold-crossing
time interval plane introduced in TQuEST, and then treating the time series as
set of spatial points in order to find the similarity value. This method allows
a different view of the data since it focuses more on frequency and points in
time of crossing certain thresholds instead on comparing the time series value
by value, which makes this method more noise-proof.

In Sect. 3, various method of finding outliers in numerical datasets and their
adaptations are presented to be used with multiple time series datasets. A simple
distance from the average value followed by a T-value test is easy to apply to
numerical data, where “average value” is well defined. In time series comparison,
we cannot average all time series to have a single mean value. Instead, there is
shown a method of finding an “average-like” time series to which other compar-
isons are made. Another approach to identifying outliers is to find which part of
data impacts the most in terms of changing variance in similarities between par-
ticular time series. Distance based methods are also discussed. The well known
k-nearest neighbour algorithm is used almost everywhere to find similar data
points and its use in time series outlier search is easy to apply. Local density
methods allows identifying high density clusters of data, which makes outliers
easy to spot.

Section 4 is concerned with the comparison test of different approaches to
find outliers in data sets with using different similarity measures. The synthetic
data generation algorithms CBF and Two-pat were used as benchmark data sets.
As natural data, a Japanese Vowels set was used. As the returned results were
the number of outliers found in relation to the number of outliers in test set and
the number of false outliers found.

Section 5 contains a summary of results and conclusions on choosing the
right outlier detecting method and the impact of the similarity measure on the
efficiency on those methods.

2 Similarity Measures

In most cases in time series analysis, there is the assumption that time is one
discrete dimension, while the rest of the dimensions are behavioural attributes.
Throughout the article, a single n-dimensional time series of length m is X =
[X1,X2, ...,Xm], where Xi = (x(1)

i , x
(2)
i , ..., x

(n)
i , ti), where t corresponds to the

time attribute and x(j) corresponds to the attribute in j-th dimension, with the
time series Y and Z accordingly. To keep it simple, there is the assumption that
within the j-th behavioural dimension there is a defined metric d(j) or the whole
time series can be compared using a n-dimensional measure d, which does not
necessarily have to be metric.
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2.1 L-p Norms

The simplest and most popular similarity measure are L-p norms defined as

Lp(X,Y ) = (
m∑

i=1

d(Xi, Yi)p)1/p.

If p = 1, the metric simplifies to

L1(X,Y ) =
m∑

i=1

d(Xi, Yi)

and is called the Manhattan metric, another widely used L-p norm is p = 2
Euclidean metric, which can be geometrically interpreted as the distance between
two points in space. In fact, in the case of n = 1, the whole time series are treated
as data points in m-dimensional euclidean space. Advantages of L-p measures are
the fact that these are metrics and have O(m) computational cost. The biggest
drawback of L-p measures is that these are lock-step measures which means that
those can be used only with time series data of the same length and with the
same time discretization.

2.2 Elastic Measures

To address the problem of comparing time series with warped time dimension,
a number of the methods were introduced with most popular dynamic time
warping procedure first proposed by Sakoe and Chiba [25] in speech recognition
problems and then adapted to compare time series data by Berndt and Clifford
[6]. The whole procedure is based on the optimization of the Euclidean or Man-
hattan distance within the time series stretched along the time dimension. The
algorithm can be shown recursively as

DTWX,Y (Xi, Yj) = δ(Xi, Yj) + min

⎧
⎪⎨

⎪⎩

DTWX,Y (i − 1, j)
DTWX,Y (i, j − 1)
DTWX,Y (i − 1, j − 1)

.

Another approach to elastic time series measurement was based on text data
analysis, where the defined Levenshtein measure as the fewest number of letter
deletions, inputs and substitutions that allows the transformation of one word
into the another. This idea was introduced into time series analysis as the Edit
Distance (EDR) [10], which is defined recursively as

EDRX,Y (i, j)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

j if i = 0

i if j = 0

EDRX,Y (i − 1, j − 1) if dedr(Xi, Yj) = 0

min

⎧
⎪⎨

⎪⎩

EDRX,Y (i − 1, j − 1) + dedr(Xi, Yj)

EDRX,Y (i − 1, j) + dedr(Xi, �)

EDRX,Y (i, j) + dedr(�, Yj)

otherwise

,
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where dedr is the edit cost defined as follows

dedr(Xi, Yj) =

⎧
⎪⎨

⎪⎩

0 if d(Xi, Yj) ≤ τ

1 if d(Xi, Yj) > τ

1 if Xj ≡ � or Yj ≡ �

.

Since both DTW and EDR are not meeting triangle inequality, these are not
metrics. Because of this, Edit Distance with Real Penalty [9] was introduced in
which edit cost is not fixed and is defined as follows

derp(Xi, Yj) =

⎧
⎪⎨

⎪⎩

d(Xi, Yj) if Xi �= g and Yj �= g

d(Xi, g) if Yj ≡ g

d(g, Yj) if Xi ≡ g

,

where g is called gap and is a predefined parameter, usually set to g = 0, as
ERP authors suggest. This allows ERP to be defined as

ERPX,Y (i, j)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∑j
k=1 d(g, Yk) if i = 0∑i
k=1 d(Xk, g) if j = 0

min

⎧
⎪⎨

⎪⎩

ERPX,Y (i − 1, j − 1) + derp(Xi, Yj)
ERPX,Y (i − 1, j) + derp(Xi, �)
ERPX,Y (i, j) + derp(�, Yj)

otherwise
,

which meets triangle inequality.
Elastic methods in general have a computational cost of O(m2). To address

the high computational cost, a number of improvements were made. Saoke and
Chiba [25] introduced warping windows to bound optimization paths, not only
reducing calculation time but reducing the number of pathological outcomes.
Another approach to the warping window was proposed by Itakura [16]. For the
problem of searching for the most similar time series, lower bounds measures were
introduced which have O(m) computational cost and allows calculating minimal
distance between time series that can be obtained using elastic measures, the
simplest was proposed by Kim [18], followed by Yi [32] and Keogh [17].

2.3 Threshold Queries Based Similarity

A different approach to comparing time series data was taken by Assfalg [4]. Each
time series is first represented in a threshold-crossing time interval sequence,
which can be shown on the time interval plane, this allows distance between
time intervals calculating as an Euclidean distance between

dint(t1, t2) =
√

(tl,1 − tl,2)2 + (tu,1 − tu,2)2.

For each time interval of both time series, the most similar time interval point
of other series is found and the sum of all distances are reported as a similarity
measure, as follows
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dTS(X∗, Y ∗) =
1

m∗
X

m∗
X∑

i=1

min
m∗

Y
j=1dint(X

∗
i , Y ∗

j ) +
1

m∗
Y

m∗
Y∑

j=1

min
m∗

X
i=1dint(Y ∗

j ,X∗
i ),

where all parameters with star (∗) are corresponding values on the time intervals
plane.

Threshold Queries similarity uses a predefined threshold value. Similarity
computations focus not on actual values but on time points where the series
reaches certain points, making this measure have applications for example in
defect detection, financial analysis or in general temporal dependency detection.

2.4 Multidimensional Time Series Data

All the mentioned similarity measures are presented in original papers in the
context of comparing one-dimensional time series, but can be extended to target
multidimensional time series data. This can be done with two approaches. As
long as there can be defined the Φ-dimensional metric d for each time point
of the time series, the methods can be used straightforwardly using this metric.
Problems may occur if each dimension is non-comparable with others, which can
happen if the time series contains mixed data types like numerical and categor-
ical data, defining a single similarity metric within time points may be difficult
if not impossible. Another example of non-comparable dimensions may be data
with high differences in variances within dimensions. In this case, even if values
within dimensions were comparable (in the example all were numerical data), it
may be ineffective, because of high contrast between dimensions. This problem
can be addressed by treating each dimension separately. This allows defining
similarity measures for each dimension and reporting the whole time series sim-
ilarity as a n-dimensional similarity vector instead of a single similarity value.
This idea can easily be adapted to the n∗-dimensional (with n∗ < n) similarity
by merging connected dimensions (in example treating spatial dimensions as sin-
gle similarity measure, while treating other dimensions separately). Using this
approach requires adapting algorithms which are using similarity measures to
work with a similarity vector instead of a single value. Doing so in outlier analy-
sis is discussed in Sect. 3 and its effectiveness in comparison to one-dimensional
similarity with n-dimensional metric is tested in Sect. 4.

3 Multiple Time Series Outlier Analysis

In this chapter, a number of outlier searching algorithms will be shown. Since in
most applications, time series data cannot (or at least should not) be interpreted
as an n-dimensional data point, many algorithms may not find use. Moreover,
there is no assurance that time series will be the same length, and this could make
many spatial based methods impossible to use. Because of this, in this article
there is the assumption that all that is known about time series, beside simple
statistics like length of series, is the similarity measure between each series. In
the multivariate case, this assumption is also extended to the n-dimensional
similarity vector.
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3.1 Distance Distribution Based Method

Analysis is based only on the similarity between time series, which can be inter-
preted as the distance between series it will be assumed that if multiple n-
dimensional objects were placed in space, based on a central limit theorem,
those would have n-dimensional normal distribution. Therefore the distribution
of distance from the mean of this distribution would be Chi-squared distribution
of (n-1)-degree. The mean value of time series object cannot be found, but it
can be expected that in data set there is the object most similar to the mean
object and its average square distance from other objects should be minimal,
this object would be treated as a reference object. Another problem occurs with
determining m, as stated there is no assurance that all time series are of the
same length. The value of m can be set to an average length of time series in the
set, since it would average out the Chi-squared of different degrees. Having dis-
tribution would allow reporting the time series as the outlier if the Chi-squared
distribution-based probability of distance being higher than the distance from
the reference object were lower than p = 0.27%, based on the well-known “three
sigma rule”.

3.2 Angle Based Method

This method is based on the observation that the smallest area containing all
data points limited by the angle pointing at a single data point has a smaller
angle for the isolated data point than for points lying in close proximity to others.
Using this knowledge, the angle-based outlier factor (ABOF) can be defined as

ABOF (X) = V ar{Y,Z∈S/{X}}WCos(X,Y,Z),

where
WCos(X,Y,Z) =

< X − Y,X − Z >

‖X − Y ‖22 · ‖X − Z‖22
and S is the set of all time series.

The method uses spatial interpretation of points to determine vectors
between which the angle is computed. To apply it to the distance-based analysis,
the law of cosines may be used. This allows the cosine angle between 3 objects to
be computed, pointing at one of them, so the weighted cosine would be defined
as follows

WCos(X,Y,Z) = −d(Y,Z)2 − d(X,Y )2 − d(X,Z)2

2 · d(X,Y )2 · d(X,Z)2
.

This approach has a computational cost of O(n3), which may lead to it being not
applicable in some cases, but since cosine is weighted by the distance between
points, to speed up calculations without losing too much accuracy, the k-nearest
neighbours may be used as the data set for calculating ABOF for each point
instead of the whole set. The points with the lowest ABOF are reported as
outliers.
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3.3 K-Nearest Neighbour Analysis

This algorithm is widely used in outlier analysis [19], due to its simplicity and
effectiveness. The method uses the distance from the k-most similar object as
the outlier factor, with higher value implicating more outlying objects.

3.4 Local Outlier Factor

A similar idea with a different application uses the local density [8] of data
objects to determine which objects may be classified as outlying. Let’s assume
that the distance to the k-nearest neighbour for X is known as Dk(X) and the
set of all points with a distance lower than Dk(X) as Lk(X) and define the
reachability distance Rk(X,Y ) as

Rk(X,Y ) = max{d(X,Y ),Dk(Y )},

with the observation that Rk(X,Y ) �= Rk(Y,X). If the average reachability
distance (ARk(X)) is calculated for each Y ∈ Lk(X), then the local outlier
factor (LOF) is defined as

LOFk(X) = avgY ∈Lk(X)
ARk(X)
ARk(Y )

.

3.5 Multidimensional Time Series Outlier Analysis

All the methods shown use as their base a similarity measure between time
series; therefore they can be used with multidimensional time series with defined
n-dimensional metric without any modifications. If similarity is defined as a n-
dimensional vector, there is a need to modify this approach. This can be done
in a few ways, one being aggregating the vector using the length of the vector as
the single similarity value, in this case, it is recommended to use some weighted
length measure like Mahalanobis distance, since different dimensions may have
different variations and can be dependent on each other. Another approach is
to calculate the outlier factor for each dimension separately and again return
its value as the n-dimensional vector. In the outlier detection application, this
method may be especially useful since the target of analysis is to find atypical
objects, and aggregating multidimensional results to one value may average out
the potential outlier. Therefore, to determine whether the object may be counted
as an outlier, the outlier factor in the dimension where it is highest (or lowest,
depending on method) in regard to variance within this dimension would be
taken into account. It is worth noting that different dimensions may be taken
for different objects, since each object can be atypical in other ways.

4 Experiments

In order to test the effectiveness of outlier detection methods and the impact of
the similarity measure, a series of experiments were performed. 1-dimensional
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time series data were generated using CBF [13] and Two-pat [12] algorithms.
CBF allows time series data from 3 classes to be generated, while Two-pat
allows data from 4 classes to be generated.

One-Dimensional Problem
For each class in an algorithm set of 9990 objects from that class and 10 objects
randomly from other classes was generated, making data sets with 1% outlying
objects. The goal for the algorithm was to mark all objects from other classes
as outlying and not to mark class objects. For each set class subset, results were
then accumulated. For the Angle-based method, the k-nearest neighbour and the
Local Outlier Factor, those which had an outlying factor greater than 3 standard
deviations from the average outlying factor were reported as outlying objects.
For the distance distribution method, outlying factors were computed using a
Chi-squared distribution probability using Chi-squared distribution of 128◦ as
it is the length of time series in both CBF and Two-pat sets. As the threshold
probability, p = 0.27% was set.

Tables 1, 2, 3 and 4 show results for one-dimensional experiments. Both frac-
tions of outlier objects correctly marked are shown as are the number of false
outliers with regard to set size.

Table 1. CBF - fraction of outliers detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.9667 0.9667 1.0 1.0

Manhattan 1.0 1.0 1.0 1.0

DTW 0.9667 1.0 1.0 1.0

EDR 1.0 0.9333 1.0 1.0

ERP 1.0 1.0 1.0 1.0

TQuEST 0.0 0.3 0.6 0.6333

Table 2. CBF - fraction of regular objects marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.0 0.0

Manhattan 0.0 0.0 0.0 0.0

DTW 0.0 0.0 0.0 0.0

EDR 0.0 0.0 0.0 0.0

ERP 0.0 0.0 0.0 0.0

TQuEST 0.0 0.0030 0.00346 0.0054
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Table 3. Two-pat - fraction of outliers detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.0 0.1

Manhattan 0.0 0.0 0.025 0.15

DTW 0.0 0.0 1.0 0.775

EDR 0.0 0.0 0.425 0.625

ERP 0.0 0.0 1.0 0.4

TQuEST 0.0 0.025 0.1 0.0

Table 4. Two-pat - fraction of regular objects marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.0 0.0

Manhattan 0.0 0.0 0.0005 0.0008

DTW 0.0 0.0 0.0096 0.0058

EDR 0.0 0.0 0.0028 0.0023

ERP 0.0 0.0019 0.0005 0.0020

TQuEST 0.0 0.0129 0.0189 0.0207

Multidimensional Problem
To generate multidimensional data using CBF and Two-pat for each object in
the data set, 3 time series for CBF and 4 for Two-pat were generated, and were
concatenated to create 3 and 4 dimensional time series data for CBF and Two-
pat, respectively. As natural data set, Japanese Vowels [20] set were used. This
has 640 12-dimensional objects of lengths 7 to 29 in 9 classes. For each class, 3
random objects from other classes were added as outliers.

Table 5. CBF multidimensional - separate dimensions - fraction of outliers detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 1.0 1.0 1.0 1.0

Manhattan 1.0 1.0 1.0 1.0

DTW 1.0 1.0 1.0 1.0

EDR 1.0 1.0 1.0 1.0

ERP 1.0 1.0 1.0 1.0

TQuEST 1.0 1.0 1.0 1.0
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In the multidimensional problem, two approaches were tested. The first being
the analysis of each dimensional separately. Each object marked as outlying in
any dimension was marked as being globally outlying.

Tables 5, 6, 7, 8, 9 and 10 show results for analysis of each dimension sepa-
rately.

The second approach used computing similarity defined for multidimensional
data. In this case, the Euclidean distance was used as distance measure for the

Table 6. CBF multidimensional - separate dimensions - fraction of regular objects
marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0707 0.0 0.0 0.0

Manhattan 0.0859 0.0 0.0 0.0

DTW 0.1378 0.0 0.0 0.0

EDR 0.1589 0.0 0.0 0.0

ERP 0.2222 0.0 0.0 0.0

TQuEST 0.2222 0.0081 0.0101 0.0162

Table 7. Two-pat multidimensional - separate dimensions - fraction of outliers detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.6 0.0 0.0 0.4

Manhattan 0.8 0.0 0.1 0.6

DTW 0.8 0.0 1.0 1.0

EDR 0.9 0.0 1.0 1.0

ERP 0.9 0.0 1.0 1.0

TQuEST 0.9 0.1 1.0 1.0

Table 8. Two-pat multidimensional - separate dimensions - fraction of regular objects
marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0677 0.0 0.0 0.0

Manhattan 0.0778 0.0 0.0020 0.0030

DTW 0.0778 0.0 0.0394 0.0253

EDR 0.2030 0.0 0.0485 0.0323

ERP 0.2030 0.0071 0.0485 0.0389

TQuEST 0.2030 0.0485 0.1020 0.1131
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Table 9. Japanese Vowels - separate dimensions - fraction of outliers detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.8519 0.7778 0.9630 0.9630

Manhattan 0.8889 0.7037 0.9630 0.9630

DTW 0.48148 0.8148 0.9630 0.9259

EDR 0.1481 0.0 0.0741 0.0741

ERP 0.9259 0.7037 0.8889 0.8889

TQuEST 0.7037 0.2593 0.2963 0.2963

Table 10. Japanese Vowels - separate dimensions - fraction of regular objects marked
as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.2391 0.0188 0.1047 0.1125

Manhattan 0.2453 0.0203 0.1156 0.1234

DTW 0.0672 0.0203 0.1109 0.0984

EDR 0.0813 0.0 0.0203 0.0125

ERP 0.2516 0.0313 0.1141 0.1188

TQuEST 0.1922 0.0078 0.0453 0.0422

time series points. It is worth mentioning that this approach is significantly
slower than the separate dimensions approach.

Tables 11, 12, 13, 14, 15 and 16 show results for the analysis with multidi-
mensional similarity function.

Table 11. CBF multidimensional - multidimensional similarity - fraction of outliers
detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 1.0 1.0 1.0 1.0

Manhattan 1.0 1.0 1.0 1.0

DTW 1.0 1.0 1.0 1.0

EDR 0.0 1.0 1.0 1.0

ERP 1.0 1.0 1.0 1.0

TQuEST 0.0 0.0 0.0 0.0
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Table 12. CBF multidimensional - multidimensional similarity - fraction of regular
objects marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.0 0.0

Manhattan 0.0 0.0 0.0 0.0

DTW 0.0 0.0 0.0 0.0

EDR 0.0 0.0 0.0 0.0

ERP 0.0 0.0 0.0 0.0

TQuEST 0.0 0.0061 0.0121 0.0192

Table 13. Two-pat multidimensional - multidimensional similarity - fraction of outliers
detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.2 0.2

Manhattan 0.0 0.0 0.0 0.0

DTW 0.3 0.0 0.8 0.4

EDR 0.0 0.0 0.2 0.1

ERP 0.0 0.0 0.8 0.5

TQuEST 0.0 0.0 0.0 0.0

Table 14. Two-pat multidimensional - multidimensional similarity - fraction of regular
objects marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.0 0.0010

Manhattan 0.0 0.0 0.0 0.0010

DTW 0.0010 0.0 0.0030 0.0020

EDR 0.0 0.0 0.0010 0.0040

ERP 0.0 0.0 0.0010 0.0030

TQuEST 0.0 0.0162 0.0141 0.0192
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Table 15. Japanese Vowels - multidimensional similarity - fraction of outliers detected

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.1481 0.6296 0.7037

Manhattan 0.0 0.1481 0.7037 0.6667

DTW 0.0 0.1481 0.6667 0.5926

EDR 0.0 0.0 0.1852 0.1852

ERP 0.0 0.1481 0.3333 0.4444

TQuEST 0.0 0.0 0.0741 0.0741

Table 16. Japanese Vowels - multidimensional similarity - fraction of regular objects
marked as outliers

Angle based Distance
distribution

K-nearest
neighbour

Local density

Euclidean 0.0 0.0 0.0047 0.0031

Manhattan 0.0 0.0 0.0047 0.0031

DTW 0.0 0.0 0.0031 0.0031

EDR 0.0 0.0 0.0172 0.0172

ERP 0.0 0.0 0.0078 0.0078

TQuEST 0.0 0.0063 0.0172 0.0172

5 Discussion and Summary

In the one-dimensional problem, for CBF data all but one measure had faultless
or close to faultless performace for all outlier detection methods, while for Two-
pat data only DTW and ERP measures kept this performance and only for k-
NN algorithm, DTW and EDR in the Local Density approach worked relatively
well. Both in terms of finding outliers and in avoiding marking regular objects
as outliers, the worst performance was achieved using TQuEST which could be
somehow expected since this method relie on crossing a certain threshold as a
recognition pattern. In both CBF and Two-pat sets, the variety between classes
were based on local trend rather than global changes, which were similar for all
classes.

In the multidimensional problem for the separate dimensions approach, all
methods had faultless performance for CBF data, with the Angle-based measure
having issues with marking regular objects as outliers. In Two-pat the same
issues appeared, with the addition of the Distance Distribution method, poor
performance and elastic measures had significantly higher performance than L-p
norms. It is worth mentioning that TQuEST had much better performance than
in the one-dimensional experiment. In the Japanese Vowels set, both L-p norms
and elastic methods with the exception of EDR worked relatively similarly and
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again k-NN and LOF worked out better both in the detecting outlier and in the
avoiding marking regular objects. In the mulitdimensional similarity approach,
all but the TQuEST measures worked well for CBF data (with the exception of
EDR measure in the Angle-based method), but for the Two-pat set only DTW
and EDR in k-NN method allowed more than half of the outliers to be detected.
For the Japanese Vowels set, results were significantly lower than in the separate
dimension approach and only Euclidean, Manhattan and DTW in the k-NN and
LOF methods allowed more than half of the outliers to be detected.

The experiments allow the statement that in general cases, it can be expected
that elastic measures will perform better than L-p norms, which is desired since
with this in mind these measures were created. Another observation may be
that K-nn and Local Density (with little favor for k-NN) perform better than
the Angle-based methods and Distance Distribution. This can be caused by
the fact that k-NN and LOF are based on the similarity of objects and the
Angle-based and Distance Distribution methods require some kind of geometric
interpretation for the object which may not always be provided or have practical
use.
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Abstract. The subject of this work is applying the artificial neural net-
work (ANN) taught using two metaheuristics - the firefly algorithm (FA)
and properly prepared evolutionary algorithm (EA) - to find the approx-
imate solution of the Wessinger’s equation, which is a nonlinear, first
order, ordinary differential equation. Both methods were compared as an
ANN training tool. Then, application of this method in selected physical
processes is discussed.

Keywords: Evolutionary algorithm · Firefly algorithm ·
Neural network · Wessinger’s equation

1 Introduction

The aim of this paper is to explore how modern metaheuristics can affect physi-
cal computations. The case of approximating differential equations was selected
as an example, as many physical processes are modeled using these kind of for-
mulas. There are many methods (mostly iterative) of approximating differential
equations, e.g. Runge-Kutta [4] or improved Euler being most popular. These
are, however, inefficient, when it comes to solving equations which have fully
implicit solutions such as Wessinger’s equation (see [13] and [16]). In order to
properly address this issue another kind of approximation method was used,
namely artificial neural networks. This approach was exploited for this purpose
in previous works, such as [13] and [16], this work, however, covers wider scope
than aforementioned is such sense, that instead of providing comparison between
ANN trained by a metaheuristic to numerical methods, it compares performance
of multiple metaheuristics between themselves. Moreover instead of giving sole
set of weights, that was deemed as best discovered suboptimal solution, in this
work different resultant solutions are discussed. Lastly the issue of possible appli-
cations of this method to physical computations is briefly addressed.

This paper is organized as follows. In Sect. 2 neural networks are presented,
as a method of approximating differential equations. The description of ANN’s
topology, used in experiments, is also covered in this part. Following section
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contains a brief introduction to metaheuristics in the context of using them as
an ANN teaching tool. Two metaheuristics used in experiments are described in
separate subsections. Next section consists of research methodology and experi-
mental data. It also includes conclusions of the experiments. In the last section
summary of this paper, possible areas of use in physics and future research ideas
are presented.

2 Neural Networks

Neural networks are relatively old, nature-inspired technology, which, thanks to
deep learning algorithms, is currently in the center of researchers attention, as
it is capable of solving non-trivial tasks such as recreating a picture in selected
painters style or driving a car [14]. Before that, however, ANNs were used for
multiple simpler tasks such as data analysis, signal filtration and function pre-
diction or approximation to name a few (see [12] and [23]). It’s also a well known
fact, that they can also be used to approximate differential equations in partic-
ular (see [15] or [3]).

There are multiple kinds of artificial neural networks. In this work, feedfor-
ward neural network (FFNN) was used for several reasons. First of all, it has
been shown that this kind of ANN can be properly trained using metaheuristics,
and several methods of mutations and crossovers have been proposed for EA in
[10] for this exact task. Moreover, these have been shown to work well when esti-
mating ordinary differential equations, Wessinger’s equation in particular (see
[16] and [13]). Lastly, the main focus of this research are metaheuristics, thus
using the simplest kind of neural network was the most natural approach.

Neural networks can be summarized as a set of interconnected neurons, that
are divided into layers. Neurons here are meant to be seen as a mathematical
models of their biological equivalents. Many of them are known in the literature.
The most common one is McCulloch-Pitts model (see [12] and [22]) and thus
it’s been used in this work. Each neuron is equipped with activation function
A. For the purpose of performed researches, sigmoid function given by Eq. 1 has
been used:

A(x) = Sig(x) =
1

1 + eβx
, (1)

where x is input value (of neuron), e is the base of natural logarithm and β is
power coefficient. In this work, β = 1.

Sigmoid function was used for several reasons, one of them being that it’s a
standard activation function (along hyperbolic tangent). Moreover it’s proven to
work well for function approximation (see [13] and [16]). Lastly, thank to that
function, the output signal of neuron is elegantly smoothed.

Aforementioned output value of i-th neuron is given by formula 2:

ni = A

⎛
⎝

n∑
j=1

wijxj + bj

⎞
⎠ , (2)
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where xj is the j-th neuron output value, bj is j-th neuron bias, n is the number
of neurons which are connected to i-th neuron and wij is the weight of the
connection between i-th and j-th neuron.

There are several types of neural networks. The most basic are feedforward
neural networks (FFNN) in which signal travels only forward thus neurons on i-
th layer sends signal only to (i+1)-th layer neurons. In general there are no rules
telling how to connect neurons to one another or how many connections should
single neuron contain. There is, however, a specific, most common kind of FFNN,
called multilayer perceptron, wherein all neurons from i-th layer are connected
with each neuron from (i + 1)-th layer (see [23]). These kind of ANNs were
successfully used for approximating differential equations, thus were also used
in this work (see [13,16]). General connection scheme of three layer perceptron
has been shown on Fig. 1.

Fig. 1. Three layer perceptron.

The last important characteristic of neural networks is their topology.
According to Kolmogorov’s existence theorem every function of n parameters
can be approximated by three-layer perceptron with (2n + 1) nodes in hidden
layer. It has be shown that performance of such net doesn’t depend on num-
ber of hidden layers, but it strongly depends on number of neurons in hidden
layer (see [1,20] and [11]). In this work, an ANN with topology 1-4-1 (meaning
one input neuron, 4 neurons in hidden layer and one in output layer) was used.
This topology was used for two reasons. Firstly it fulfills the condition given by
Kolmogorov’s theorem and secondly it has been shown in [13] and [16], that this
kind of net works well for discussed task.
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Another issue that has to be addressed when neural networks are considered
is their training. In this work, instead of using classic approach and backprop-
agation algorithm, metaheuristics were used. The reason for that is that back-
propagation (and other gradient based techniques), have tendencies to get stuck
in local minima (see [17]). Another drawback is that gradient based methods
require target function and neurons target function to be in C1 function class
(see [10]). Metaheuristics doesn’t have these drawbacks. The method of using
metaheuristics as training algorithms has been discussed in Sect. 4.1 of this work.

3 Metaheuristics

Metaheuristics are sets of stochastic techniques used to find suboptimal solutions
for optimization problems, when deterministic approaches don’t exist or are
inefficient and when the problem domain is too large to use brute force approach
(see [25]). Metaheuristics are divided into several groups, also including problem
specific types, however, in this work only one group was considered – population-
based metaheuristics. It has been shown in many works, for instance [5,10,13,16]
and [9], that this type of techniques are proved to work well as training algorithms
for ANN, hence selection. These methods are well known in the literature (see
[18] and [25]) and their general characteristics won’t be discussed further in this
work. Problem specific traits, such as individuals representation or population
initialization, shall be briefly discussed in this section.

The first problem that has to be addressed for population-based metaheuris-
tics to work properly is individuals representation. In this work, an individual
has to store information about weights of connections (or outputs weights) and
biases of neurons (real numbers) of each neuron and connection in the net. Two
options were considered – a one-dimensional vector of values and a n-dimensional
vector of values, where n denotes the number of layers (excluding output layer).
Although one-dimensional approach was successfully applied in previous work
(see [9]) this time multi-dimensional method was used. The reasoning behind
that is more intuitive applying of reproduction operators to individuals. For
more details see [24].

Another important issue is the population initialization problem. It’s neces-
sary for individuals to be scattered on the domain (in the beginning), because it
ensures that search space is thoroughly examined. The standard procedure for
population initialization is filling representatives vector with random value (see
[18]), however Montana presented more sophisticated approach to this matter,
in which random values from two-sided exponential distribution are selected add
appended to individuals vectors (see [9]). In this work, the latter is exploited.
Another difficulty is determining population size, as it cannot be to low (for
it would require many iterations) or too big (for computational reasons). In
this work, fixed population size equal to 50 individuals was selected, where 10
is an arbitrary number, and 5 is the number of neurons with weighted output
connections.
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3.1 Evolutionary Algorithm

Evolutionary algorithm is relatively old conception loosely based on biological
evolution. Because of that it’s very well known in the literature. In this work,
EA was prepared for a given task (ANN training) by applying specialized repro-
duction operators to it. Both mutation and crossover algorithms were selected
from [10]. For mutation operator node mutation was selected and for crossover
the crossover weights was selected. These reproductive methods proved to work
best for ANN training in aforementioned work and that’s the reason behind the
selection. Evolutionary algorithms also contains one more important operator –
the selection operator. In this work, roulette wheel selection was used as it’s
characterized by balanced selective pressure and thus eliminates the problem of
algorithm stopping in the local extrema (see [18]).

3.2 Firefly Algorithm

Firefly algorithm is modern, nature-inspired metaheuristic, similar to Particle
Swarm Optimization (in fact it can be reduced to PSO with it’s attributes set to
specific values, compare [25] and [7]). It is based on fireflies mating process. This
method is described in great detail in [25], thus description of this algorithm
will be reduced only to describing individuals movement. Position of firefly in
(i + 1)-th iteration is given by formula 3:

xi+1,k = xi,k + β0e
−γr2

ij (xi,j − xi,k) + αε, (3)

where xi,k denotes k-th firefly position in i-th iteration, α is step size, β0 is base
attraction of the firefly, e is a base of natural logarithm, rij is a distance between
i-th and j-th firefly, ε is a pseudo-random vector generated during that iteration
step for each firefly (meaning that it’s neither global nor is it constant for each
iteration) and γ is light absorption coefficient. In this work, euclidean distance,
given by formula 4, was measured:

rij =

√√√√ d∑
k=1

(xi,k − xj,k)2, (4)

where d is dimensions number, and xi,k denotes k-th attributes value of i-th
agent (firefly).

There are a few additional things to mention. First of them is that fireflies
adjust their position basing on position of each brighter firefly in the swarm.
This means that Eq. 3 describes only a part of firefly’s movement towards j-th
brighter firefly. The brightest agent will in this case only move towards random
direction given by vector αε. In this nomenclature, brightness or attractiveness
of a firefly can be described by a fitness function of given agent. For more details
about FA see [24] and [25].
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There were various reasons behind selecting firefly algorithms as an ANN
training tool. First of them was that it has previously been shown, that FA can
successfully train a FFNN (see [5]). Moreover, there already were similar works
using PSO to solve the Wessinger’s equation (see [13]), thus applying similar and
more general algorithm seemed to be a natural approach additionally providing
optional comparison data.

4 Experiments

This chapter is organized as follows. First and foremost methodology of
researches is presented. In following subsection algorithms tuning method is dis-
cussed in greater detail. Lastly results of the experiments and their conclusions
are presented in Subsect. 4.3.

4.1 Methodology

Wessinger’s equation is given by formulas 5, 6 and 7:

tx2x′2 − x3x′2 + (t(t2 + 1))x′ − t2x = 0, 1 ≤ t ≤ 4, (5)

x(1) =

√
3
2

(6)

x(4) =

√
33
2

(7)

where x ≡ x(t) is an unknown function, t is parameter of this function and x′ is
it’s first derivative.

Fully implicit solution to that equation is given by formula 8:

ximp(t) =

√
1
2

+ t2. (8)

One can quickly notice, that it satisfies given boundary conditions.
In the previous work, one of the most serious problems was being unable

to provide good approximate solution that would respect boundary conditions
at the same time [8]. One of the ideas to tackle this issue, was dividing two
separate elementary solutions – one respecting the boundary conditions, second
one properly approximating the function in remaining points of the domain –
and then joining these solutions into a final one. However, to properly apply
numerical methods, one should first discretize domain of the problem. In this
work, discrete set of values, given by formula 9 has been used:

T = {ti : 1 ≤ ti ≤ 4, ti+1 = ti + 0.1}. (9)

Similar sets were also used in [13] and [16] and proved to work well, hence the
choice. Note, that boundary points has been kept in the discretized domain, to
ensure, that proposed solution indeed fulfills them.



138 T. Rybotycki

Formal representation of aforementioned two part solution would the be
described by formula 10:

s(t, w) = B(t) + F (t,N(t, w)), (10)

where s is solution, t is a point in which target function should be approximated,
B is part of solution that satisfies boundary conditions, F is a part of solution
that evaluates estimation values for the rest of the points in the domain and
N is the output of ANN with given set of weights w.

In this work, same equation as in [13] has been used. It’s expressed by
following formula 11:

s(t, w) =
√

66
6

(t − 1) −
√

6
6

(t − 4) + (t − 1)(t − 4)N(t, w). (11)

One may notice, that indeed, two first addends of the equation, handles the
boundary condition explicitly and the last part is used to accurately approximate
the rest.

The methodology of research is similar to one in [13] and [16], namely, instead
of using standard backpropagation algorithm to teach ANN , a metaheuristic
was used as it proves to yield better results for this kind of problem [10]. The
task which metaheuristics are meant to solve is to find suboptimal values of
weights and biases of neurons. These weren’t used for creating ANNs (meaning
considering different topologies or connection patterns), but only for determining
the set of real values, that were applied to the network with selected, fixed
topology as the weights and biases of neurons. In this nomenclature weights of
neuron can be considered weights it’s output connections.

For the fitness function, which in this case was maximized, the difference
between 1 and squared errors sum for all the points of discretized domain was
selected. This can be formally represented by formula 12:

f(a) = 1 − E(a)
Emax

, (12)

where a denotes solution represented by agent, f denotes fitness function,
E denotes error and Emax is maximal error that occurred during search.

Fitness function in this form is not computationally complex, which is an
important factor, because in population-based metaheuristics it’s typical for the
fitness function to be called thousands of times. Another characteristic of this
function is that it’s normalized and thanks to that agents performance is easier
to compare. There’s, however, one thing define, namely the error function E of
proposed solutions.

Knowing that, in general, first order differential equations can all be expressed
by formula 13:

f(t, x, x′) = 0, (13)

one can define the error function in the form of following formula:

E(a) =
∑
t∈T

f2

(
t, s(t, a),

ds(t, a)
dt

)
, (14)
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where the last parameter is first derivative of the solution and a denotes set of
ANN weights and biases represented by given agent.

It can be noticed, that this function, in fact, satisfies all necessary require-
ments. The better the approximation is, the lower the error function gets. Each
addend is squared in order to handle the possible negative sign (note that in
case of larger errors absolute value can also be considered, however in [13] and
in [16] this kind of method has been used, thus choice). Additionally, one may
notice, that points scattered across whole domain are considered. The only thing
left, that has to be found is t derivative of s. This derivative can be expressed
by following formula 15:

ds(t, a)
dt

=
√

66 − √
6

6
+ (t − 4)(t − 1)N ′ + (t − 4)N + (t − 1)N, (15)

where N ′ ≡ dN
dt ≡ dN(t,a)

dt is the t derivative of neural nets response N and the
rest of symbols is identical with their previous explanation.

Using simple algebraic identities, one can formulate simplified version of this
derivative as formula 16:

ds(t, a)
dt

= (t2 − 5t + 4)S′ + (2t − 5)S + const. (16)

The next and last step in defining error function would be calculating t deriva-
tive of N . Knowing, that sigmoid function was selected as neuron activation
function, it can be expressed by formula 17:

dN(t, a)
dt

=
n∑

j=0

ijoj

(
1

1 + exp(−(ijt + bj))
−

(
1

1 + exp(−(ijt + bj))

)2
)

, (17)

where n is the number of neurons in the hidden layer (in this case 4), or to be
more exact the number of neurons input-output weights pairs, ij is j-th neuron
input weight, oj is j-th neuron output weight and exp is exponential function.

Moreover, before applying both metaheuristics, they had to be tuned. Tuning
of the algorithms is described in next subsection. Because of stochastic nature
of these methods, it was also necessary to perform experiments multiple times
and consider an averaged result. Both metaheuristics were compared in terms of
the convergence, dispersion, quality and variety of provided solutions.

4.2 Algorithms Tuning

To achieve necessary performance level of metaheuristics the algorithms had to
be tuned adequately. Algorithm tuning is a process wherein suboptimal values of
algorithm’s parameters, such as number of iterations, population size and other,
algorithm-specific attributes are found.

First tuned parameter was iterations number. For given population size (50)
and repetitions number (10) different iteration numbers were tested (1000–10000
for EA and 500–2000 for FA) starting from the lowest. Theory claims that ANN
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performance should be better or the same, as the number goes up, thus the
number after which the average fitness function values differed only slightly was
picked as suboptimal iterations number. The numbers were equal to 7000 and
700 for EA and FA respectively. For more details and numeric data see [24]. The
next step was searching for suboptimal population size. It was found by applying
same repetitions number (10) for iterations number selected in previous step. For
both algorithms same sizes were considered (30–70). EA and FA both performed
at their best for 50 agents, just as in [10]. For more details and numerical data
see [24].

Table 1. Proposed sets of firefly algorithms parameters.

i β0 α γ

1 1 0.01 1

2 1 0.05 5

3 0.5 0.05 5

4 0.5 0.01 1

Finally, the algorithm specific parameters had to be selected. For EA this is
mutation rate. It was lower than in [10] and was capped at 5%, which is more
standard value for mutation rate (see [18]) than in [10]. As FA has not one, but
three algorithm specific parameters – randomization parameter α, attractiveness
variation γ and base attractiveness β0. Knowing that for the most applications
α ∈ [0, 1] and β0 = 1 are the usual values, and that if β0 = 0 the algorithm
transforms from biased random walk to a normal walk, values for these both
parameters were adequately chosen. As for γ, it’s theoretical value can be selected
from [0,∞), but usually it’s picked from [0.1, 10].

Table 2. Numerical values of errors during parameters tuning for FA.

Set\Run 1 2 3 4 5 6

1 2.49262 3.6834 4.67687 1.18447 2.72291 3.26068

2 1.33543 4.03752 2.18129 4.59007 1.76474 17.5748

3 1.04537 4.48536 2.21552 1.86416 1.08421 0.708

4 1.01501 0.99084 2.32162 3.24539 1.28454 1.7119

Set\Run 7 8 9 10 Average

1 2.67247 3.37571 9.07496 2.04096 3.518505

2 8.09901 7.52599 2.27193 2.04017 5.142095

3 12.5581 1.64589 6.63027 4.30066 3.653754

4 2.46041 2.43687 0.959687 2.8774 1.9303667
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Instead of testing performance of the algorithm for each of them separately 4
sets of attributes were proposed and tested. Respective values of each parameter
for each set has been presented in Table 1.

The task, on which these set were tested, was the same task for which the
algorithm was meant to be used – finding the sets of weights and biases for ANN.
Average of final error values was used for verification purposes. The conclusions
parameters tuning has been presented in Table 2.

Noticeably best performance was achieved by set number 4, thus this was
selected.

4.3 Results

Noticing, that in typical situation, neural network training will be performed
once, the accuracy of approximation was more important factor than training
time. Nonetheless both of them were taken into consideration during experi-
ments. On Figs. 2 and 3 comparison between errors and training times are pre-
sented.

Fig. 2. ANN’s errors when trained by respective algorithms.

In the Fig. 2 it can be seen, that in terms of training accuracy firefly algorithm
outperformed evolutionary algorithm. Moreover, FA also is more consistent in
terms of error value and hasn’t shown the tendency to generate large errors.
Evolutionary algorithm, on the other hand, was several times less consistent and
generated sets of weights that, when applied to ANN, resulted in large error
values. It is possible, that these values could be lowered with larger number of
iterations, however to point of comparison was testing algorithms with values
that has been found as suboptimal during algorithms tuning.
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Fig. 3. Times of ANN’s training when trained by respective algorithms (in seconds).

In the Fig. 3 one can see, that evolutionary algorithm outperforms fireflies
in terms of training time. Despite it’s 10 times bigger population size, it still
manages to train ANN around 2 times faster than it’s opponent. It can also
be seen, that both algorithms are consistent in terms of training time – there
are very few cases in which it differed significantly from the average (shown
as circles on the figure). It has, however, to be noticed, that FA is much more
sophisticated method and despite it’s training time, it is far more accurate in
terms of approximation than EA. Most important numerical data of both these
experiments has been shown in Tables 3 and 4.

Table 3. The most important numerical data from EA temporal and accuracy
experiments.

Name\Value Min 1st quartile 2nd quartile 3rd quartile Max

Error 0.933613 1.47776 3.580225 12.8494 131.457

Time [s] 47.499 48.583 48.87 49.2235 50.462

Along temporal aspects and accuracy of the algorithms a few theoretical
properties of population-based algorithms were also studied. First of them was
the convergence of both metaheuristics. Theory has it, that by the end of the
training values of the fitness function should approach similar extreme values.
The convergence of both algorithm has been shown of Figs. 4 and 5.

It can be seen, that the population converges. However, one may notice, that
end values differs only slightly from ones at the beginning. That is due to fact
how fitness function is normalized (with the maximal error value up to iteration).
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Fig. 4. The EA population convergence in i
10

fraction of training.

Fig. 5. The FA population convergence in i
10

fraction of training.

Table 4. The most important numerical data from FA temporal and accuracy
experiments.

Name\Value Min 1st quartile 2nd quartile 3rd quartile Max

Error 0.803548 1.297595 2.05172 4.70623 12.7431

Time [s] 112.641 113.183 113.8315 114.624 116.1
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This issue has been addressed further in [24] and is the reason why figures may
seem to contradict the theory.

Another thing studied during the research was the dispersion of the popula-
tion. Theoretically it should be lower by the end of the training, than it was at
the beginning. To look into this issue, a standard deviation of population was
measured at the start and at the end of training was computed. The researches
proved once again, that theory is correct. The dispersion of population indeed
lowered by the time algorithms finished finding suboptimal weights sets. It’s
worth noting, that EA was found to have lower dispersion than FA. Consider-
ing, that standard deviation was count based on averaged fitness function values,
and that EA happened to stumble upon larger errors, this behavior was to be
expected. For more details and numerical data see [24].

The other researches that were conducted during the experiments was deter-
mining variety of the suboptimal solutions provided by the algorithms. On the
Figs. 6, 7 and 8 selected suboptimal sets of weights and biases, denoted further
as a sets of weights, found by metaheuristics, have been presented.

Fig. 6. First selected suboptimal set of weights.

Fig. 7. Second selected suboptimal set of weights.

These figures are meant to be interpreted in the following way. Each line that
starts with Layer i, denotes a new layer. Each line below represents a neuron of
this layer. Each weight on position j-th describes the weight of the connection
with j-th neuron of i+1-th layer. Weights are split by the comma. For example,
in the Fig. 8, first weight 0.234483 (first under Layer 1), means, that connection
of the first neuron of the hidden layer, and the only neuron of the input layer is
equal to 0.234483. This neuron (connection) also has bias equal to 0.761027.
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Fig. 8. Third selected suboptimal set of weights.

Analysis of Figs. 6, 7 and 8 yields important information about the form
possible solutions. It’s easy to notice, that most weights in each of them has dif-
ferent order of magnitude. This fact can be utilized in several ways. For example,
knowing that suboptimal sets of values found on Rn, where n is the number of
values in the set, has never exceeded a given value x (from both sides), the
search domain can be reduced to e.g. [−x, x]n, possibly reducing computation
requirements of algorithms and increasing their accuracy (especially using fitness
function proposed in this work). It’s also an important fact to be aware of, that
there exist many suboptimal solutions to the problem, as sometime it may be
reasonable to prefer one of them over others (for a reason that was not included
in fitness function). Variation analysis can also be used to study the consistency
of algorithms. In this case, again, FA showed a high consistency, as solutions
returned by it were similar to each other. EA, on the other hand had a tendency
to provide solutions that could vary even by 2 orders of magnitude (see [24]).

Proving that ANN can do a decent job approximating differential equations,
there is a huge opportunity for them to be utilized in physical computations
(as this kind of processes tend to be described by differential equations very
often). For instance in [2] ANNs were used for approximating nonlinear dif-
ferential equations in molecular and atomic physics. It’s worth noting, that in
aforementioned work genetic algorithm was used to train ANN, whereas, as it
was shown, FA proves to be better in terms of training accuracy. Thus applying
modern metaheuristics to the same process, can optimize it even further.

There are many issues in physics that could potentially benefit from applying
presented approach to solve problems related to them. E.g. in fluid dynamics,
when approximating Navier-Stokes differential equation (see [6]) or in optics,
when one have to deal with Klein-Gordon equation or Shrödinger equation (see
[19]). There is a lack of researches proving (or disproving) the hypothesis that
applying proposed technique would reduce (or simplify) computations necessary
to deal with the problems that includes aforementioned or other differential
equations. Further studies should tackle that issue.

For more details and numerical values of described experiments see [24].
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5 Discussion

The aim of this work applying selected metaheuristics as training algorithms
of ANN and then using this ANN for approximating Wessinger’s equation. A
comparison of both algorithms was also provided.

In most of the compared characteristics (all of them excluding time) modern
metaheuristic – the firefly algorithm – proved superior to the evolutionary algo-
rithm. In particular, it was more consistent in terms of accuracy, dispersion and
convergence as well as it provided solutions with better accuracy overall. This
behavior was to be expected as new algorithms are required to outperform their
predecessors.

Another matter addressed in this work was subject of varying solutions. It has
been shown that problem of ANN training, thus possibly also other optimization
issues, can have many suboptimal solutions that differs significantly from one
another. This fact can be utilized in many ways, one of which was mentioned
throughout this work. In the future researches it is necessary to tackle this issue
further and check the validity of authors hypothesis.

Moreover there is the problem of high maximal errors of neural net, that
happened to occur in experiments and resulted in obfuscating the fitness values
of individuals. They tended to be extremely high and thus the algorithm could
lose the ability to distinct better solutions when near local extrema. In the future
work this matter shall be addressed further, possibly by applying reduced domain
(as proposed earlier in this work) or by reducing maximal possible error, either
by capping maximum at some fixed value or by rejecting solutions with error
higher than some constant.

The last issue, is applying proposed method to variety of physical, practical
computation problems that have to deal with differential equations, including,
but not limited to, formulas mentioned earlier. Future works shall focus on this
matter and verify the hypothesis whether ANN trained by a metaheuristic can
optimize the computation of differential equations on a level that satisfies prac-
tical, real-life, physical problems.

Acknowledgments. This work was supported by the Systems Research Institute of
the Polish Academy of Sciences and is extended version of paper presented at 3rd
Conference on Information Technology, Systems Research and Computational Physics,
2–5 July 2018, Cracow, Poland [21].
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1 Faculty of Informatics and Communication, Department of Knowledge Engineering,
University of Economics, 1 Maja 50, 40-287 Katowice, Poland

przemyslaw.juszczuk@ue.edu.pl
2 Systems Research Institute, Polish Academy of Sciences,

Newelska 6, 01-447 Warsaw, Poland
krus@ibspan.waw.pl

Abstract. A new concept of the multicriteria fuzzy trading system
using the technical analysis is proposed. The existing trading systems
use different indicators of the technical analysis and generate buy or
sell signal only when assumed conditions for a given indicator are satis-
fied. The information presented to the trader – decision maker is binary.
The decision maker obtains a signal or no. In comparison to the existing
traditional systems called as crisp, the proposed system treats all consid-
ered indicators jointly using the multicriteria approach and the binary
information is extended with the use of the fuzzy approach. Currency
pairs are considered as variants in the multicriteria space in which cri-
teria refer to different technical indicators. The introduced domination
relation allows generating the most efficient, non-dominated (Pareto opti-
mal) variants in the space. An algorithm generated these non-dominated
variants is proposed. It is implemented in a computer-based system assur-
ing sovereignty of the decision maker.

We compare the proposed system with the traditional crisp trading
system. It is made experimentally on different sets of real-world data
for three different types of trading: short-term, medium and long-term
trading. The achieved results show the computational efficiency of the
proposed system. The proposed approach is more robust and flexible
than the traditional crisp approach. The set of variants derived for the
decision maker in the case of the proposed approach includes only non-
dominated variants, what is not possible in the case of the traditional
crisp approach.

Keywords: Trading system · Forex · Fuzzy membership function ·
Multicriteria analysis

1 Introduction

In this paper, we propose an extension of the traditional trading systems based on
the technical analysis using the concept of fuzziness. This concept can be imple-
mented in a decision support system aiding the trader in making his decisions.
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As a field for experiments, we selected the Forex market, which is a global, decen-
tralized market with currency pairs as basic instruments. According to the Bank
for International Settlements, its average daily turnover reached $5.3 trillion in
January 2014 [13]. Unlike other markets, the Forex is completely decentralized
and housed electronically. It is considered as one of the largest markets in the
world, where about 90% of its turnover is generated by currency speculators.
Still growing number of instruments available for the trader – decision maker
in the last few years make it very difficult to manually manage even the single
transaction.

Three main approaches of financial data analysis are used to forecast prices
on the Forex market: the technical analysis, the fundamental analysis, and the
sentiment analysis. The fundamental analysis including the text-mining tech-
niques was adapted to the stock market in [8,16], as well as for the Forex market
in [15]. The sentiment analysis called also the opinion mining was presented in
[4]. The technical analysis is based on the assumption, that there it is possible
to predict future prices on the basis of the historical prices, in other words, that
past behavior of the price has an effect on the future prices. The process of con-
struction of such indicator can be considered as a dimension reduction [17]. In
such approach, the initial data is transformed to another domain which may be
simpler than the original data. Such action leads to a situation, where price and
technical indicator values become an independent example of the problem.

One of the main directions of development of the trading systems based on
the technical analysis consists in using various indicators which are mostly some
complex formulas used for historical data to extract hidden information from
price time series or to reduce some irrelevant noise. Such approach is used to
identify moments to open the positions on the market. The technical analysis is
the most popular tool used in the trading. Moreover, its importance is increasing
over years [6].

By the trading system, we understand any system (manual or automatic),
which with the use of data analyzed from the market calculates values of the
market indicators. Such values are further used to generate a signal and open the
position related to the selected currency pair. However, there exists a significant
drawback, where all selected indicators must give the signal at the same time,
thus increasing the number of market indicators leads to more seldom signals.
What is obvious, even in the case, where all necessary conditions all fulfilled,
there is no guarantee, that derived signal will be profitable.

There are numerous examples of fully automatic trading systems. In [12]
the authors proposed to use different volatility measures as an input for the
support vector machines. While in [11] ARIMA model was compared with the
artificial neural network for the prediction on the Forex market. More complex
systems involved the use of modern metaheuristics like Cuckoo Search Algorithm
[1] or heuristic-based trading systems combining different trading rules [14] are
proposed as well.

Newer works like [2] suggest, that especially very volatile markets like Forex
may be very difficult to analyze. That leads to various works which limit the
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application of the fully automatic concept of trading systems for the decision
support. There are also manual trading systems which generate signals for open-
ing and closing positions on the market, where the final decision is made by the
decision maker. One of the most significant advantages of such manual trading
systems is that the decision maker may additionally apply other types of analy-
sis on the market situations. Examples of such systems can be found in [3,5,7].
Thus one of the most important advantages of such systems is that they assure
sovereignty of the decision maker.

The paper discusses decision support problems in the case of the manual
trading systems. A typical system analyses data from the market, calculates
technical indicators, generates buy or sell signals when a given set of rules is
satisfied for a given indicator. The decision maker observing the signals can
make the final decision. Still growing number of instruments available for the
decision makers results in a dynamic growth of the decision space. Therefore a
new approach capable to handle such difficulties is required. In this article, we
investigate problems arising in the case of the traditional crisp trading systems,
where the decision is made on the basis of simple binary function. The first
limitation of such systems is encountered, where all initially defined rules should
return the “true” value to open the position at the same time. By increasing
number of rules included in the system results in reduction of the number of
possibilities for the decision maker is significantly reduced and often none of
the variants are considered as a promising. The traditional system disregard
situations when all the indicators are very close to satisfying the assumed rules.
Such situations can be in general much more promising than in the case of the
signal when the rules are satisfied for only one indicator.

To cover this gap we propose to apply a multicriteria fuzzy approach. In
this approach, all considered indicators are considered jointly. Each indicator is
represented by a criterion in a multicriteria space of variants. The traditional
strict rules are replaced by fuzzy rules. Values of the criteria are calculated by
introduced membership functions. The decision maker can control the introduced
fuzziness using concepts of aspiration and reservation points adopted from the
reference point approach of the multicriteria analysis (see [18]). An algorithm
generated non-dominated variants in the criteria space is proposed. Concepts
of the domination cons applied in the algorithm ensure the high computational
efficiency of the algorithm approved in experiments made on real data from the
Forex market.

We present the proposed multicriteria approach for n technical indicators.
The introduced fuzzy concepts are shown on the example of three indicators: the
moving averages (MA), Relative Strength Index (RSI) and Commodity Channel
Index (CCI). For the three indicators, the results of computation experiments
on real data from the Forex market are presented and analyzed. Examples of the
technical indicators are presented in Sect. 2. Section 3 introduces the concept of
the traditional (crisp) trading system. Section 4 includes a detailed description of
the proposed fuzzy approach along with definitions of all fuzzy membership func-
tions included in the system. The algorithm which generates the non-dominated
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variants for the decision maker is proposed. Section 5 contains results of various
experiments with different real-world data sets. The discussion presented along
with experiments results points out the weakness of existing crisp systems and
emphasizes advantages of the proposed fuzzy system.

2 Examples of Technical Indicators

In the following three equally important market indicators frequently used in
the transaction systems are presented: the moving average and two oscillators.
The proposed approach can, however, include any number of indicators.

The moving average equation is given as follows:

MAp(t) =
∑p

i=1 pricei
p

, (1)

where MAp(t) is the value of the moving average for period p in time t, pricei is
a currency pair value for a given time i, and p is the number of included values.
An example concept based on moving averages may be found in [9].

The first technical indicator belonging to the group of oscillators is the Rel-
ative Strength Index (RSI):

RSIp(t) = 100 − 100
1 − avggain

avgloss

, (2)

where RSIp(t) is the value of the RSI indicator calculated on the basis of the
last p periods in time t, avggain is the sum of gains over the past p periods and
avgloss is the sum of losses over the past p periods. The second oscillator to be
used is the Commodity Channel Index (CCI):

CCIp(t) =
1
c
· pricetypical − MAp(t)

σ(pricetypical)
, (3)

where CCIp(t) is the value of the CCI indicator calculated on the basis of p
periods in time t, pricetypical is the typical price calculated as the average value
of the Close, Low and High price from a given period, σ is the mean absolute
deviation and c is the constant value used for scaling the mean absolute deviation
value; for CCI20(t) this value is equal to 0.015.

3 Crisp Trading System

Actions of the typical crisp system can be described with the use of a binary
activation function. The function takes the value one when a respective condition
for a technical indicator is true and takes the value zero otherwise. The signal
to open a position on the market is generated only in the first case.
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Let us denote these conditions for the considered indicators as condMA,
condRSI and condCCI . A potential BUY signal may be generated for a given
currency pair when at least one of the conditions is fulfilled:

fbuy = true if (condMABuy
= true ∨ condRSIBuy

= true ∨ condCCIBuy
= true),

(4)
where conditions condMABuy

, condRSIBuy
, condCCIBuy

refer to the moving aver-
ages, RSI and CCI indicators respectively. If neither of the conditions is fulfilled
the currency pair is removed from further analysis:

fbuy = false if ¬(condMABuy
= true∨condRSIBuy

= true∨condCCIBuy
= true),

(5)
The typical conditions used in the existing trading systems for the considered
technical indicators are presented below. The condition for the moving averages
takes the form:

condMABuy = true if (MAfast(t) > MAslow(t)) ∧ (MAfast(t − 1) < MAslow(t − 1)),
(6)

where MAfast(t−1) is the value of the moving average from the lower period
in time t − 1, MAslow(t − 1) is the value of the moving average from the higher
period in time t−1. An example signal is generated if two moving averages cross
each other.

In the case of the oscillators RSI and CCI, the binary activation functions
are built on the basis of crossing the indicator with some predefined levels. For
RSI this level will be 30. In the case of CCI it is −100. The conditions take the
form:

condRSIBuy
= true if (RSIp(t − 1) < 30) ∧ (RSIp(t) > 30), (7)

and

condCCIBuy
= true if (CCIp(t − 1) < −100) ∧ (CCIp(t) > −100), (8)

where RSIp(t − 1) and CCIp(t − 1) denote respectively the values of RSI and
CCI in time t − 1.

4 Proposed Fuzzy Trading System

In the proposed system the different indicators are considered jointly and the
activation conditions are fuzzy. Each currency pair is treated as a variant in a
multicriteria decision space. Criteria in this space refer to particular indicators.
Values of the criteria are defined by membership functions referring to particular
indicators. It is assumed that the membership function for each indicator takes
values in the range 〈0, 1〉. The membership function takes the value 1 when the
value 1 is achieved by the binary activation function in the crisp approach.

In the fuzzy approach, the original signal generated in the case of crisp app-
roach is still included. However, the situation when the conditions for a given
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indicator are almost satisfied, omitted in the crisp approach, can be included in
the fuzzy approach with the use of the membership function.

Let each currency pair c will be treated as a variant y in the decision space Rn;
thus every variant y will be denoted as the vector of criteria y = (y1, y2, ..., yn),
yi ∈ 〈0, 1〉, i = 1, 2, ..., n, where n is the number of considered indicators. The
criteria are defined by values of the membership function calculated for particular
indicators.

Due to limited space, we introduce only membership functions related to the
BUY signals. The membership functions for the SELL signals can be defined in
a similar way. The membership function for the MMA indicator is proposed in
the form:

μMA−BUY (c) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max−flow
max if (MAfast(t) > MAslow(t)) ∧ (flow < max)

∧(MAfast(t − 1) > MAslow(t − 1))
1 if (MAfast(t) > MAslow(t))
∧(MAfast(t − 1) < MAslow(t − 1))
fhigh

max if (MAfast(t) < MAslow(t)) ∧ (fhigh < max)
∧(MAfast(t − 1) < MAslow(t − 1))
0 in other case

(9)

where max is the maximal number of readings used in the calculations, fhigh is
a function used to count readings above the moving average with a higher period
and flow is a function used to count readings below the moving average with a
higher period. It is assumed in the above calculations that in the case of reading
without the crossover of moving averages the possibility of a trend change would
rise while the present trend would continue.

The membership function defined for the RSI indicator is given as follows:

μRSI−BUY (c) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

RSIp(t)
30 if (RSIp(t) < 30)

1 if ((RSIp(t − 1) < 30) ∧ (RSIp(t) > 30))
∨(RSIp(t) = 31)

0.9
RSIp(t)−30 ·α if (RSIp(t) > 31)
∧(RSIp(t) < 50) ∧ (RSIp(t − 1) ≤ 30)
0 if (RSIp(t) > 50)

(10)

In the case of the CCI indicator the membership function takes the form:

μCCI−BUY (c) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if (CCIp(t) < CCImin)
CCIp(t)−CCImin

−CCImin−100 if (CCIp(t) > CCImin) ∧ (CCIp(t) < −100)
1 if (CCIp(t − 1) < −100) ∧ (CCIp(t) > −100)
CCIp(t)+50

−50 if (CCIp(t) > −100) ∧ (CCIp(t) < −50)
∧(CCIp(t − 1) > −100)
0 if (CCIp(t) > −50)

(11)
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where CCIp(t) is a value of the CCI indicator in the present time, CCImax is
the maximal considered CCI value and CCImin is the minimal considered CCI
value. A vector of scalar values in the range of 〈0; 1〉 is generated in a given time
t for all of the given indicators and represents each currency pair as a variant in
the multicriteria space. In this space, we made multicriteria analysis and look for
the Pareto optimal (non-dominated) variants. Respective domination relations
have to be introduced.

The following relations between variants are introduced in R
n space:

Definition 1. A variant y is at least as preferred as a variant z if each criterion
of y is not worse than the respective criterion of z.

y � z ⇔ (y1 ≥ z1) ∧ (y2 ≥ z2) ∧ ... ∧ (yn ≥ zn). (12)

Definition 2. A variant y is more preferred (better) than a variant z according
to the logical formulae:

y � z ⇔ (y � z) ∧ ¬(z � y). (13)

An algorithm deriving non-dominated variants is proposed. The following
notions are used in the algorithm: the ideal – aspiration point u, the reservation
point x = (x1, x2, ..., xn) wherexi ∈ [0, 1], the set of all variants Y , the set of
points removed from the analysis in the algorithm Y −, the set of points accepted
for further analysis in the algorithm Y + = Y \ Y −, the set of non-dominated
variants ND. The aspiration point u refers to the case when BUY signals are
generated for all indicators, i.e. when all the membership functions take the value
1. The reservation point x is defined by the minimum values of membership
functions accepted by the decision maker.

The simplified idea of the algorithm is given below:

– Step 0. In this initial step, the sets Y and ND = ∅ are created. The aspiration
point u = (1, . . . , 1) and the reservation point x assumed by the decision
maker are fixed.

– Step 1. The set Y − is generated as the set of points dominated by the
reservation point and removed from further analysis. All other points belong
to the set Y +.

– Step 2. If there exists variant y ∈ Y +, y = u, then ND = {y}. End of the
algorithm.

– Step 3. Each variant y ∈ Y + is checked: if y ∈ Y − then it is removed from
further analysis, else it is compared with the points in the set ND (it is added
to ND if ND is empty). For each point z ∈ ND, if y dominates z, then z
is removed from ND, y is added to ND and the set Y − is extended by the
set of point dominated by y; if y is dominated by z then y is removed from
analysis, i.e. removed from the set Y +.

The algorithm ends, when all variants from the set Y + are checked.
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In the algorithm, the concept of domination cons is used. For each point Y
added to the set ND, the set Y − is extended using the domination cone. The
successive extensions of this set of points removed from analysis assure the high
computational efficiency of the algorithm.

Fig. 1. An illustrative example

It has been proved that the algorithm derives all non-dominated variants in
the set of variants non-dominated by the reservation point x. All other variants
are eliminated from the analysis.

The algorithm has been implemented in a computer-based trading system to
make experiments using real data from the Forex market.

The fuzzy approach introduces additional uncertainty which is not present
in the case of the crisp approach. The decision maker selecting one of variants
derived by the fuzzy trading system takes a risk that the variant can be not effec-
tive. The uncertainty and risk depend on the distance of the reservation point
from the aspiration point u. In the case of the reservation point which is close to
the aspiration point, the risk is lower but only a few or even not any variant can
be derived by the system. The risk is greater when the distance increases but the
system can derive and propose a greater number of non-dominated variants. The
decision maker being aware of this decides on the positioning of the reservation
point.

Figure 1 presents variants analyzed by the algorithm in a two-dimensional
criteria space. The aspiration point u and the reservation point x are shown.
The algorithm, from the set of all variants selects the non-dominated variants
y3, y5 and y6. The shadowed area represents the set of points dominated by the
variants above.
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The classical crisp system generates 5 signals for variants y1, y2, y3, y4,
y5 not informing, which of them are more or less promising. Let us note, that
variants y1, y2, y4 are eliminated and removed from analysis by the proposed
fuzzy system.

5 Numerical Experiments

In this section, we present results of numerical experiments with real data from
the Forex market. In the experiments, the proposed fuzzy trading system is
compared with the existing crisp trading systems for the three indicators con-
sidered above. Our main motivation was to estimate the number of variants
potentially interesting for the decision maker, indicated by the different trading
systems. We tested 20 successive readings. By a reading, we mean a single situa-
tion on the price chart which is observed in a specific time window. The systems
derived variants interested for the decision maker in every reading. We selected
three different time windows (frames) corresponding to the scalping system with
aggressive trading (the length of a single time window was equal to 5 min), to
the intraday system (the length of a single time window was equal to 1 h) and
finally to the long-term trading with the length of a single time window equal to
1 day. The overall length of the experiments in the case of the scalping system
was equal to 20· 5 = 100 min, for the intraday system the overall length of the
experiments was equal to 20 h, and 20 days for the long-term trading. Infor-
mation about the selected time windows can be found in Table 1. The number
of variants (currency pairs) available and analyzed in every reading was always
equal to 68.

Table 1. Data sets summary

Starting date Starting hour Ending date Ending hour

5 min 2017 IV 03 8.00 2017 IV 03 9.40

1 h 2017 I 02 7.00 2017 I 03 2.00

1 Day 2017 II 03 00.00 2017 III 5 00.00

Selected results of the experiments are presented in Table 2 for the 5-minute
time window, in Table 3 for the 1-hour time window and in Table 4 for the
largest 1-day time window. The tables present the numbers of the non-dominated
variants derived by the proposed fuzzy system for four different values of the
reservation point: x = (x1, x2, x3), ∀i xi = 0.7, xi = 0.8, xi = 0.9, xi = 0.95
(the columns are marked by x = 0.7, x = 0.8, x = 0.9, x = 0.95 respectively).
Theses results are compared to the numbers of signals generated by three versions
of the crisp approach: Crisp∗, Crisp∗∗ and Crisp∗∗∗, wherein the Crisp∗ approach
a signal is generated and presented to the decision maker when at least one of
the conditions defined by the binary activation function is satisfied, in the second
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considered approach – Crisp∗∗ at least 2 conditions must be fulfilled, while in
the last considered Crisp∗∗∗ approach all the 3 conditions have to be satisfied.
In the last case, the generated signal corresponds to the variants equal to the
aspiration point u.

The Crisp∗ approach overproduces the number of variants proposed to the
decision maker, thus selection of a single variant by the decision maker to make
the trading decision may be extremely difficult. A decreasing number of criteria
is observed in the case of Crisp∗∗ so that it leads to an empty set of variants
derived for the decision maker. In the case of Crisp∗∗∗, which corresponds to the
situation, in which a variant equal to the aspiration point u should be found,
even a single solution was not observed.

The fuzzy approach generates relatively small sets of non-dominated variants
which are far easier to analyze by the decision maker.

We use bold font to indicate in the tables the desirable market situations
when the number of variants derived by the fuzzy system for the decision maker
is 4, 3 or 2. We use the italic font to indicate situations when the empty set of
variants derived for the decision maker by the Crisp∗∗ method is observed, e.g.
in readings 6, 7, 9, 10, 12, 13 in Table 2; see also readings 1, 3 − 6, 8 in Table 3
and readings 1, 3 − 7, 9, 13 in Table 4.

There were also situations when the proposed fuzzy approach derives a rel-
atively large set of variants, which may be difficult to analyze by the decision
maker. In the case of the 1-hour and 1-day time window, such situation is unde-
sirable, but the decision maker has additional time to perform the analysis. While
for the smaller time windows such situations need some additional extension of
the proposed approach. Such an extension is planned in further works with the
use of respective ranking methods.

It is crucial to understand that all variants derived for the decision maker
in the case of the fuzzy approach are non-dominated, while in the case of the
Crisp∗ approach (due to the binary activation function) many variants indicated
by the system can be dominated. In the case of the crisp system, the decision
maker has no information which of the generated variants is better or worse.
This leads to an important observation that in the case of the crisp approach
a single variant is treated as acceptable if any criterion is equal to 1. Thus, in
the case of two variants, y1 = (0, 0.05, 1) and y2 = (0, 0.95, 1), both of them are
treated as equally good as (0, 0, 1), while in the fuzzy approach it is possible to
distinguish these two variants in favor of y2 which strictly dominates the first
variant.

Similar experiments were conducted for two remaining time windows
observed in Tables 3 and 4. In the case of the reservation point being far from the
aspiration point x = (0.7, 0.7, 0.7) the sets of generated variants often exceeded
the assumed limits. The fuzzy system generates only few variants, which can
be easily analyzed. In the 1-day tie window, an interesting situation could be
observed in readings 4, 18 and 20, where the Crisp∗∗ could not deliver even a sin-
gle variant while Crisp∗∗ generated a number of variants that greatly exceeded
the analytical capabilities of the decision maker. The fuzzy approach, in turn,
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Fig. 2. (a) 1-hour time window linear chart for the fuzzy approach with x = 0.95,
Crisp∗ and Crisp∗∗; (b) 1-day time window linear chart for the fuzzy approach with
x = 0.95, Crisp∗ and Crisp∗∗

Table 2. Number of variants available to the decision maker for the 5-minute time
window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp** Crisp***

Reading 1 7 6 5 5 8 1 0

Reading 2 6 6 6 6 16 1 0

Reading 3 10 10 6 6 11 2 0

Reading 4 9 8 7 5 9 1 0

Reading 5 6 4 3 3 12 1 0

Reading 6 12 12 11 10 9 0 0

Reading 7 7 7 6 5 3 0 0

Reading 8 8 8 8 7 15 5 0

Reading 9 7 7 7 4 10 0 0

Reading 10 9 8 8 8 5 0 0

Reading 11 4 4 3 2 7 1 0

Reading 12 6 5 4 3 13 0 0

Reading 13 8 7 6 5 7 0 0

Reading 14 6 5 5 5 12 2 0

Reading 15 9 9 5 4 11 0 0

Reading 16 10 8 6 5 9 2 0

Reading 17 11 8 7 6 4 0 0

Reading 18 6 6 4 4 10 3 0

Reading 19 9 8 5 4 6 0 0

Reading 20 8 7 6 6 5 0 0
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Table 3. Number of variants available to the decision maker for the 1-hour time window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp∗∗ Crisp∗∗∗

Reading 1 10 8 7 6 4 0 0

Reading 2 9 8 5 4 15 2 0

Reading 3 11 9 6 5 5 0 0

Reading 4 8 6 5 5 13 0 0

Reading 5 6 6 5 5 15 0 0

Reading 6 7 6 4 4 10 0 0

Reading 7 10 9 9 8 9 1 0

Reading 8 7 7 5 4 15 0 0

Reading 9 9 8 7 7 9 2 0

Reading 10 7 4 4 4 5 0 0

Reading 11 4 3 3 3 7 0 0

Reading 12 6 6 5 4 19 3 0

Reading 13 10 9 5 5 12 2 0

Reading 14 6 5 5 5 2 1 0

Reading 15 7 5 3 2 0 0 0

Reading 16 3 3 3 3 10 0 0

Reading 17 4 4 3 3 7 0 0

Reading 18 6 4 4 4 4 0 0

Reading 19 6 6 5 4 2 0 0

Reading 20 4 4 3 2 9 0 0

once again allowed to obtain a reasonable number of non-dominated variants in
successive readings.

The obtained results are also presented in the graphical form for the fuzzy
approach with x = 0.95, and compared to the Crisp∗ and Crisp∗∗ approaches.
The results from Tables 3 and 4 are presented respectively in Fig. 2(a) and (b).
One can easily observe disproportions in the number of variants generated by
both crisp methods and a reasonable number of non-dominated variants derive
from the proposed fuzzy system.

The number of solutions generated in the case of Crisp∗ fairly exceeds ana-
lytical capabilities of the decision maker, while Crisp∗∗ often generates no solu-
tions at all, and the most restrictive crisp approach Crisp∗∗∗ not delivered any
variants at all. The proposed fuzzy approach gives the possibility to control the
number of generated variants on the basis of the risk aversion adjusted with the
use of the reservation point. It may be easily extended on the trading systems
with four and more indicators represented by criteria in a multicriteria space of
possible decisions.
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Table 4. Number of variants available to the decision maker for the 1-day time window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp** Crisp∗∗∗

Reading 1 9 9 7 4 4 0 0

Reading 2 3 3 3 2 8 1 0

Reading 3 6 6 5 4 7 0 0

Reading 4 4 3 3 3 12 0 0

Reading 5 7 7 7 7 5 0 0

Reading 6 7 6 4 4 9 0 0

Reading 7 8 6 6 5 8 0 0

Reading 8 6 5 4 4 9 1 0

Reading 9 6 6 2 2 8 0 0

Reading 10 9 7 6 6 14 1 0

Reading 11 8 5 3 2 6 1 0

Reading 12 5 4 4 4 10 1 0

Reading 13 9 8 8 8 17 0 0

Reading 14 8 7 6 5 11 2 0

Reading 15 8 6 6 6 4 0 0

Reading 16 5 5 5 5 7 1 0

Reading 17 4 4 4 4 5 0 0

Reading 18 6 4 4 3 12 0 0

Reading 19 6 5 5 5 8 0 0

Reading 20 3 3 3 3 17 2 0

6 Conclusions and Future Works

Existing trading systems based on the crisp approach have a number of dis-
advantages. In this article, we proposed the multicriteria fuzzy trading system
including three different technical indicators. Trading rules for both: the classical
crisp and the proposed fuzzy trading system were defined. A new concept of the
fuzzy trading system including the possibility to generate sets of non-dominated
variants derived to the decision maker was introduced as well. All concepts of
trading systems were experimentally verified and tested on the limited set of
technical indicators.

We experimentally verified, that proposed fuzzy trading system is capable to
effectively derive Pareto-optimal variants for the decision maker. The proposed
system was compared in the experiments to three versions of the crisp system:
Crisp∗, Crisp∗∗, Crisp∗∗∗. In contrary to the fuzzy approach, the crisp system
derives very small (or even none) variants in the case of the Crisp∗∗ or number
of variants is too large to be effectively handled by the decision maker – what
was observed in the case of the Crisp∗. The third version of the classical trad-
ing system Crisp∗∗∗ was not capable to derive even single variant. One of the
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most important advantages of the proposed approach is that the fuzzy system is
capable to derive sets of non-dominated solutions, which could be further used
to develop a system for generating portfolios of variants.

Further works should include the application of methods allowing ranking of
the derived variants according to preferences of the decision maker. Besides the
further development of the fuzzy concept, a more robust and less computationally
expensive algorithm capable to derive a set of non-dominated variants should be
developed as well.

Acknowledgments. The preliminary version of this paper was presented at the 3rd
Conference on Information Technology, Systems Research and Computational Physics,
2–5 July 2018, Cracow, Poland [10].
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Abstract. This research contribution instantiates a framework of a hybrid
cascade neural network rest on the application of a specific sort of neo-fuzzy
elements and a new peculiar adaptive training rule. The main trait of the offered
system is its competence to continue intensifying its cascades until the required
accuracy is gained. A distinctive rapid training procedure is also covered for this
case that gives the possibility to operate with nonstationary data streams in an
attempt to provide online training of multiple parametric variables. A new
training criterion is examined which suits for handling nonstationary objects.
Added to everything else, there is always an occasion to set up (increase) an
inference order and a quantity of membership relations inside the extended neo-
fuzzy neuron.

Keywords: Training procedure � Data stream � Computational intelligence �
Adaptive neuro-fuzzy system � Extended neo-fuzzy neuron �
Membership function

1 Introduction

Artificial neural networks [1–3] have been presently broadly applied to working out
issues in the areas of Data Mining, Intelligent Control, and Image Processing due to
their multipurpose fitting qualities and capabilities of training by experimental data that
characterize the functioning of a studied object or a studied phenomenon.

A case is getting substantially more complicated if data come sequentially for
processing in an online mode. These problems are usually scrutinized within such
developing trends as Dynamic Data Mining, Video Processing, Data Stream process-
ing, and Web Mining [4–11]. It seems comprehensible that networks which use the
error backpropagation algorithm for their learning unfit completely for gainful
employment in a similar situation, and it seems exceptionally justified to apply hybrid
neuro-fuzzy systems of Computational Intelligence in the first place. Their output
signal depends linearly on adjustable synaptic weights like radial-basis-function
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networks or counter-propagation networks. At the same time, these neural networks fall
under the «Curse of dimensionality» which abruptly lowers their performance. In most
cases, it is much more efficient to use neuro-fuzzy systems (like the Takagi-Sugeno-
Kang system and ANFIS) in these tasks. Albeit there is a necessity to tune membership
functions which tangles a process of their learning.

The recent interest of researchers from the area of Computational Intelligence [7–9]
has been attracted to deep neural networks [12, 13] which provide a considerably much
higher quality of information processing compared to conventional shallow neural
networks. However, a process of deep learning in these networks happens really slow,
so that data processing in an interactive computing mode by dint of the popular deep
neural networks is merely impossible.

From the viewpoint of deep learning, cascade neural networks [14] look quite
impressive. A process of building up cascades (layers) here can occur continuously
upon reaching a required accuracy of results. That is also possible to carry out tuning
the cascade network’s parameters in an online manner if simplified approximating
structures with an output that depends linearly on synaptic weights (that allows using
fast learning procedures) are used instead of traditional elementary neurons. So, a
hybrid cascade network which used neo-fuzzy neurons [15–17] as nodes was intro-
duced in [18], and this fact allowed to improve the quality of results significantly and to
implement an online process of adjusting all weights. This network is per se a deep
stacked network [12, 13], albeit since a process of the zero-order fuzzy inference by
Takagi-Sugeno is implemented in every layer in substance, an amount of these layers
may be really high, which inherently leads to decreasing a speed of the whole system.

That is why developing a deep stacked hybrid cascade network improved
approximating properties, and a high learning speed seems appropriate. In that manner,
the novel nature of this network is represented by an adaptive training procedure that
allows processing data with high quality when observations come to the system in an
online mode.

The preliminary version of this paper was presented at the 3rd Conference on
Information Technology, Systems Research and Computational Physics, 2–5 July
2018, Cracow, Poland [19].

2 A Structure of the Hybrid Cascade Neural Network
with Ensembles of Extended Neo-Fuzzy Neurons

A structure of the suggested system of the Computational Intelligence is given in Fig. 1
and as a matter of fact, coincides with a topology of the hybrid cascade neural network
on the grounds of an optimized pool in each cascade that was introduced for the first
time in [18]. The main distinction consists of a type of used nodes and accordingly
learning algorithms.

A vector x kð Þ ¼ x1 kð Þ; . . .; xi kð Þ; . . .; xn kð Þð ÞT2 Rn (where k ¼ 1; 2; . . . denotes the
current sampled time) comes to a system’s input (a receptive layer).
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These signals are later given to an input of each node ENFN ½m�
j in every layer,

herewith extended neo-fuzzy neurons [20] are used as nodes which are possessed of
increased approximating properties as opposed to conventional neo-fuzzy neurons
[15–17]. Here j ¼ 1; 2; . . .; q stands for a number of nodes in a layer, m designates a
number of a layer, wherein an amount of these layers may be growing during the

learning procedure. Output signals ŷ½m�j kð Þ of these nodes forming an ensemble are

processed in a node of generalization NG½m�, which synthesizes the best possible
(optimal) output signal ŷ�½m� kð Þ of an ensemble in every layer with the help of a
weighted linear combination.

If it is only a signal x kð Þ 2 Rn that arrives at an input of the first hidden layer, then it

is a signal x½2� kð Þ ¼ xT kð Þ; ŷ�½1� kð Þ� �T2 Rnþ 1 for an input quantity of the second hidden

layer, a signal x½3� kð Þ ¼ xT kð Þ; ŷ�½1� kð Þ; ŷ�½2� kð Þ� �T2 Rnþ 2 for an input of the third

hidden layer. In general terms, a signal for the m-th hidden layer is x½m� kð Þ ¼ xT kð Þ;ð
ŷ�½1� kð Þ; ŷ�½2� kð Þ; . . .; ŷ�½m�1� kð ÞÞT 2 Rnþm�1. In this case, all the layers are trained in an
online fashion sequentially (one after another) as a signal appears at an output of the
previous layer.

Fig. 1. A scheme of the hybrid cascade neural network driven by ensembles of extended
neo-fuzzy neurons

166 Y. V. Bodyanskiy and O. K. Tyshchenko



3 Nodes of the Hybrid Cascade Neural Network

A prototype of the extended NFN was developed in [20] for the first time and is an
ordinary neo-fuzzy neuron designed by Yamakawa, Uchino, and Miki [15–17].

The neo-fuzzy neuron is a training framework of a nonlinear nature with diversified
arrival signals and a single output value to carry out the converting

ŷ ¼
Xn
i¼1

fi xið Þ ð1Þ

where xi denotes the component i in the input vector x ¼ x1; . . .; xi; . . .; xnð ÞT2 Rn (of
the dimensionality n), ŷ designates an NFN scalar output. The NFN contains (non-
linear) synapses NSi. Their goal is to alter the i-th component entry of xi (in a nonlinear
manner) into

fi xið Þ ¼
Xh
l¼1

wlilli xið Þ ð2Þ

where wli indicates the synaptic weight l in the nonlinear synapse i, l ¼ 1; 2; . . .; h,
i ¼ 1; 2; . . .; n; lli xið Þ stands for the membership relation l in the nonlinear synapse
i which effects a fuzzification procedure of a crisp component xi. In such a way, the
NFN-performed converting may be put down like

ŷ ¼
Xn
i¼1

Xh
l¼1

wlilli xið Þ: ð3Þ

The fuzzy inference rule fulfilled by the identical NFN has the form

IF xi IS Xli THEN THE OUTPUT IS

wli; l ¼ 1; 2; . . .; h
ð4Þ

which in turn implicates that a synapse, in fact, performs the zero-order fuzzy inference
by Takagi-Sugeno [21, 22].

The NFN authors put the use of ordinary triangular expressions as membership
functions to fulfill conditions of the unity partition

lli xið Þ ¼

xi � cl�1;i

cli � cl�1;i
if xi 2 cl�1;i; cli

� �
;

clþ 1;i � xi
clþ 1;i � cli

if xi 2 cli; clþ 1;i
� �

;

0 otherwise

8>>>><
>>>>:

ð5Þ

where cli signifies randomly picked out (customarily distributed on an even basis)
prototypes for the membership functions in the range [0, 1], thus, expectedly 0� xi � 1.
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This pick of the membership relations feeds into the fact that the i-th element of the
input term xi makes active solely two neighboring function procedures, although their
sum amounts to one which finally indicates that

lli xið Þþ llþ 1;i xið Þ ¼ 1 ð6Þ

and

fi xið Þ ¼ wlilli xið Þþwlþ 1;illþ 1;i xið Þ: ð7Þ

As remarked previously, the NFN’s synapse NSi executes the zero-order inference
by Takagi-Sugeno only presenting the universal Wang-Mendel neuro-fuzzy system
[23, 24]. It seems justified enough to enhance fitting characteristics of this computa-
tional network with the benefit of a specified constructional item said to be an “ex-
tended nonlinear synapse” (ENSi) and to develop the “extended neo-fuzzy neuron”
(ENFN) that consists of ENSi items in place of ordinary synapses NSi.

Scrutinizing additional variables

uli xið Þ ¼ lli xið Þ w0
li þw1

lixi þw2
lix

2
i þ . . .þwp

lix
p
i

� �
; ð8Þ

fi xið Þ ¼
Xh
l¼1

lli xið Þ w0
li þw1

lixi þw2
lix

2
i þ . . .þwp

lix
p
i

� �
¼ w0

1il1i xið Þþw1
1ixil1i xið Þþ . . .þwp

1ix
p
i l1i xið Þ

þ w0
2il2i xið Þþ . . .þwp

2ix
p
i l2i xið Þþ . . .þwp

hix
p
i lhi xið Þ;

ð9Þ

wi ¼ w0
1i;w

1
1i; . . .;w

p
1i;w

0
2i; . . .;w

p
2i; . . .;w

p
hi

� �T
; ð10Þ

~li xið Þ ¼ l1i xið Þ; xil1i xið Þ; . . .; xpi l1i xið Þð ;

l2i xið Þ; . . .; xpi l2i xið Þ; . . .; xpi lhi xið ÞÞT ;
ð11Þ

it can be put down as

fi xið Þ ¼ wT
i ~li xið Þ; ð12Þ

ŷ ¼
Xn
i¼1

fi xið Þ ¼
Xn
i¼1

wT
i ~l xið Þ ¼ ~wT~l xð Þ ð13Þ

where ~l xð Þ ¼ ~lT1 x1ð Þ; . . .; ~lTi xið Þ; . . .; ~lTn xnð Þ� �T
, ~wT ¼ wT

1 ; . . .;w
T
i ; . . .;w

T
n

� �T
.
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It can be marked easily that the ENFN comprises pþ 1ð Þhn parametric values to be
adjusted and the fuzzy inference fulfilled by each ENSi is

IF xi IS Xli THEN THE OUTPUT IS

w0
li þw1

lixi þ . . .þwp
lix

p
i ; l ¼ 1; 2; . . .; h

ð14Þ

which matches the Takagi-Sugeno inference of the p-order.
The ENFN’s architecture is more elementary compared to the conventional neuro-

fuzzy system. This fact makes its numerical implementation easier as well.

4 A Learning Method for the Hybrid Cascade Neural
Network

A training process of the system in question can be considered by an example of the
j-th node in the m-th cascade described by the Eq. (13). It should be noted additionally
that a one-step construction in the view of

E½m�
j kð Þ ¼ 1

2
e½m�j kð Þ
� �2

¼ 1
2

y kð Þ � ~w½m�T
j k � 1ð Þ~l½m� x½m� kð Þ

� �� �2
ð15Þ

was applied in [18, 25, 26] as a learning criterion; in the formula (15), e½m�j kð Þ stands for
an error at the step k, and y kð Þ is an external reference signal.

To perform minimization of the expression (15), both the «sliding window»-based
gradient procedures, as well as exponentially weighted ones based on the stochastic
approximation, were employed. Although a decision quality of test cases was quite
high, a convergence speed for these algorithms was insufficient in some cases.

When training the hybrid system under consideration, it arises to be more efficient
to use criteria of a more general type

E½m�
j kð Þ ¼

Xk
s¼1

ak�s e½m�j kð Þ
� �2

ð16Þ

(here 0� a� 1 is a forgetting factor) that matches the expression (15) when a ¼ 0
and the regular least-squares criterion when a ¼ 1. Minimization of the criterion (16)
may be generally accomplished by applying the conventional exponentially weighted
recurrent method of least squares (EWRLSM)

~w½m�
j kð Þ ¼ ~w½m�

j k � 1ð Þþ P½m�
j k � 1ð Þe½m�j kð Þ~l½m� x½m� kð Þ� �

aj þ ~l½m�T x½m� kð Þð ÞP½m�
j k � 1ð Þ~l½m� x½m� kð Þð Þ

;

P½m�
j kð Þ ¼ 1

aj
P½m�
j k � 1ð Þ � P½m�

j k � 1ð Þ~l½m� x½m� kð Þ� �
~l½m� x½m� kð Þ� �

P½m�
j k � 1ð Þ

aj þ ~l½m�T x½m� kð Þð ÞP½m�
j k � 1ð Þ~l½m� x½m� kð Þð Þ

 !
8>>>>><
>>>>>:

ð17Þ
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where each neuron in the cascade uses its own parameter aj 0\aj � 1
� �

. While pro-
cessing nonstationary data streams, this approach is advantageous, since different forms
of a trade-off between tracking and filtering traits of the training operation can be
executed by utilizing various parameters aj.

In addition to that, one should remember that application of the algorithm (17)
makes things more confusing by the fact that it may lead to the “burst of parameters” in
a covariance matrix (an exponential growth of its elements) during the learning process.
This undesirable phenomenon may be prevented by choosing quite high values of the
forgetting factor aj � 0:95, but tracking properties of the algorithm are lost in this case
during the learning process. The “burst” can be averted by applying an exponentially
weighted modification of the stochastic approximation [27] in the view of

~w½m�
j kð Þ ¼ ~w½m�

j k � 1ð Þþ p½m�j kð Þ
� ��1

e½m�j kð Þ~l½m� x½m� kð Þ� �
;

p½m�j kð Þ ¼ ajp
½m�
j k � 1ð Þþ ~l½m� x½m� kð Þ� ��� ��2

8<
: ð18Þ

which is stable at any values aj, but characterized by low processing speed.
For that matter, an optimal gradient recurrent exponentially weighted (OGREW)

learning algorithm should be used instead of the formulas (17) and (18). This algorithm
is a modification of the optimal adaptive identification algorithm [28] and can take on a
view in this particular case

~w½m�
j kð Þ ¼ ~w½m�

j k � 1ð Þþ �e½m�j kð Þð Þ2 r½m�j kð Þ�R½m�
j kð Þ~w½m�

j k�1ð Þð Þ
r½m�j kð Þ�R½m�

j kð Þ~w½m�
j k�1ð Þk k2 ;

�e½m�j kð Þ
� �2

¼ �e½m�j kð Þ
� �2

þ aj �e½m�j k � 1ð Þ
� �2

;

r½m�j kð Þ ¼ y kð Þ~l½m� x½m� kð Þ� �þ ajr
½m�
j k � 1ð Þ;

R½m�
j kð Þ ¼ ~l½m� x½m� kð Þ� �

~l½m�T x½m� kð Þ� �þ ajR
½m�
j k � 1ð Þ:

8>>>>>>>><
>>>>>>>>:

ð19Þ

We should take note of the Eq. (19) takes a form of the popular Kaczmarz-Widrow-
Hoff algorithm at aj ¼ 0.

An output of the neurons’ signal ŷ½m�j kð Þ in each layer, which forms an ensemble of

cascades, are fed to inputs of generalization nodes NG½m�, which are in a point of fact
adaptive linear associators

ŷ�½m� kð Þ ¼
Xq
j¼1

c½m�j kð Þŷ½m�j kð Þ ð20Þ

170 Y. V. Bodyanskiy and O. K. Tyshchenko



moreover, its synaptic weights are calculated according to

c½m�j kð Þ ¼ r½m�j kð Þð Þ�2Pq
l¼1

r½m�l kð Þð Þ�2
;

r½m�j kð Þ
� �2

¼

1� aj
� �

e½m�j kð Þ
� �2

þ aj r½m�j k � 1ð Þ
� �2

;

if aj 6¼ 1

1
k e½m�j kð Þ
� �2

þ k�1
k r½m�j k � 1ð Þ
� �2

;

if aj ¼ 1:

8>>>>>><
>>>>>>:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð21Þ

The best in the accuracy output signal is formed for each cascade (layer).

5 Experimental Examples

Theoretical advances of our work were justified by the instrumentality of an experi-
mental investigation depicting the forecasting issue of electric loads. It is a commonly
known fact that the question of energy consumption is of the most immediate interest
within the context of the everyday world. Since users’ consumption keeps on being on
the rise permanently, all the trends of consumption must be kept close tabs on tightly.
At this point, forecasting electric loads becomes extremely important.

The data array was being gathered during 6–9 months in one of the regions of
Eastern Ukraine in 2012. Generally, the data sample encompassed 6380 data points.
A plurality of experiments was taken to compare performance and prediction results. In
our experimental part, we used a new type of the learning criterion (16) along with the
ordinary quadratic criterion (19); a changing quantity of membership functions as well
as a different inference order for ENFNs. The data group was chopped into training and
test data blocks. Plots of the data array in Figs. 2 and 3 illustrate the footprints of
outliers stipulated by peak loads, measuring faults, and other factors. The outliers’

Fig. 2. A signal forecast exploited by the introduced evolving system (4 membership functions;
the inference order 1)
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fortuitous character is almost unpredictable and results in high prediction errors. It can
be seen from Figs. 2 and 3 that a prediction quality is growing (RMSE and SMAPE are
gradually falling).

The practical results prove that there is a dependency between a forecasting
accuracy and a number of membership functions as well as the inference order applied
(Figs. 2 and 3). There is also a relationship between a predicted fault and a number of
membership functions depicted in Fig. 4.

6 Conclusion

The hybrid cascade neuro-fuzzy scheme driven by ensembles of extended neo-fuzzy
neurons and an adaptive training method designated for online nonstationary data
stream handling within the scope of Dynamic Stream Mining were introduced.

Fig. 4. A prediction fault for ENFN subject to a number of membership functions

Fig. 3. A signal forecast exploited by the introduced evolving system (6 membership functions;
the inference order 2)
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The suggested system is not very complicated from a calculative frame of reference by
virtue of making computational processes parallel; it owns high fitted features by using
ensembles of extended neo-fuzzy neurons and a high processing speed due to optimal
in speed learning algorithms; and it also allows linguistic interpretation of obtained
results with the benefit of fuzzy reasoning.

Acknowledgment. Oleksii K. Tyshchenko is kindly grateful for the financial assistance of the
Visegrad Scholarship Program—EaP #51700967 funded by the International Visegrad Fund
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Abstract. This paper presents a model based on Recurrent Neural Net-
work architecture, in particular LSTM, for modeling the behavior of
Large Hadron Collider superconducting magnets. High resolution data
available in Post Mortem database was used to train a set of models
and compare their performance with respect to various hyper-parameters
such as input data quantization and number of cells. A novel approach to
signal level quantization allowed to reduce a size of the model, simplify
tuning of the magnet monitoring system and make the process scalable.
The paper shows that RNNs such as LSTM or GRU may be used for
modeling high resolution signals with an accuracy over 0.95 and as small
number of the parameters ranging from 800 to 1200. This makes the
solution suitable for hardware implementation essential in the case of
monitoring performance critical and high speed signal of Large Hadron
Collider superconducting magnets.

Keywords: LHC · RNN · GRU · LSTM · Signals modeling ·
Anomaly detection

1 Introduction

The LHC (Large Hadron Collider) is a circular proton-proton collider located at
CERN (the European Organization for Nuclear Research) on Switzerland and
France border. It is the largest experimental instrument which was ever built.
The purpose of this huge project is verification of theories developed in elemen-
tary particle physics. The experiments build at the LHC generate a tremendous
amount of scientific data which is later used in analysis and validation of the
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physics models regarding the history of the universe and the nature of the mat-
ter. The investigated events are so rare that the collisions must take place every
25 ns.

On the other hand the LHC itself is a unique apparatus which required devel-
opment of many innovations. Therefore the LHC is a subject of many research
endeavors in the fields of engineering, technology and accelerator physics. The
LHC comprises many subsystems built with multitude of devices installed inside
the underground tunnel. The LHC tunnel is 27 km long and located 100 m under-
ground. The radiation level in the tunnel excludes direct intervention during
operation. Therefore remote monitoring and control of each LHC device is nec-
essary. The main engineering effort is to maximize the availability of the machine
while the high safety level is guaranteed. In consequence there is a great num-
ber of data streams generated by sensors and devices depicting various subsys-
tem conditions. Gathered data triggers an interruption of accelerator’s opera-
tion immediately when dangerous anomaly is detected. Then an analysis of the
event must be performed off-line by experts using PM (Post Mortem) data. The
automation and improvement of on-line analysis would be very beneficiary.

The research presented in this publication is especially important for the
future upgrade of the LHC and for the study of next generation circular accel-
erator named FCC (Future Circular Collider). The authors concentrated on a
data stream coming from superconducting magnets operated at the LHC and
introduced an architecture based on RNN (Recurrent Neural Networks) to model
magnets behavior. The long-term authors goal is to automate the task of deter-
mining parameters of safe superconducting magnets’ operation or at least reduce
the necessary experts’ involvement. It should be noted that specialists cannot
be removed from the process of model creation, however their work can be made
easier by using the proposed system.

The publication is organized as follows. Section 2 gives short view on the LHC
safety system and the data used for building the RNN-based model. Section 3
provides background information about RNN. The proposed method is described
in Sect. 4. Section 5 provides the results of the experiments. Finally, the conclu-
sions of the research are presented in Sect. 6.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [1].

2 Protection of Large Hadron Collider

The LHC accelerates two proton beams travelling in opposite directions [2,3].
The particles circle the 27 km long beam pipe by 11245 times per second. Particle
trajectories are formed by superconducting magnets working at a temperature of
superfluid helium at about 1.9 ◦K. Each of the eight sectors of the LHC comprises
about 154 magnets. The magnets produce a magnetic field appropriate to bend
proton trajectory when they conduct an electrical current at the level of 13 kA. It
means that the energy stored in one sector is about 1.2 GJ, sufficient to heat up
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and melt 1900 kg of copper. At collision state a separate particle has energy on
the level of 7TeV. It means that the beam of protons accumulates an energy of
360 MJ, equivalent to the energy for warming up and melting 515 kg of copper.
An energy corresponding to a fraction of some 10−7 of the beam energy can
quench a magnet when operated at full current. The quench is a phenomenon
of leaving the superconducting state by a coil or a bus currying huge electric
current. A huge amount of heat is released leading to catastrophic accident. The
quench is a random event. The critical safety levels are, therefore, required to
operate the LHC. The subsystem to protect against a consequence of this kind
of event was initially built at the LHC and it is permanently maintained and
developed.

Fig. 1. The example of post-mortem data for one of 600A magnet. The voltage range
of the ADC is from 250 mV to −250 mV. The sampling period is 2 ms.

A system dedicated to ensure the LHC safety requirements is known as MPS
(Machine Protection System) [4–6]. In general, it consists of two interlock sys-
tems: the PIS (Power Interlock System) and the BIS (Beam Interlock System).

The BIS is a superordinate system which collects signals from many sources.
There are currently 189 inputs from client systems, ranging from the BLM (Beam
Loss Monitor) or the FMCM (Fast Magnet Current change Monitor) to the
personnel access system. However, the most important and the most complex
protection subsystem is the PIS which ensures communication between systems
involved in the powering of the LHC superconducting magnets. This includes the
PC (Power Converters), the QPS (Quench Protection System), the UPS (Unin-
terruptible Power Supplies), the AUG (emergency stop of electrical supplies)
and the cryogenic system. When a magnet quench is detected by the QPS, the
power converter is turned off immediately. In total, there are order of thousands
of interlock signals.

When a failure is detected the beams are dumped and the arrival of new
particles is blocked and the trigger for data is generated. It is a request to
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Fig. 2. The hardware path of signals from individual devices in the tunnel to the
Post Mortem System. The green line marks an industrial data bus used for real-time
distributed control WorldFIP (World Factory Instrumentation Protocol).

many LHC systems for providing data that were recorded locally before the
failure is detected. This data gives a chance to understand reasons of the failure.
Each device inside these systems, comprises a circular buffer which, at any time,
serves current information about the protected component. In particular case of
a quench detector, the buffer contains voltage time series acquired with a high
resolution time by an ADC connected to a superconducting coil. At a trigger
time, half of the buffer space is already filled with samples acquired before the
event (quench) time. After the event time, the voltage samples are still recorded
to fill the rest of the buffer space. Therefore, the buffer contains time series
around trigger time at both sides. An example of the buffer contents is shown
in Fig. 1. This kind of data is named post-mortem because it is recorded after
the component ceased its regular activity.

The contents of the buffer is sent out by a network controller of the device
over the field-bus to a gateway. Then the data is transferred to a database over
Ethernet network. The data transmission path is shown in Fig. 2. There are two
storage systems for data – the PM System (Post Mortem System) and the CALS
(CERN Accelerator Logging Service). The first system is used during failures and
requested checks and is a source of the data used in the experiments presented
in this paper. The second one is used to store permanently acquired monitoring
data from any device. Due to low resolution time this data is not used in this
study.

The PM System is a diagnostics tool with the role of organizing the collection
and analysis of transient data recorded during time interval around a failure or
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a request sent by any device in the MPS [7]. The main purpose is to provide
a fast and reliable tool for the equipment experts and the operation crews to
help them decide whether accelerator operation can continue safely or whether
an intervention is required. When a failure (a beam loss or a magnet quench)
happens, the individual devices’ buffers are frozen and transmitted to the PM
System for further storage and analysis [7–9].

The architecture of PM System is scalable, very flexible and dependable.
A dynamic load of the system is balanced during data collection. Any device
can dump the PM data transparently and without any additional configuration
effort. The data storage is highly redundant and equipped with data consis-
tency check. The data is stored in a file with a self-describing format know as
JSON (JavaScript Object Notation). Therefore files can be processed later by
any program.

Users can access the PM data by means of a specially designed REST (Repre-
sentational State Transfer) API (Application Programming Interface). The aim
is to serve multiple language technologies according to user preferences: Python,
MATLAB, LabVIEW, C++ and Java. A user is not dependent on the data for-
mat and the file system. A direct extraction of only one signal from a big dataset
is possible without the necessity of reading the entire set. The API can handle
very complex queries.

3 Recurrent Neural Networks

Virtually all real world phenomena may be characterized by its spacial and
temporal components. The spacial ones exist in space and it is assumed that
they are stationary i.e. do not develop in time. Whereas the temporal ones unfold
in time and have no spacial component. This is an idealization since there are
neither pure spatial nor temporal phenomena, most of them may be described
as a mixture of those two different components.

There is a well-established practice in Deep Learning applications to use
FNNs (Feed-forward Neural Networks) and CNNs (Convolutional Neural Net-
works) to address tasks dominated by a spacial component [10]. On the con-
trary, data which contain more temporally distributed information are usually
processed by models built around Recurrent Neural Networks. Of course, it is
possible to treat time series signals as a vector of spatial values and use FNN or
CNN to classify them or do some regression [11].

The voltage and current time series, which are used to train models described
in this paper and make predictions, unfold in time and their temporal component
is dominant. Therefore, a decision was made to use RNN networks. One of the
most efficient RNN’s architecture is Long Short-Term Memory [12–15].

Since its invention in 1997, the LSTM (Long Short-Term Memory) was
updated and modified [16] to improve its modeling properties and reduce large
computational demands of the algorithm. It is worth noting that LSTM, as
opposed to a vanilla RNN [17] is much more complex in terms of the internal
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component constituting its cell. This results in a long training time of the algo-
rithm. Therefore, there were many experiments conducted with simpler archi-
tectures which preserve beneficial properties of LSTM. One of such algorithms
is the GRU (Gated Recurrent Unit) [18] which is widely used in Deep Learning
as an alternative for LSTM. According to the recent research results, it even
surpasses LSTM in many applications [19].

The field of RNN-based methods for anomaly detection is growing very fast
with a progress and new discoveries in DL (Deep Learning). The basic concept
of those methods uses original signal modeling.

An architecture of LSTM-based anomaly detector which incorporates both
hierarchical approach and multi-step analysis was proposed in [20], capitalizing
on a property of generalization which results from stacking of several RNN layers.
The Gaussian distribution of an error signal - the difference between predicted
and real values - was used to decide if the prediction error signifies an anomaly.

There is also a whole branch of detectors which exploit a property of incon-
sistent signal reconstruction in the presence of anomalies [21,22]. The authors
trained the model of the autoencoder on regular data and set a threshold above
which the reconstruction error is considered an anomaly. The papers deal with
acoustic signals, but such an approach may be efficiently employed in other
domain such as videos [23].

To comply with the CERN magnets monitoring system requirements, the
detector system including RNN will need to be implemented in hardware using
FPGAs (Field-Programmable Gate Arrays). The networks of the similar size as
proposed for the task were already implemented for application in speech recogni-
tion and were described in [24–26]. Differences in the described approaches yield
varying results, with the single iteration execution time ranging from ∼16µs to
1ms.

4 Proposed Method for Anomaly Detection

In [17], the experiments with the data obtained using Timber (the user inter-
face to the CALS) were conducted using the setup presented in Fig. 3a, which
employed RMSE measure for anomaly detection. A huge challenge in this app-
roach is a lack of a clear reference threshold of an anomaly. In order to determine
the error level, a group of experts must be consulted and it is not always easy to
set one. This is due to the fact that RMSE does not always indicate anomalous
behavior well enough to quantify it correctly [27].

We decided to take advantage of the experience from [17] and designed a
new experimental setup which is shown in Fig. 3b. This new approach allowed
to convert a regression task to the classification one, which in turn enables better
anomaly quantification.

The main difference between the previously used approach and the proposed
one is an introduction of a grid quantization and classification steps (see marked
boxes in both Fig. 3a and b). Consequently, in the new approach the train and
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Fig. 3. Experimental setups featuring (a) RMSE (Root-Mean-Square Error) and pre-
diction and (b) grid quantization and classification

0 200 400 600 800 1000 1200 1400

Fig. 4. Visualization of the grid size = 10

test data are brought to several categories depending on a grid size. This trans-
formation may be perceived as a specific kind of quantization, since the floating-
point data are converted to the fixed-point representation denoted as categories
in this particular setup (Fig. 4). It is worth noting that the increase in the grid
size leads to an increase of the resolution and it is more challenging for the
classifier. Potentially, large resolution setup will demand larger model.
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window_size =

look_ahead = 4

Fig. 5. Visualization of the proposed method

In order to determine if an anomaly occurs it is enough to observe the pre-
dicted categories for several time steps. Categories are predicted based on num-
ber of previous steps equal to the look back parameter. When it turns out that
the predicted category differs from the actual one over the selected time period,
it means that the anomaly occurred (Fig. 5). The data expert has a much eas-
ier task in this case (when compared to the RMSE-based approach), because
the only decisions required are about the grid size and the anomaly detection
window, both of which are well quantifiable parameters.

The anomaly detection window is a parameter that determines how many
consecutive predicted values in the signal need to differ from the true ones in
order to detect an anomaly. Each predicted value that matches a true one resets
the difference counter. A small anomaly detection window allows for a faster
reaction time, while bigger one decreases the possibility of a false positive.

The anomaly detection window size is related to the look ahead parameter of
the model (how many time steps into the future model predicts) i.e. look ahead
value must be bigger than the window size. Such a condition is necessary in
order to avoid the influence, a possible anomaly could have on values predicted
within the window.

The proposed approach reliability depends on the accuracy of the model,
therefore experiments on hyper-parameters influence on model performance for
PM data were conducted.

5 Experiments and the Discussion

A main goal of the conducted experiments was validation of the feasibility of the
application of the proposed method for detecting anomalies in PM time series of
LHC superconducting magnets. An Long Short-Term Memory model was built
with the Keras/Theano libraries [28].

5.1 Dataset

All the data used for the experiments were collected from CERN PM database
using PM JSON API written in Python. We have collected signals from 600 A
magnets current for different time series: Ures , Udiff , Idid and Idcct .
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Fig. 6. The procedure for the extraction of voltage time series with selected events
from the PM database using Ures as an example

A procedure of data extraction from the PM database is composed of several
steps as presented in Fig. 6. A dedicated application and a set of parameters
such as signal name and a number of time steps were used. PM database API
does not allow to acquire more than one-day long signal at once. Therefore, the
scripts were designed to concatenate several separate days to form a single data
stream used for the experiments.

In total, 4 GB of data were collected from the database. Only a fraction of
the data (≈302 MB) contained valuable information for our experiment. Con-
sequently, we have provided a script to extract this information and keep it in
separate files. As final steps, the data was normalized to [0, 1] range and split
into train and test sets. Evaluation of the hyper-parameters influence on the
models performance was done using a subset (≈15%) of the available data.

5.2 Quality Assessment Measures

Used as quality measures during experiments were RMSE and accuracy:

RMSE =

√
√
√
√ 1

N

N∑

i=1

(yir − yip)2 (1)

Accuracy =
N∑

i

Y i
r − Y i

p

N
, (2)

where: yir and yip are a voltage time series and its predicted counterpart, respec-
tively, Y i

r and Y i
p are the true categories and ones predicted by the model and

N is a dataset cardinality.
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5.3 Results

This section contains all the results of the experiments conducted to validate the
feasibility of the application of the presented method.

Fig. 7. Influence of number of epochs on model performance using simple waveforms;
blue – original signal, red – train set prediction, magenta – test set prediction

The initial tests were focused on gauging the influence of number of epochs
on the model performance. Figure 7a presents the results of the model for a
network of 16 cells trained for two epochs, with RMSE equal to 4.5%. Increasing
the amount of the epochs from two to six significantly improved the results of
the model, which is reflected by Fig. 7b. Consequently, RMSE dropped to 1.5%.

Next series of experiments was conducted for different values of grid size (g),
look ahead steps (la), look back steps (lb) as well as the number of cells (c) in
the LSTM model. Batch size was fixed at 20, with number of epochs being equal
to 6. The results of the experiments are presented in Table 1.

By analyzing the values of accuracy for different grid sizes, one can see that
increasing the size of grid (reducing the single quantum size) leads to a dete-
rioration of a model performance for the same parameters and the same set of
data. This is the expected effect, which results from an increase in the number
of categories that must be taken into consideration in the classification process
while maintaining the existing network resources.

The results of the model depending on the value of the look ahead parameter
confirm that, as expected, the more forward steps are anticipated, the lower
accuracy is reached, because it is more challenging for the model to predict the
correct categories. This effect even deepens with increase in the grid resolution
and the network size reduction – smaller net cannot handle correct classification
with not enough resources available. Since the look ahead parameter limits the
anomaly detection window size, its value should be chosen carefully to allow for
the best possible model accuracy while permitting a sufficiently large window
size.
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Table 1. Prediction accuracy of Ures signal using single layer LSTM; g – grid size

look backcellslook ahead = 1 look ahead = 4 look ahead = 32 look ahead = 128

g = 10g = 40g = 100g = 10g = 40g = 100g = 10g = 40g = 100g = 10g = 40g = 100

1 1 0.925 0.789 0.386 0.876 0.745 0.383 0.667 0.437 0.367 0.411 0.386 0.318

9 0.936 0.868 0.766 0.885 0.808 0.710 0.714 0.495 0.418 0.543 0.417 0.345

17 0.939 0.903 0.767 0.885 0.817 0.710 0.714 0.655 0.540 0.543 0.495 0.346

25 0.936 0.902 0.771 0.885 0.818 0.710 0.714 0.655 0.541 0.543 0.496 0.346

9 1 0.484 0.722 0.638 0.483 0.706 0.594 0.464 0.437 0.368 0.412 0.401 0.238

9 0.935 0.867 0.745 0.885 0.800 0.680 0.713 0.654 0.565 0.542 0.418 0.397

17 0.944 0.890 0.769 0.892 0.835 0.715 0.716 0.652 0.548 0.543 0.494 0.407

25 0.945 0.897 0.785 0.891 0.842 0.730 0.717 0.655 0.568 0.545 0.495 0.410

17 1 0.853 0.717 0.542 0.483 0.691 0.530 0.464 0.433 0.368 0.479 0.402 0.319

9 0.937 0.861 0.774 0.884 0.827 0.690 0.715 0.656 0.436 0.546 0.496 0.407

17 0.944 0.899 0.758 0.892 0.828 0.694 0.714 0.654 0.557 0.546 0.496 0.407

25 0.948 0.900 0.779 0.893 0.837 0.719 0.717 0.669 0.566 0.546 0.489 0.407

25 1 0.829 0.812 0.549 0.861 0.786 0.530 0.664 0.437 0.367 0.411 0.410 0.318

9 0.936 0.871 0.766 0.884 0.821 0.679 0.713 0.643 0.440 0.548 0.495 0.351

17 0.944 0.897 0.782 0.891 0.838 0.726 0.720 0.655 0.566 0.547 0.500 0.408

25 0.945 0.894 0.797 0.893 0.843 0.729 0.720 0.670 0.559 0.550 0.494 0.404

The LSTM model performance for a different number of cells clearly shows
that without enough cells the model is not able to accumulate all the training
data dependencies needed to make the appropriate classification. However, using
more than nine cells leads to very low improvement in the model performance.
This observation leads to the conclusion that nine cells seem to be sufficient for
this classification task.

It should be emphasized that the proposed method introduces a clear way
to determine whether a given set of model hyper-parameters is adequate for
the task (achieves required accuracy for given predetermined grid and window
sizes), while giving an opportunity to simplify the architecture as much as possi-
ble. This is critical due to the fact that the size of the network significantly affect
the computational complexity of training and prediction. It is of great impor-
tance also in the case of hardware implementation of LSTM and GRU networks,
because of its size, which directly determines the amount of hardware resources
to be used.

We also conducted experiment with the full dataset and the following archi-
tecture of the network: single layer LSTM, 128 cells, 20 epochs of training,
look back = 16, look ahead = 128, grid = 100 and optimizer Adam. This resulted
in a huge performance leap comparing to the results presented in Table 1. The
accuracy reached almost 99.9%.

We did most of our experiments using LSTM algorithm for the sake of con-
gruency and consistency with [17], which this paper is meant to be a continuation
of, in many aspects. Nevertheless, we decided do show the comparison between
GRU and LSTM performance on a sample dataset as given in Table 2.
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Table 2. Comparison of GRU and LSTM performance

GRU LSTM

Cells 16

Epochs 10

Parameters 864 1152

Accuracy [%] 61.17 61.12

Training time 2 h 13 min 2 h 30min

6 Conclusions and Future Work

This work extends existing experiments [17] using higher resolution data and
more diverse models. As LHC experiments enter High Luminosity phase more
data will be collected which raises new challenges in the maintenance of equip-
ment.

In experiments presented in this paper a Ures signal was used. In the future
experiments, we plan on using several signals the same time and comparing
performance with the one achieved in this paper. Nevertheless, very promising
results of 99% accuracy were achieved for the largest dataset of 302 MB and the
following architecture of the network: single layer LSTM, 128 cells, 20 epochs of
training, look back = 16, look ahead = 128 and grid = 100.

Another aspect worth investigating is the feasibility of implementing pre-
dictive model on FPGAs. Performing computations on a PC, works well for
validation of the idea, but requirements of control systems like QPS are rather
hard real-time which PC systems are incapable of doing.
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Abstract. Rapid software development and its massive deployment into
practice brings a lot of problems and challenges. How to evaluate and manage
the existing software in an enterprise is not an easy task. Despite different
methodologies in IT management, we encounter problems with how to measure
usability of software. Software usability is based on user experience and it is
strongly subjective. Every IT user is unique, so the measurement of IT usability
has often qualitative character. The main tool for such measurement is survey,
which maps her or his needs of daily work. The article comes from experimental
study in the medium-sized company. It was based on the idea of using rule-
based expert system for measurement of software usability in enterprises.
Experimental study gave a more detailed view into the problem; how to design
the fuzzy-rules and how to compute them. The article points to problems in
designing a computational model of software usability measurement. Thus, it
suggests a computational model, which is able to avoid the main problems
arising from experimental study and to deal with the uncertainty and vagueness
of IT user experience, different number of questions for each users group,
different ranges of categorical answers among groups, and variations in the
number of answered questionnaires. This model is based on the three hierar-
chical levels of aggregation with the support of fuzzy logic.

Keywords: IT software usability � Usability aggregation �
Fuzzy quantifiers � Uninorm

1 Introduction

In today’s competitive world, Information Technologies (IT) have a significant impact
on management and efficiency of enterprises and companies. Enterprises take effort to
optimize their processes and often put a lot of investments into IT. The traditional
perception of IT management (HW support, network services, installation services, etc.)
is rapidly changing. Information technologies are offered as services integrated into the
organization to support the achievement of business goals. IT services are directly
involved in an enterprise as an organic component. But, organizations and businesses
often fail to manage their IT services adequately. IT management uses the standards for
implementation and management IT like Information Technology Infrastructure Library
[9] and Control Objectives for Information and Related Technologies [11] in a strategic
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level of management. However, it is not easy to control and measure the actual per-
formance of IT services and software. Especially, small and medium-sized enterprises
are not able to apply and to control IT management standards. Small and medium-sized
enterprises prefer to use Balance scorecard methodology to monitor business perfor-
mance and use the traditional non-financial and financial metrics also to monitoring IT
performance as a part of business performance [13]. The IT metrics should be mea-
surable, but often is problem to define metrics concerning the IT user satisfaction or IT
user experience among different user groups. IT user experience comes from the
qualitative and subjective opinion of users [1] such: whether is the software application
response time good, whether the software availability is appropriate, whether IT services
availability is appropriate, whether the software has intuitive interface, whether the
software saved the user time, whether the user is able to use all functionality of software,
etc. Usually the user experience is monitored with surveys and we suppose the
observability and measurability are the attributes of user experience [1].

The aim of paper arises from the experimental idea to design a fuzzy-rule expert
system for helping the managers to monitor the software usability as was aforemen-
tioned. So it means to monitor, which software is the most valuable in enterprise and in
which department. Many enterprises use mix of software and applications, which are
not compatible and sometimes are useless. We started the research with experimental
study in [12] where we realized survey for users to evaluate the software usability and
gain the appropriate knowledge for preparing fuzzy-rules. Surveys realized by ques-
tionnaires cope with the issues of item and unit non response and measurement error,
which are far from negligible [3, 4]. This way also copes with the imbalanced number
of responded questionnaires among users groups.

Thus, this research was focused on analyzing benefits and drawbacks of expressing
usability by the rule-based systems and suggesting complex flexible aggregation to
overcome issues in data collected by questionnaires. The preliminary version of this
paper was presented at the 3rd Conference on Information Technology, Systems
Research and Computational Physics, 2–5 July 2018, Cracow, Poland [15]. The paper
is organized as follows: Sect. 2 gives some preliminaries and motivation for this study.
Section 3 is focused on the experiential study and building a rule-based system from
the collected data. Section 4 is dedicated to multilevel aggregation of questionnaires for
evaluating each software tool. Finally, Sect. 5 concludes this paper and outlines future
research activities.

2 Motivation and Background

The motivation for our research has arisen from the practice, where many software
users are not satisfied with IT and software in their companies and the management has
no real picture about the daily user needs. As we mentioned afore, the user experience
reveals the connection between the user and a product and is observable and mea-
surable. Especially, when we speak about the software user experience it is necessary to
mention the software efficiency and effectivity, which are involved in the user expe-
rience. In [1] the efficiency is written as “the amount of effort required to complete the
task” and effectiveness means “being able to complete the task”. Software efficiency
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and effectiveness are usually connected with software development and software
engineering. Software engineering methodologies contain standards and offer metrics
for better software performance. But, to identify the real software performance as part
of IT in an enterprise is highly controversial task. To increase the software performance
means not only to find the hard metrics, but also try to measure software usability [1],
which is based on behavior in using the software. Usability issues, as clarity of con-
cepts, logical sequence of operations, transparency of design, quick availability of
certain items, an expression of user’s frustration, misinterpreting some parts and
information in software etc., are often thought as purely qualitative, so they are
observable and we can collect their data by questionnaires. The collected user expe-
riences may be expressed by rule-based systems, either classical or fuzzy.

Surveys realized by questionnaires, although effective, cope with the issues of item
and unit non response and measurement error, which are far from negligible [3, 4]. We
have observed the same behavior (with lower extent) in the case of survey among users
in a company. In this case, it causes imbalanced number of filled questionnaires (e.g.
20 filled questionnaires in one department and 12 in another). Respondents may not be
careful in filling questionnaires, i.e. they can fill neighboring value in categorical
answers.

In this extent, quantified aggregation in the sense of quantified summaries [18] and
hybrid aggregations [19] are promising. The former may solve issues related to
imbalanced response rates, whereas the latter are suitable for emphasizing highly usable
software and penalizing the lowly usable due to the full reinforcement effect [5, 7].

3 Experimental Study

The aim of the section is to sketch the main problems with software usability mea-
surement by using fuzzy rules, when we wish to measure usability among various
departments regarding the users` experience. First, we started with experimental study,
in which we prepared user experience survey and applied fuzzy rule-based approach for
evaluating it. It may be expected, that the fuzzy-rules could be a good method, because
for the answers the Likert scale is mostly used [20]. However, the fuzzy rules approach
has shown the following main problems

• How to create the questionnaires on a common platform for each software in each
department in the enterprise,

• How to aggregate the answers among all departments in enterprise to gain relevant
and usable result.

3.1 Qualitative Software Efficiency Evaluation

Software usability in practice is often a moot question. Many enterprises use a mix of
incompatible software or useless software. The main indicator of appropriate software
usage should be its efficiency and usability. Software usability measurement is
something what is vague, because it is measured by experiments, case-studies, best-
practices and surveys. Survey is the basic method for user experience. Therefore, we
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started our research with experimental study in the company as was mentioned before
[12]. The experiment consisted from two parts

• Qualitative software usability evaluation,
• Preparing the fuzzy rules for software usability evaluation.

The evaluation was based on user satisfaction surveys using [20]. The questionnaire
was inspired by the certain methods of software usability evaluation and their com-
binations (System Usability Scale, Software Usability Measurement Inventory, etc.)
and contained 26 questions [12]. Here, it is necessary to divide the users to groups
depending on their positions in the company. We divided them to three main groups: IT
managers, IT developers, Economic department/other users, and we created customized
questionnaires for each group separately. Each questionnaire started with a question
concerning the most frequently used software “Type the software you most frequently
work with. This software will be further the subject of this questionnaire, and all
questions will be asked only about it” [12]. Other questions (in total 26) mapped the
user satisfaction with this software from the various points of view.

We asked for total software satisfaction; whether the software product is up to date;
how users are working with the software product; whether they use the service and
maintenance services; whether the software is intuitive, consistent, or whether they will
prolong the license. Some of the other questions were: What is the interaction between
the user and the software; whether the software sometimes ended unexpectedly;
whether it is a satisfactory software language; whether it has all the necessary features;
whether the user feels frustrated when working with the software or the software
environment is easy to use; how often the software is working, or whether the software
is slower after hours of work etc.

Table 1 shows the results from questionnaires at Economic Department of com-
pany, where the users preferred and frequently used software S and some parts of it (S1,
S2). Majority of questions used answer scale from 1 to 5 (1 = disagree, 2 = rather
disagree, 3 = I cannot judge, 4 = rather agree and 5 = agree) and some questions used
more detailed scale (from1 to 10) for evaluating the attributes such as interaction with
software. One row in Table 1 represents 26 answers collected from one user.

Table 1. Illustrative sample of answers from users’ questionnaires in experimental study

S1,"","4","2","3","4","4","4","5","4","4","4","8","2","2","4","2","4","5","4","2","8"
,"4","4","4","1","8"

S2,"4","4","4","4","4","4","4","5","4","4","4","7","4","2","4","4","4","5","4","1","
7","4","4","4","1","8

"S2","2","4","4","5","4","2","3","5","2","4","2","7","2","2","4","2","4","4","4","2",
"8","4","4","5","1","8"

"S2","4","4","2","5","4","2","2","4","2","3","3","5","2","2","2","2","3","4","3","2",
"6","4","4","2","2","6"

"S","2","4","4","5","5","4","2","4","2","4","5","7","2","1","2","2","4","5","4","1","
8","3","2","2","1","8"

"S","4","4","3","4","4","4","","5","4","4","4","8","4","4","3","4","4","4","4","2","8
","4","4","","4","7"
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3.2 Fuzzy Rules Preparation for Software Usability Evaluation
in MATLAB

The next step in software usability evaluation was appropriate quantification from the
survey. First, we have chosen the evaluation by fuzzy-rules in MATLAB software
(Fuzzy Logic Toolbox and graphical user interface), because of its good applicability
for questionnaires evaluations.

Secondly, we considered 25 inputs for fuzzy rule-based system and settings as
Mamdani inference: “And method = min”, “Or method = max”, “Implication = min”,
“Aggregation = max”, “Defuzzification = centroid”. The domain of possible answers
was covered by 3 or 5 sets depending on the question type [12]. We designed the set of
fuzzy-rules (Rule Editor), debug them (Rule Viewer). The system behavior (Surface
Viewer) is shown on Fig. 1. Finally, we adjusted the designed rules in Rule Viewer again.

To sum up, we have produced three types of questionnaires (each type for one
group), each contains 25 questions. The domain of each set of answers in the Fuzzy
Logic Toolbox ranges from three to five fuzzy sets. The number of combinations for
one questionnaire was as follows: 11 767 897 353 375 rules. In order to cover all the
options, we would have to create as many rules as possible. After multiplying three
(three questionnaires), the number would increase even more, and so we decided to
take the number of rules more slowly. Another option was to divide the constructed
fuzzy rule-based system into 5 parts and gradually count the results for the first 5
questions, the other 5 questions, and so on. In such a way, a whole set of rules
combinations would be covered. The number of rules would be 2 583, 1 647 and 3 333

Fig. 1. Fuzzy-system behavior from MATLAB for experimental study
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for the Management questionnaire. The number of rules is different due to the number
of fuzzy sets in each question. So the number of combinations increases. Such a
number of rules is possible to get into the system, but the computer would be exposed
to intense calculations, and therefore the system response time would increase rapidly.
Neither the disjunctive normal form is the solution, because there are few rules with
common input parts. Finally, we decided for restriction of the number of rules. We
have reduced the number of rules to 1 200 rules using the FIS matrix in MATLAB, but
the number was still significant. We have not used weighted rules, because all the
questions have the same importance.

3.3 Experimental Study Conclusion

Looking back on the experiment we can summarize the pros and cons of it. To sum up,
the conditions were

• only three groups of users,
• the same number of questions in each questionnaire (although some questions were

different depending on users group),
• only two types of question; the first type has the answer value from 1–5 and second

type from 1–10,
• the number of respondents was relatively small (less than 50).

We chose a relatively well-known fuzzy-rules method for evaluating our experi-
ment and we worked with MATLAB software, where we used settings with Mamdani
inference (Sect. 3.2).

The main drawback was that the computing complexity is too high and we have
difficulty with the size of the model. It was the reason to start considering the other
possibilities of evaluating usability by applying different aggregation strategies for
different levels of evaluation.

4 Three Levels of Aggregation

The experimental study in the previous section has shown how it is complicated to
make a simple fuzzy rule-based aggregation and to avoid computational intensive
activities. As mentioned before, we had some problems with survey quantification,
namely:

• How to aggregate the answers within group,
• How to aggregate answers from various groups together,
• How to calculate usefulness for all software.

Therefore, the motivation for aggregation is to develop a flexible survey system in
the sense of different number of questions for each group, different ranges of cate-
gorical answers among groups, and variations in number of answered questionnaires.
Before proceeding, let us briefly explain the mining of the hierarchical view on
questionnaires’ evaluation.
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4.1 The Organization of Questionnaires

Let us have n groups in the survey, Gi, i = 1…n (e.g. G1 is group of managers, G2 is
group of IT developers, G3 is group from the economic department, etc.). The number
of groups depends on the type of organization (enterprise). Let us mark each respon-
dent as R. In each group the number of respondents is Rji, i = 1….n, j = 1….m. Each
respondent fill one questionnaire, so the number of respondents is equal to the number
of questionnaires. Finally, Qli l = 1…L, where l is the number of question in the
questionnaire for group i. Figure 2 sketches the aggregation within group G1, where
Aggregation 1 means aggregation of answers for one respondent. Analogously, Fig. 3
sketches the aggregation among groups in organization regarding evaluated software
Sp, p = 1…P.

At the lowest level are questionnaires for particular groups of users, where L is the
number of questions in a questionnaire for group i. Each group may have different
number of categorical questions and the number of possible answers. For instance, for
group G1, possible categorical answers to a question are 1, 2, 3, 4, 5; whereas for G2

answers are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 (where 1 is the worst, and 5 or 10 the best option,
respectively). Answers might be also expressed by linguistic terms, where one number
corresponds to one linguist term. Comparing such two answers is not a problem

Fig. 2. Aggregation scheme within group G1

Fig. 3. Scheme of groups’ aggregation within organization concerning one software
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because the method suggested in [10] carries out the necessary conversions. Thus, the
different number of categories or terms is not a problem. The problem is when we have
different number of questions and respondents (or filled questionnaires) among groups.

Aggregation operators reduce a set of values into a unique representation or
meaningful number [7]. In this direction, we have searched for suitable aggregation for
the problem plotted in Figs. 2 and 3. The question is how to envelop all three levels of
aggregation to find the final aggregated value for each evaluated software in order to
rank them. This value should be in [0, 1] interval. In this case, it is clear that 0 is related
to the worst, whereas 1 to the ideal software.

4.2 Aggregating Values for Respondents

In our study, the aggregation at the first level is the simplest one, sum of answers. The
score of each questionnaire is the sum of respondent’s answers

vðRjiÞ ¼
XL
l¼1

xl ð1Þ

where xl is the answer to lth question for respondent j in ith group.
Another option may be weighted average

vðRjiÞ ¼
XL
l¼1

wl � xl ð2Þ

where wl is weight of answer l, or arithmetic mean

vðRjiÞ ¼ 1
L

XL
l¼1

xl ð3Þ

Values of suggested aggregations (1–3) are not in the unit interval. These functions
have been chosen due to their simplicity. This step is considered as the preparation step
for the next ones. The illustrative data are shown in Table 2 for one group of
respondents.

4.3 Aggregating Values for Groups

The main question is how to aggregate, or find a representative value for each software
Sp by each group when the number of questions and possible answers is different. The
possible answer is quantified aggregation by summary most of questionnaires highly
rated software S. The classical prototype forms of Linguistic Summaries (LSs) [18] are
suitable for solving this task.
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In order to solve this task terms highly rated software and most of should be
formalized. Regarding the latter, it is a usual relative fuzzy quantifier, which is in our
case expressed as

lQðyÞ ¼
0; for y� 0:5
y� 0:5 for 0:5� y� 0:85
1; for y[ 0:85

8<
: ð4Þ

where y is the proportion of highly rated responses.
The term highly rated software is content dependent on each group. From the

minimal and maximal score among questionnaires (Table 2), sets high and low rates
were created in the sense of [16] by uniformly covering the domain of scores [17].

The validity for the quantified aggregation is calculated as

vðGiÞ ¼ l
1
ni

Xni
j¼1

lhighðRjÞ
 !

ð5Þ

where 1
ni

Pni
j¼1

lhighðRjÞ is the proportion y of questionnaires which highly rated software

tool and ni is the number of responded questionnaires in group i.
Thus, the result of aggregation is in the [0, 1] interval. Regarding the group G1 from

Table 2, the solution is 0.532.

Table 2. The illustrative group G1 and its respective respondents and membership degrees to
the fuzzy set high, which is used in the next subsection.

Respod.
in G1

Questions Ql

(answers 1-5)
Sum of
answers

Membership to
set high

R1 1 2 2 3 2 10 0

R2 5 2 4 5 4 20 1
R3 2 1 4 3 4 14 0.016129032
R4 3 3 3 3 3 15 0.338709677
R5 2 5 4 1 5 17 0.983870968
R6 4 4 4 5 4 21 1
R7 3 3 3 3 3 15 0.338709677
R8 1 1 2 3 1 8 0
R9 4 4 4 4 4 20 1
R10 4 5 4 5 4 22 1
R11 4 5 3 3 5 20 1
R12 5 4 3 2 5 19 1
R13 4 4 4 5 4 21 1
R14 4 5 5 4 5 23 1
R15 4 5 4 4 3 20 1
R16 3 2 5 3 4 17 0.983870968
R17 1 2 3 1 1 8 0
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4.4 Aggregating Values for Software Tools Among Groups

In Sect. 4.3 quantified aggregation regarding the opinion of each group has been
calculated. The result of aggregation assumes value in the [0, 1] interval, which opens
the path for applying a variety of aggregation functions. The four main classes of
aggregation functions are [6, 8]: conjunctive, averaging, disjunctive and mixed.

When all the groups agree that a tool is effective, this tool should be emphasized by
upward reinforcement, which is possible to realize by t-conorm functions. Analo-
gously, when all the groups assign low values to the tool, it should be attenuated by
downward reinforcement, which is realizable by t-norm functions. But, we need to
apply the full or two-directional reinforcement. Such property is met by uninorm
functions. A possible choice is 3-P function suggested in [19].

vðSpÞ ¼
Qn
i¼1

xi

Qn
i¼1

xi þ
Qn
i¼1

ð1� xiÞ
ð6Þ

An illustrative example is shown in Table 3, where values of G1 for S1 are taken
from the previous subsections. Other values are evaluated for the illustrative purpose.
The upward reinforcement holds for S2, whereas downward reinforcement holds for S5.
For tools S2 and S4, the aggregation is behaving as an averaging function.

5 Conclusion

The evaluation of software usability in the company is not an easy task due to the
different number of questions and possible (categorical) answers to the same question
among groups, the different number of responded questionnaires by groups and the
like. Usually, rule-based systems are used to express users view and knowledge
regarding software usability. However, these rule-based systems might be very large,
especially when the company has a larger number of software tools and departments or
groups of users.

The next task was ranking all software tools across the company. In order to solve
this problem, we have suggested three levels of aggregation for the schemes shown in
Figs. 2 and 3. The aggregation on questionnaire level is realized by the sum of answers
or more sophisticated functions like the weighted average. The second level of

Table 3. Aggregating of utilities by all groups for considered tools

Group/Software G1 G2 G3 G4 Uninorm (6)

S1 0.532 0.151 0.85 0.35 0.381533986
S2 0.835 0.725 0.788 0.931 0.998507712
S3 0.25 0.32 0.41 0.22 0.029828289
S4 0.63 0.826 0.253 0.366 0.612460096
S5 0.11 0.22 0.32 0.18 0.00358814
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aggregation is realized by the quantified aggregation among questionnaires to cope
with the aforementioned problems. The result is in the unit interval, which opens space
for a large variety of aggregation operators in the third level of aggregation. In this step,
the suitable functions are uninorms due to their full reinforcement property.

For future research, we would like to examine other aggregation functions for all
levels and to realize further experiments regarding computational effort. The suggested
aggregation model may be applicable to some tasks in companies concerning customer
satisfaction, customer experience, marketing evaluation etc. Based on the suggested
aggregation model it is possible to develop a valuable decision support system.

Acknowledgements. This paper is part of a project VEGA No. 1/0373/18 entitled “Big data
analytics as a tool for increasing the competitiveness of enterprises and supporting informed
decisions” by the Ministry of Education, Science, Research and Sport of the Slovak Republic.
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Abstract. In this contribution we present graph theoretical approach
to image processing focus on biological data. We use the graph cut algo-
rithms and extend them for obtaining segmentation of biological cells. We
introduce completely new algorithm for analysis of the resulting data and
sorting them into three main categories, which correspond to the certain
type of biological death of cells, based on the mathematical properties
of segmented elements.
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1 Introduction

Graph theory has many real applications, in economy, [3,4], in image processing
[11], didactic, chemistry and many others. We consider specially its applications
in image processing.

Image processing and pre-processing are well-known and suitable tools for
handling with different types of data, [1,8,11]. In biology and medicine the
main aim is to simplify the representation of the obtained images for users.
These methods are very useful for handling medical and biological data as well.
There are a lot of approaches for image processing and pre-processing, e.g. trash-
holding, graph cutting, level sets methods and many others. For our purposes
we focus on a segmentation of objects, especially in our work on finding spe-
cific cells. In this concept the aim of segmentation is to distribute an image into
regions and thus simplify its representation. Two types of regions are consid-
ered, object regions and background regions. The output of the segmentation
is a binary image with extra information held representing “object” and “back-
ground” segments. We consider “objects” all cells of interest and the background
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the rest of the image. The main goal of the segmentation is to simplify and change
the representation of an image in the more meaningful and easier way for next
analyses.

In our case we deal with biological real data. We focus on the following anal-
ysis. Parkinson’s disease, Alzheimer disease and amyotropical lateral sclerosis
are major neurodegenerative disease of adults, which are characterized by age-
related neurodegeneration of many neural structures. Although, in some forms
of the mentioned diseases, heredity plays a role, the mechanism of cell death
is not totally understood. For the purpose of precise analysis of programmed
cell death in neurodegenerative disease research, we have created a computer
software to detect apoptosis/necrosis on histological preparations. We tested its
functionality on histological preparations of the brains gained from Wistar (7
days old), which we exposed to hypoxic - ischemic insult for 12 and 36 h. We
used cryostat coronal cuts of 30 um width colored by cresyl violet. We tested
pyramid cells in the region CA1 of hipocamp.

The aim of this work was the automatically distinction, the searching and the
counting of concrete types of cells, it means the apoptosis (the apoptotic cells),
the nuclear morphology (hybrid state) and the necrotic cells (the necrosis) which
are characterize below. Every cell from this category has its specific feature,
which are size and number of burst of elements, from which these cells consist.
We searched as well for presence of cell wall and many other properties, see
e.g. [9].

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [12].

2 Segmentation and Graph Cutting

The segmentation can be provided by many different techniques [8,14]. The
segmentation in the image processing can be formulated in mathematics as a
minimization problem, see [7,11]. Segmentation can work as a powerful energy
minimization tool producing globally optimal solution. For segmentation we use
the mathematical method called “graph cutting”, see [2,5,7]. In the work we
focused primarily on Ford-Fulkerson and Edmonds-Karp algorithms [5,6]. We
process 2D image, which we first abstract as a graph (graph theory in mathe-
matics) and then we try to find a maximum flow in it. After finding the maximum
flow [5], we are able to segment the image. The graph cuts are used in medi-
cal and biological image segmentation following few dynamic algorithms, finding
the local minimum of the energy. Compare to threshold technique, this approach
gives more realistic results.

The principle of Ford-Fulkerson and Edmonds-Karp algorithms is based on
increasing of the flow in the graph (the network) through the augmenting paths.
The algorithm progress while any augmenting path can be found. When there
is no augmenting path available, the algorithm ends and the maximum flow is
reached. The value of the maximum flow equals the sum of the capacities of the
“minimal cut” edges.
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Minimal cut is the result of the graph cut algorithms (mentioned above)
applied. The simplified explanation of finding the minimal cut is the process of
pushing flow (imaginary units) from the source vertex named s to tank vertex
named t through the graph consisting of the vertices and edges while possible.
Once the process is finished and there is no capacity of the edges to transport
any other flow, the minimal cut can be found as the union of such edges.

In the image segmentation process the pixels of any 2D image can be
abstracted into the graph vertices and the graph used in the theoretical mathe-
matics can be constructed. After that the graph cut algorithms can be applied,
the minimal cut can be found and finally the image can be represented by the
objects and the background.

3 Program and User Manual

For such purposes mentioned in the paragraph above we created the software
with built in “graph cutting” algorithms, for handling medical and biological
data, which are in our case output images from microscope. The advantage of
this method is that it can provide global segmentation as well as local and we
are also able to detect the edges, which represent to the boundaries between
cells. In our specific case we need to provide the pre-processing of the images
as well. We applied Gaussian kernel for pre-processing of the first input data
from electronic microscope. The main benefit of this software is its complexity.
It is able to do pre-processing of the images, segmentation of the image, which
in our special case means finding the corresponding cells, and finally counting
and categorization of the cells. Once the process of the image segmentation, cell
counting and categorization is done, the user can manually adjust image output
(change the categories of marked cells, etc.) and use numerical output for the
statistics.

The process of the image segmentation and cell categorization consists of the
following steps:

1. Data gathering from the microscope.
2. Pre-processing of the data.
3. Software initialization and specific input image loading.
4. Setting up the object and background pixels of the image.
5. Image segmentation process.
6. Setting up the parameters for each of the cell types.
7. Counting, color marking and categorization of the cell types.
8. Manual adjustment of the marked cells done by user.
9. Output saving (image and numerical data).

The application of the image segmentation described above is used to identify
three different types of cells presented in the images produced by the microscope
which are the apoptosis, the nuclear morphology and the necrosis. Once the
segmentation is done, we have to differentiate the segmented objects and group
them together, because each of the cell types consists of many of the smaller
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objects. Each group of the segmented objects consists of the objects that have
the characteristic sizes, distances between each other and quantities due to what
they can be categorized as one of the three cell categories.

4 Application in Biological Data

The whole process of dealing with data (images) consists from three main steps:
preprocessing of obtaining data, processing and post-processing of data. Pre
processing is devoted to the correction and the preparation of data obtained
from the microscope. Under the processing of data we understand handling with
data from graph theoretical approach. Last step is devoted to the final analyzing
of resulting data.

(a) Pre-processing
Pre-processing is the whole first preparation data before segmentation. Our input
data are medical images from Microscope, which are necessary transform to 24
bit map and afterwards correct contrast of input data image that results images
will not be too dark, too light or we can see good visibly contours. We use two
methods, the normalization of the histogram and the shadding corrections.

Normalization of the Histogram: Input data (microscope images) were took
by professional microscope with certain intensities. The range of intensities of
the microscope are multiple times bigger, as we usual work in image processing
(265 of values). Because of that such obtained images in usual format had slow
contrast. It means that in histogram were the values cumulated on small interval
and not in his full range of intensities, provided by given format.

Normalization of histogram corrects the distribution of intensities, and so it
changes their range and this way it improves the contrast of the image. The next
liner transformation transforms values of intensities of pixels from interval from
the range < L,U > for new values Inew from interval in range < Lnew, Unew >.

Inew = (Ip − L)
Unew−Lnew

U − L
+ Lnew.

Above mentioned method fails in case that in interval < L,U > appears the
only pixel with very small or very big intensity, which is faraway from the top of
interval of the histogram, and so outside of the range of intensities of pixels Ip
creating the biggest ratio in the histogram (image). In such case will be intervals
< L,U > and < Lnew, Unew > almost identified and the requested affect will
not be reached.

It is more reliable to choose it for L a U some percentil of the original his-
togram. The range of the interval < L,U >, will be created 90% of pixels of
the origin range cumulated around the top of the histogram. To pixels with very
small or very big intensities (10)% will be automatically assigned new value of
the intensity Inew equals Lnew, or Unew.
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Shadding Correction: The shading correction is a background correction in
an image meant to compensate for irregular illumination effects. This correction
is also known as unsharp masking.

(b) Processing
In this part are implemented and used all graphs algorithms used in the segmen-
tation of image. After pre-processing and correction soft input data in requested
quality, then follows their processing. The input: we normalize the images by the
histogram and the shadding corrections. The output: are segmented data, which
are in other process classified.

For searching of the maximal flow of the network we used Edmonds-Karp
algorithm, see [5]. We choose the Edmonds-Karp algorithm for the shortest path
algorithms. We implemented the algorithm with minor variations over the orig-
inal one. For segmentation we used and extended the method of graph cutting,
see the Sect. 5, [10] and [13]. We modified some of steps of algorithm and as well
we did optimization of the fast running of algorithm.

The result of the segmentation (processing) is the image classified into two
classes: object and background pixels. The fact and information, if the resulting
pixel belongs after segmentation to the background or the object is important
by post analysis (post-processing). Post-processing is devoted to classifying of
the obtained cells. Because we needed to distinguish concrete types of cells, it
was necessary to create a new algorithm for classifying obtained cells.

(c) Postprocessing: Characterization of output data-New algorithm
for classification of cells
After finishing the segmentation we use the segmented image for the next analy-
sis: the distinguishing, searching and the counting of concrete types of cells. We
focuse on the distinguishing of cells according the fact which type of death the
cells died. In our work we consider three specific categories:

1. the apoptosis (apoptotic cells)
2. the nuclear morphology (hybrid cells)
3. the necrosis (necrotic cells).

From mathematical and programming approach we do not distinguish cate-
gories of the cells according the type of death. So we do not analyse by subjective
way, which come from our sensual experience. We need to use characteristics,
which are recognizable by analysing of the image, and which are objective and
which are described by the properties of corresponding categories. It means
categories which are able to be measured. Every category has its typically math-
ematical properties.

Apoptosis: From medical point of view, the apoptosis is a regulated death of
the cell on the polycells organism. The cell simply dies, (or necrosis), after that
they will be created big clumps of cells, which concentrate to small number of
the bigger whole (mostly 1–3 of pieces). In this process the cell wall will not be
break, remains in one unit.
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From mathematical point of view is the apoptosis a group of objects, which
consists from bigger number of pixels. Average value of distances of the centres
of these objects is continuously equal to the average value of one and half of sum
of the radius of all couples of objects, see Fig. 1.

Fig. 1. Image of the apoptosis

Nuclear Morphology: The nuclear morphology is the intermediate state
between the apoptosis and the necrosis, called as well apoptosis-necrosis con-
tinuum. Bigger wholes which arised by apoptosis, will finally decompose. But
they are still markedly, many times bigger like by necroses. The wall of the cell
remains without any break points.

The nuclear morphology (the hybrid state) is in the sense of image processing
the group of more objects, multiple less sizes as are sizes of objects creating
apoptosis. These appear about in the distance twice bigger as is the multiple of
the sum of the radial of two objects of any objects, as is shown in Fig. 2.

Fig. 2. Image of the nuclear morphology

Necrosis: From definition the necrosis is a form of traumatic cell death. This
type of death is conditional with acute injury or damage of the cell. This type of
death is conditioned by acute injury or, respectively, cell damage. Death occurs
by breaking the cell wall, which eventually almost completely disappears, and
the inside of the cell (the clump of particles) dissolves into the space. These
elements are then smaller in size, but they form larger aggregates.

From the viewpoint of the image analysis, the necrosis, see Fig. 3, is rep-
resented by miniature objects with dimensions that are several times smaller
than the distances between these objects compared to the apoptosis and the
morphology.
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Fig. 3. Image of the necrosis

Algorithm for Analysing Types of Cells. As we mentioned before, we
created a new algorithm for the analysing of cells. The algorithm is able to do
the categorization of segmented cells and sum them. The algorithm consists from
steps described below.

Fig. 4. Left: detection of the cells; Right: Enumerating of the objects

Detection of objects is a process where we check the whole image and
count all pixels, which were denoted by segmentation as the object pixels. We
number every object pixel by the number, see Fig. 4 left.

Enumerating of objects go this way: we check the whole image again and
all numbered pixels will be assigned to certainly objects, which are subsequently
enumerated. The result are the enumerated objects (families of objected pixels)
as showed at Fig. 4 right.

Measuring of the size of objects we obtain by summing up of all pixels,
which appear in the corresponding enumerated object. The size of the object
is given by the number of pixels and it is one of the criterium needed by the
categorization of cells, see Fig. 5 left.

Classification of object according the size we will do such way that
we consider all objects (elements) which are with their size typically for given
category of the cell. We just ignore all others objects.

Re-numbering will be like we again check all enumerated objects and that
which we just ignored in the previous step we will not enumerate. In this step
we select all objects which will be used by categorization of cells.
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Fig. 5. Left: measuring of the cells; Right: re-numbering of the cells

Detection of the middle pixels of cells: It is possible to find the middle
pixels of objects by recognizing its coordinates for each pixel that is a part of the
numbered object. We then calculate the value of the mean pixel as the arithmetic
mean of the pixel coordinates that belong to that concrete numbered objects, as
is shown in Fig. 5 right.

Fig. 6. Left: measuring the distances of objects; Right: detection of the middle pixels
of the cells

Object distance measurement is the step in which we compare distances
(in pixels) between the mean pixels of enumerated objects (elements) which are
by their size typical for a given cell category. If the average pixels of the objects
are in some special distance typically for a certain cell category, then the clusters
of these objects will create specific cells, see Fig. 6 left.

Determination of the mean pixels of the cells is achieved by finding a
mean pixel for each concrete luster-aggregate. That means, the middle pixel of
the objects is the of acceptable size and at the acceptable distances. Then we
calculate the average pixel value of a particular cell as the arithmetic average of
the coordinates of the middle pixels of the objects in the given particle cluster
of elements, see Fig. 6 right.



Graph Cutting 211

Counting and summing up of the cells is the last step in which we can
easily calculate the middle pixels of a given cell category, that is, the number of
middle pixels of apoptic, hybrid and necrotic cells.

5 Implementation in the Program

We describe how we implemented graph theory approach in implementation of
the program to obtain the segmentation. The program is written in the language
C. For searching of maximal flow of the network we used Edmonds-Karp algo-
rithm. We modified some of steps of algorithm and as well we did optimization
of the fast running of algorithm. We decreased mainly the number of iterations.
If finally was not possible to decrease the number of iteration, we decreased the
number of operations, which were done in this iteration to the minimum. Pro-
gram consists from three main parts. The first one is the initialization, which
describes and specifies our approach to the network. Another part is the algo-
rithm for finding of maximal flow of the network. The last step is the processing
of the resulting segmented data.

Capacity of the Edges. We count the capacity for the corresponding links
(edges). That one, which connects exactly two of neighboring pixels (vertices)
p and q we call N -links. That links, which connect exactly one pixel with the
source s and the sink t, we call T -links, where the pixel is presented as gray
cube, N -links as horizontally links, and T-links as vertical lines. More about
the implementation and the transformation to the network, see [13]. We use the
following notation for the counting of the capacities:

P the set of all pixels,
(p, q) the edge connecting neighboring pixels p and q,

Ip the value of the intensity of the pixel p,
M the maximal value of the intensity of the pixel (of the responsible figure),
D the difference of the maximal and minimal value of the intensity of the

pixel (of the responsible figure),
Oavr the average value of the intensity of object seed pixels,
Bavr the average value of the intensity of the background seed pixels,
S(p) the capacity of the edge(link) connecting the sink (the vertex s) and

corresponding pixel p,
T (p) the capacity of the edge (link) connected output source (the vertex t)

and concrete pixel (the vertex p),
N(p, q) the capacity of the edge (link) connected neighbors pixels p a q,

λ the weighing constant.

The weighing constant λ determines the result of the segmentation. The
note N(p, q) express the relationship between intensities of p an q, S(p) and
T (p) express the relationship between intensity values of pixels and the values
Oavr and Bavr, see Table 1. More about connection between this variables and
constants you can find in [10,13].
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Table 1. Table-The capacity evaluation

Type Edge Capacity

N-links (p, q) if (p, q) ∈ P N(p, q)

T-links (s, p) if p ∈ P \ {o ∪ B} λS(p)

if p ∈ O 0

if p ∈ B 0

(p, t) if p ∈ P \ {o ∪ B} λT (p)

if p ∈ O 0

if p ∈ B ∞

Capacity Evaluation. First we select the values S(p) and T (p) for pixels p,
which we denoted as object seed pixels and background seed pixels. The value
S(p) will have the value of infinity, while we denoted the pixel p as object seed
pixel, so S(p) = ∞. It is because S(p) can not be never saturated, while it
connects the source s and object pixel. It means object pixel need to be always
reachable from the source s. The note T (p) will have the value equals to 0, while
we denoted the pixel p as object seed pixel, so T (p) = 0. It is because this edge
needs to be saturated and output t should not be reachable from the pixel p.
Similarly, but vice versa, we do similar assignments also for all background seed
pixels. We guarantee this way that after finishing of segmentation will be object
seed pixels surely the part of the object and background seed pixels will be part
of the background.

Linear Diffusion Coefficient. Capacities of N -links and T -links are depended
from intensities of the concrete pixel. Others values of capacities we count from
the values of intensities of pixels as follows: Both N -line and T -line capacities
depend on the intensity of the pixel. Therefore, the next capacity values are
calculated from the pixel intensity values as follows [6]:

N(p, q) = D − |Ip − Iq|
S(p) = M − |Oavr − Ip|
T (p) = M − |Bavr − Ip|

It is precisely because of the character (definition) of the M and D constants
that the capacities are played non-negative. In extreme cases, some capacities
may be zero. Taking into account all previous claims, we assign specific capacities
to specific edges in the following way as shown in the Table 1.

Non-linear Diffusion Coefficient. We suggest as well different and new app-
roach how to give values to edges. If we want to approach the assignment of
N -line capacities in a way that takes greater account of the relative intensity
of pixel intensities and penalizes their differences, it is necessary to choose a
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non-linear coefficient for calculating their capacity. The non-linear coefficient
causes neighboring pixels with similar intensity values to have high-capacity
edges (lines) and a certain drop in intensity of the neighboring pixels, and the
edge-to-edge gain is almost zero. For the interpretation of next formulas the
following definition is needed:
s - absolute value of intensity difference of two neighboring pixels
σ - penalizing constant
k - the penalty.

Thus, the value s is calculated as the absolute value of the difference of the
two adjacent pixels in the picture, the penalizing constant is optional and affects
the course of functions, especially how rapidly their first derivation changes and
the penalty k is given by the formula.

TV diffusion coefficient

d(s) =
1
s
, s ∈ N

BFB diffusion coefficient
d(s) =

1
s2

, s ∈ N

Charbonnier’s diffusion coefficient

d(s) =
1

√
(1 + s2

k2 )
, s ∈ N

Perona-Malik’s diffusion coefficient

d(s) =
1

1 + ( s
k )2

, s ∈ N

d(s) = e−( s
k )2 , s ∈ N

Weickert’s diffusion coefficient

d(s) =

{
1 s = 0

1 − e
−3.31488
(s/K)8 s > 0

}

, s ∈ N

Comparison of Diffusion Coefficients. The diagram below on Fig. 7 shows
the diffusion coefficients of the diffusion coefficients, depending on the intensity
differences from 0, 255, at the selected value as follows: Linear coefficient - blue,
TV coefficient - red, BFB coefficient - purple, Charbonnier coefficient - yellow,
Perona-Malik coefficient - green, (-black), Weickert coefficient - orange.

Using of different types of coefficients help us to obtain better segmentation
and better results. From the programming point of view, the implementation can
be divided into three main parts, which can also be further elaborated. They are
as follows: marking procedure, path reconstruction, the distribution of vertices.
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Fig. 7. Comparison of diffusion coefficients

6 Results

We used the application of the image segmentation, described above, to identify
three different types of cells presented in the images produced by the microscope.
They are the apoptosis, the nuclear morphology and the necrosis. When we
finished the segmentation, Fig. 8, we are supposed to differentiate segmented
objects and group them together. Each of the cell types consists of many of
the smaller pieces like objects. Each of this segmented objects consists of other
object which have the corresponding sizes, distances between each other and
quantities due to they can be categorized to main three categories. Below, there
is a part of the input and the output image, Fig. 9, with marked apoptosis (red),
nuclear morphology (blue) and necrosis (green).

Fig. 8. Left: input: original data; Right: output: data after the segmentation
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Fig. 9. Computers detection of the apoptosis, the necrosis and the nuclear morphology.
Before and after the processing with the computer software.

7 Conclusion and Remarks

As the application of the image segmentation approach on the cell categorization
problem is in its very beginning phase, a lot of the improvement still needs to
be done. The score of the cell categories marked automatically correctly without
any additional adjustment is between 70 to 85.

Nowadays, for simpler real-time data, for more complex data and global
segmentation in tens of seconds and for local segmentation of more complex
data, it is also real-time. Segmentation speed also depends on the quality of the
input data, the dimensions of the image, the selection and the number of seed
pixels. The program currently segments either the entire image (globally) or only
part of it (locally), depending on what option the user chooses. In the future,
it will also be possible to segment the color images and we would also like to
program some other parts so that it is absolutely understandable and clear to
the normal user. Of course, further optimization of the program is also one of
the goals.
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Abstract. Bone tissue is a structure with a high level of geometrical complexity
as a result of mutual distribution of a large number of pores and bone scaffolds.
For the study of the mechanical properties of the bone, there is a demand to
generated microstructures comparable to trabecular bone with similar charac-
teristics. Internal structure of the trabecular and compact bone has a high impact
of their mechanical and biological character. The novel methodology for the
definition of three-dimensional geometries with the properties similar to natural
bone is presented. An algorithm uses a set of parameters to characterize ellip-
soids computed based on Finite Element Method (FEM). A comparative anal-
ysis of real trabecular bone samples and the corresponding generated models is
presented. Additional validation schemas are proposed. It is concluded that
computer-aided modelling appears to be an important tool in the study of the
mechanical behavior of bone microstructure.

Keywords: Microstructure modelling � Trabecular bone � Porous structure

1 Introduction

The obtainment of precise information about the three-dimensional microstructure of a
trabecular bone is a serious challenge in tissue engineering. Micro-computed tomog-
raphy (µCT) is the most commonly used imaging technique with the great resolution
and sensitivity. Despite the high cost of the measurement and the difficulties in
obtaining sufficiently large and representative samples, it becoming more accessible
and popular as the research tool. However, if it is necessary to characterize the large
number of structures, with certain material and geometric properties, this technique
may be insufficient. An approach of computer-generating microstructures, corre-
sponding to samples obtained in µCT should me more profitable. Generation of the
structure is developed by algorithm, which shall result in the structure corresponding to
the real one, either parametrically or visually. It should be emphasized that there is no
uniform approach necessary to obtain a geometric structure of any type, therefore, in
every particular case, the individual characteristics of the material shall be taken into
account.
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The idea of Digital Material Representation (DMR), successfully adapted in
materials science [1–3], has also started to be used for the modelling of the
microstructure of the trabecular bone, both in two-dimensional space using fractal
paradigm, percolations and cellular automata [4], spheres modelling [5], an adaptation
of non-periodic Voronoi diagrams [6], as well as in three dimensions, using identical,
duplicated and parametrized cell-based polygons [7–9]. These types of structures,
although they may ensure statistical correspondence, do not result in a models similar
to the microstructure of the trabecular bone, nor do they accurately reflect the real
micro-structure of the material in the explicit form. The approach proposed by the
author of the last-mentioned works, shows the main benefit of this type of modelling-
generating of artificial structures with an examination of the particular parameter
change impact on the mechanical properties of bone tissue. However, these investi-
gations covered the change of only some of the main parameters.

Generally, micro-structural modelling in combination with the Finite Element
Method (FEM) may allow us to determine the material properties of the bone samples
from different regions and topological variation. However, there are several combi-
nations of parameters, that are worth FEM testing, but they do not necessarily occur in
the measured bone samples. Works that utilize specific models defined directly with the
usage of the finite elements and the adaptation of them to modelling of the bones
structure are frequent [10–12]. Therefore, a novel model for the generation of
microstructures in parametric agreement with real samples was considered. This allows
us to enrich the traditional methods for the determination of the material properties
based on experimental tests with an entirely virtual process, covering digital material
definitions, numerical simulations and the digital analysis of the results. The models
that are generated parametrically, do not require µCT imaging characterization, because
the parameters can be chosen arbitrarily. Even though µCT scans can be the basis for
the calculations, and in the presented study, real samples of trabecular bone tissue, with
a cubic size of 5 mm, were used as a data for the Volumes of Interest (VOI), on which
the calculations were based on. Samples were prepared from the distal end of the
porcine femoral bone [13]. In this case, a voxel representation is used, that corresponds
to an image filled with three-dimensional pixels. Cross-sections from µCT scans with a
voxel size of 0.01 mm, used for the calculations, were segmented and binarized, fol-
lowing a previously developed semi-automated approach - see Janc et al. [14] for
details.

2 Materials and Methods

Subsequent stages in the form of an algorithm were designed to generate three-
dimensional models of trabecular bone. They can be formulated into four main parts:

1. characterization of the structure based on specific parameters,
2. selection of seed points distributions for the next step,
3. generation of geometries and locations of ellipsoids based on seed points,
4. transformation to the final microstructure in the voxel representation,

218 J. Kamiński et al.



and are described in detail in the subsections below. The procedure that implements the
defined objectives, can be consequently named by its parts as a: C(haracteristics)
D(istributions) E(llipsoids) V(oxels) Model.

2.1 Characteristics

In the first stage of the calculations, the structural parameters are defined. The Table 1
lists the main input parameters of the CDEV Model. The computations based on these
parameters are limited to the dimensions of the given VOI (with the given cubic size).
To select the best parameters defining the characteristics of the microstructure, there is
a need to describe the methods for their measurement. Since there are ways to use
three-dimensional methods developed for data from µCT, it is possible to organize
them according to the similar characteristics of the microstructure. However, none of
these methods are self-sufficient, and none of them can result in a full description of the
material - striving for what requires a selection of the most reliable of them. Both the
input parameters of the models, dedicated to creating virtual microstructures and ref-
erence parameters, that exist to describe samples from the trabecular bone, can be
assigned to the corresponding groups. In the work of Lespessailles et al. [15], the
authors divide all the different parameters into three main categories. The first of these
contains classical morphological parameters, defined for the first time in the work of
Parfitt et al. [16]. The second is constituted by parameters connected with the texture
and the last refers to the topological analysis.

Morphological Parameters
The bone volume fraction (BV/TV), is the ratio of the mineralized bone tissue volume
(BV) to the total volume (TV). The microstructural mass distribution for a given
sample is the linkage between volume density (q) with the actual density of the tissue
(qa) and porosity (n) in the following relation [17]:

n ¼ 1� q
qa

¼ TV � BV
TV

ð1Þ

Table 1. Main input parameters of the CDEV Model.

Parameter Description Class

BV_FRAC Percentage value of volume fraction (0.0,1.0)
TB_MEAN Averaged thickness of the foreground structure in pixels —

BA_RATIO Averaged ratio of the middle to the longest axis of ellipsoids (0.0,1.0)
CA_RATIO Averaged ratio of the shorter to the longest axis of ellipsoids (0.0,1.0)
DA_VALUE Degree of anisotropy, from isotropic to anisotropic (0.0,1.0)
DA_MID Middle axis of anisotropy, from transverse isotropic to orthotropic (0.0,1.0)
PT_DIST Averaged distance between seed points in pixels —
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Measurement of the volume fraction can be performed either in the voxel repre-
sentation or after surface reconstruction [18]. Two other ratios are connected with the
second of these methods: the bone surface to the bone volume (BS/BV) and the bone
surface to the total volume (BS/TV). Surface measurement is usually implemented
using a Marching Cubes algorithm, where BS is the sum of the areas of the triangles
from the surface mesh [19]. Classical parametrization also includes trabecular thickness
(Tb.Th), trabecular separation (Tb.Sp) and trabecular number (Tb.N). A method for the
model independent assessment of the thickness in three-dimensional images was pre-
sented by Hildebrand and Rüegsegger [20].

Textural Parameters
An analysis of the bone texture is generally made by measuring fractal dimension and
anisotropy. Fractal analysis, utilizing the box-counting method [21], typically produces
similar results for different samples, therefore it was not treated as a key parameter, but
only as a reference for completeness. The orientation of trabeculae in the bone depends
mainly on the mechanical load and can become anisotropic.

To determine the degree of anisotropy (DA), the mean intercept length
(MIL) method is usually used, where the number of intersections of the structure in all
directions are averaged [22, 23]. The ellipsoid, which describes the distribution of the
MIL orientations most accurately, is adjusted statistically to the resulting cloud. It
defines the fabric tensor, whose eigenvalues correspond to the lengths of the ellipsoid
principal axes, and the eigenvectors determine the orientation of the principal axes [24].
The numerical value of DA is calculated as:

DA ¼ 1� emin
emax

ð2Þ

where emin is the length of the shortest axis, and emax is the longest axis. As a result, 0 is
the value for the isotropic structures, and 1 for the entirely anisotropic materials. DA is
directly used as the main input parameter of the CDEV Model, from where the shortest
axis and the longest axis can be determined.

Topological Parameters
Topological analysis focuses on studying and counting interconnections and cycles
within the material, typically based on the skeletonization of the structure. In the
historical approach, parameters for that type of characterization were defined on the
basis of two opposite simplified models: rod-like for javelin-shaped and plate-like for
discus-shaped structures.

The Structure Model Index (SMI) was proposed as the standard for the estimation
of the rod-likeness and plate-likeness of a structure [25], measuring the change in the
surface area as the volume increases infinitesimally, yielding 0 for plate-, 3 for rod- and
4 for sphere-like geometries. This parameter, however, can give values below 0 in the
case of the trabecular bone, indicating ambiguous concave structure likeness. There-
fore, other parameters are defined as a replacement for the SMI method, which in itself
becomes only a reference.

A calculation of the Euler characteristic can give as a result the number of con-
nected structures in a network. This method measures connectivity for different parts of
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the material. This is reflected in the number of connections in the structure that can be
interrupted before the connection between two fragments will be lost [26, 27]. In the
CDEV Model, connectivity varies indirectly by determining the distance between the
seed points in the pixels, and Connectivity Density (Conn.D) parameter is associated
with a number of seed points and can be interpreted as a trabecular number per unit
volume.

2.2 Implementation

An original implementation of the described methodology was developed based on the
proprietary console applications and scripts, as well as community tools dedicated to
image processing and analysis. The CDEV Model was implemented using console
applications. These correspond to three classes in C++ language: Distributor, Ellip-
soider, Voxelizer. The cycle of data flow is complemented by using ImageJ tool, which
is the public domain, Java-based image processing distribution that provides extensi-
bility via plugins and recordable macros.

In Fig. 1 the data flow for the methodology, was illustrated, containing a processing
pipeline for the ImageJ, starting from the cross-sections and ending with the 3D
reconstruction after usage of the filters and structural analysis. The final microstructure
can be exported to commonly used STL and U3D file formats, containing a triangular
representation of a three-dimensional surface geometry.

3 Results and Observations

Properties of the CDEV Model have been tested and their effectiveness has been
demonstrated using several attempts. The parameters of the CDEV Model were further
tested in the case of the solid phase. Properties should be averaged over a representative

Fig. 1. Data flow diagram between ImageJ and CDEV tools: Distributor, Ellipsoider, Voxelizer.
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volume, that for the trabecular bone should contain at least five middle distances
between the trabeculae, which corresponds to the size of at least 3–5 mm [28].
Therefore, a comparative analysis of parameters and structures was carried for VOI
cubic sizes equal to 5 mm. The parameters of the characteristics were noted for the
corresponding samples and models:

1. morphological: BV/TV, Tb.Th [mm], Tb.Sp [mm], BS [mm2],
2. topological: SMI, Plat.BA, Plat.CA, Conn.D [mm−3],
3. textural: DA, FD.

3.1 Case Studies

In Fig. 2 a sequence of images for various case studies for the solid phase is presented.
The algorithm can generate varied structures, with a view to: porosity (low, mid, and
high), degree of anisotropy (isotropic, transverse isotropic, orthotropic) and model
likeness (plate-like, plate/rod-like, rod-like and sphere-like).

An algorithm can be also utilized for the generation of space phase which is
equivalent to the binary inverse of the structures obtained using the above approach. It
can be used in the situations where the first method would not work as expected,
probably in the cases of high percentage of plate-like fraction in structure, where pores
are similar to ellipsoidal voids. In Fig. 3 a sequence of images for various sets of

Fig. 2. Generated case studies: porosity (a–c), degree of anisotropy (d–f), model likeness (g–i).
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parameters in the case of space phase is presented. Varied structures can be generated
with different sizes of pores (small, medium, large, and mixed).

3.2 Parameters Tests

Although the interpretation of morphological parameters is similar for both the solid
and space phase, ambiguities of interpretation in relation to topological and textural
parameters for the latter case appear. Furthermore, the former case covers a wider range
of structural combinations, that are possible to obtain, thus it is more flexible, and was
subjected to further testing, and the comparative analysis part. Tables 2 and 3 show
values for the parameters of the CDEV Model as an input and parameters of the
characteristics as an output, for testing purposes. All tests were performed using 5 mm
VOI cubic size and the same sequences of erosion and dilation filters.

The CDEV Model behaves as expected during the tests of the parameters,
demonstrating the following behavior for input parameters and output parameters in
Table 4.

Fig. 3. Case studies for the generation of space phase with different size of the pores

Table 2. Input parameters for the CDEV Model testing purposes.

BV_FRAC TB_MEAN BA_RATIO CA_RATIO DA_VALUE DA_MID PT_DIST

0.250 12.500 0.500 0.259 0.800 0.100 29.412

Table 3. Output parameters for the CDEV Model testing purposes.

BV/TV Tb.Th
[mm]

Tb.Sp
[mm]

BS
[mm2]

SMI Plat. BA Plat. CA Conn.D
[mm−3]

DA FD

0.213 0.121 0.324 595.043 2.923 0.616 0.361 15.724 0.541 2.707
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3.3 Model Analysis

Additional usage of opening filtering (erosion and dilation sequences) for the models
was performed, which increases connectivity and at the same time increases porosity.
Therefore, in the next step additional dilation filtering was performed and input
parameters were scaled, appropriately. For every structure, results for 3 corresponding
models (a, b, c) and averages (abc) were noted. These models stand for:

• a - low values of standard deviations (for thickness, ratios, anisotropy and seed
point coordinate randomization),

• b - high values of standard deviations,
• c - high values of standard deviations and additional usage of gaussian filtering, that

smooths structures after the usage of erosion and dilation sequences.

Tables 4 and 5 show comparison of the input and output parameters for a 4 samples
of the CDEV Model (Table 6).

Table 4. Relation between input and out parameters

Input parameter Input value Output parameter Output value

BV_FRAC 0.300 BV/TV 0.254
TB_MEAN 13.333 Tb.Th 0.131
BA_RATIO 0.479 SMI 2.832
CA_RATIO 0.230 Plat.BA 0.602

Plat.CA 0.341
BA_RATIO 0.543 SMI 2.832
CA_RATIO 0.296 Plat.BA 0.602

Plat.CA 0.341
DA_VALUE 0.900 DA 0.666
DA_MID 0.500 DA 0.625
PT_DIST 27.273 Tb.Sp 0.295

Conn.D 19.079

Table 5. CDEV Model parameters for generated models (5 mm VOI)—with sequences of
filters.

Name Filters BV_FRAC TB_MEAN BA_RATIO CA_RATIO DA_VALUE DA_MID PT_DIST

Model4a 5E 6D 0.287 12.600 0.500 0.222 0.910 0.100 31.250

Model4b 6E 7D 0.245 10.000 0.500 0.205 0.900 0.100 27.778

Model4c 5E 6D 100G 0.237 7.500 0.614 0.137 0.900 0.100 29.412

Model5a 5E 6D 0.214 12.000 0.500 0.263 0.730 0.200 29.412

Model5b 6E 7D 0.190 10.000 0.500 0.263 0.800 0.200 27.778

Model5c 5E 6D 100G 0.195 7.500 0.528 0.140 0.800 0.100 29.412

Model6a 5E 6D 0.287 12.800 0.502 0.275 0.914 0.100 27.778

Model6b 6E 7D 0.287 12.800 0.502 0.275 0.914 0.100 27.770

Model6c 5E 6D 100G 0.240 7.400 0.564 0.140 0.840 0.100 29.412

Model7a 5E 6D 0.220 12.000 0.500 0.260 0.770 0.100 29.412

Model7b 6E 7D 0.240 11.200 0.502 0.225 0.800 0.100 29.412

Model7c 5E 6D 100G 0.180 7.400 0.601 0.154 0.770 0.100 29.412
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Conclusions of the results are as follow:

1. Morphological parameters:

• intentional focus on very good compatibility for the main parameters: BV/TV,
Tb.Th, BS,

• intentional reduction of the distance between the seed points for better con-
nectivity values, resulting in too low a Tb.Sp value;

2. Topological parameters:

• treatment of the first group as key parameters for overall compliance results in
satisfactory comparability of Conn.D received for structures with relatively
medium and good connectivity,

• the problem of achieving high values of connectivity, while complying with the
other parameters, appeared,

• alongside with very good compatibility of Plat.BA, problems with Plat.CA, and
consequently SMI, as a result of applying filters;

Table 6. Parameters comparison for samples and generated models (5 mm VOI). Parameters of
the characteristics were divided into three groups.

Name BV/TV Tb.Th
[mm]

Tb.Sp
[mm]

BS
[mm2]

SMI Plat.
BA

Plast.
CA

Conn.D
[mm2]

DA FD

Sample4 0.254 0.125 0.367 697.173 1.528 0.614 0.259 16.914 0.710 2.079
Model4a 0.249 0.121 0.273 678.193 2.387 0.615 0.322 16.580 0.716 2.751

Model4b 0.237 0.123 0.298 628.014 2.483 0.608 0.325 17.694 0.693 2.710
Model4c 0.252 0.143 0.319 626.626 2.173 0.575 0.290 14.148 0.733 2.714
Model4abc 0.246 0.129 0.279 644.277 2.348 0.599 0.312 16.141 0.714 2.725

Sample5 0.167 0.108 0.524 535.304 1.887 0.608 0.232 21.913 0.562 2.590
Model5a 0.167 0.093 0.285 529.726 3.474 0.581 0.328 17.758 0.557 2.705

Model5b 0.164 0.110 0.374 466.717 3.087 0.625 0.367 11.008 0.559 2.647
Model5c 0.204 0.141 0.465 512.629 2.418 0.597 0.322 11.691 0.518 2.723
Model5abc 0.178 0.115 0.375 503.024 2.993 0.601 0.339 13.486 0.545 2.692

Sample6 0.245 0.135 0.403 652.772 1.645 0.589 0.248 27.299 0.648 2.686
Model6a 0.236 0.120 0.263 674.247 2.807 0.583 0.345 18.713 0.720 2.756

Model6b 0.242 0.137 0.320 616.122 2.614 0.612 0.354 14.924 0.651 2.718
Model6c 0.277 0.157 0.327 645.055 2.020 0.584 0.309 11.691 0.609 2.717
Model6abc 0.252 0.138 0.303 645.138 2.480 0.593 0.336 13.486 0.660 2.730

Sample7 0.180 0.112 0.436 575.351 2.234 0.588 0.255 30.011 0.567 2.638
Model7a 0.181 0.090 0.278 585.124 3.080 0.582 0.306 27.462 0.559 2.723

Model7b 0.206 0.106 0.293 611.757 2.764 0.618 0.333 19.180 0.597 2.723
Model7c 0.179 0.102 0.336 489.514 2.723 0.623 0.310 16.140 0.569 2.684
Model7abc 0.189 0.099 0.302 562.132 2.856 0.608 0.316 20.827 0.575 2.710
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3. Textural parameters:

• good compatibility of the DA value, also evidenced in the anisotropy of the
three-dimensional structures,

• natural good compatibility for FD, despite the fact that it was not directly taken
into account in the model.

Incompatibilities in the case of SMI and Plat.CA, and also Tb.Sp values, can be
reduced using greater values for deviations (randomizing structures) at first, and then
use a gaussian filter and the associated reduction of the parameter Tb.Th, which refers
to the definition of the models. This leads to a satisfactory convergence for the
parameters and allows for the corresponding three-dimensional structures to be visually
consistent (after the smoothing following applying a sequence of erosions and dila-
tions). Finally, a high level of compliance for morphological and textural parameters,
and relatively good compliance for topological parameters was achieved.

4 Discussion and Conclusion

The presented study is comparable to that of natural trabecular bone studies conducted
by previous researchers. Although the authors had to take into account all the key
parameters for trabecular bone microstructure from the literature, there may be other
parameters to be considered, because only the appropriate combination of several
indices will lead to success. Also, further validation is due to be implemented, focusing
mainly on FEM and Additive Fabrication. It seems, however, that the presented
approach can be used at this stage in several applications, also for other materials
than bone.

4.1 Validation

Further validation can be done in a variety ways. A geometric comparative analysis,
which was discussed above, can be applied to greater number of real samples, from
various - other than from long bone - locations (for example a vertebral bone). Also,
more diversified artificial structures can be defined to obtain. The study further suggests
that the periodicity for obtained three-dimensional structures appears to be very useful.
Such a repeatable model can be utilized as a Representative Volume Element (RVE),
and greater VOI can be produced, than commonly could not be scanned in this case
using µCT.

After FEM validation, enlarged replicas of the three-dimensional microstructures
from the STL files can be sent directly to the Additive Fabrication tools, known as 3D
printers. Continuously developed and accelerated techniques for making physical
models are associated with an important aspect of the validation of computational
models. In the case of the CDEV Model, various shapes for VOI (rectangular, cylin-
drical, and spherical) can be produced [29], and also mechanical testing, for example
compression, can be performed [30]. To eliminate the effects of the surface and get
well-reproduced models, the linear scaling of sizes is utilized to obtain the
microstructure enlarged tens of times.

226 J. Kamiński et al.



4.2 Summary

To summarize, it should be noted that the three-dimensional structures generated using
the presented approach, reflect the expected characteristics of real bone samples at a
satisfactory level, but they can also be used to produce structures beyond the scope of
realistic parameters. The algorithm of the CDEV Model takes into account the most
important parameters with the same weight, and additionally creates the possibility of a
stronger compliance of certain parameters, at the expense of others. The auxiliary filters
for the binarized cross-sections, discussed above, allow for the achievement of realistic
three-dimensional reconstructions that can be used in many different ways, discussed
above. A proposed solution in the form of the tools and scripts is freely available, and
the use of parallel computations allow for obtainment of the representative VOI in a
relatively fast way. The presented case studies demonstrate the flexibility of the CDEV
Model, but the model itself cannot be treated as a universal algorithm. However, it is
expected that the presented study can be applicable in a wide range of applications and
may stimulate the interest of the investigators from various disciplines.
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Abstract. For mammogram image analysis, feature extraction is the
most crucial step when machine learning techniques are applied. In this
paper, we propose RMID (Radon-based Multi-resolution Image Descrip-
tor), a novel image descriptor for mammogram mass classification, which
perform efficiently without any clinical information. For the present
experimental framework, we found that, in terms of area under the ROC
curve (AUC), the proposed RMID outperforms, upto some extent, previ-
ous reported experiments using histogram based hand-crafted methods,
namely Histogram of Oriented Gradient (HOG) and Histogram of Gra-
dient Divergence (HGD) and also Convolution Neural Network (CNN).
We also found that the highest AUC value (0.986) is obtained when using
only the carniocaudal (CC) view compared to when using only the medi-
olateral oblique (MLO) (0.738) or combining both views (0.838). These
results thus proves the effectiveness of CC view over MLO for better
mammogram mass classification.

Keywords: Image descriptor · Mammogram image · Breast cancer ·
Classification

1 Introduction

Breast Cancer is the most frequent cancer among women, impacting over 1.5
million women each year and is also the cause of the highest number of cancer
related death among women. In 2015, 570,000 women died from breast cancer
– which is approximately 15% of all cancer deaths among women [1]. If breast
cancer is early detected, it is one of the most treatable types of cancer. The
primary imaging modality for breast cancer is done by a low cost X-Ray based
technique which is known as mammography. Based on the processing modalities,
mammography can be classified into two types: (i) Screen Film Mammography
(SFM) and (ii) Full Field Digital Mammography (FFDM). For SFM, images
are captured on the film, whereas for FFDM, images are directly stored in the
digital computer. As per the reported study in literature [2,3], both type of mam-
mography, have almost equal ability to detect suspicious lesions in the breast.
The present work deals with the SFM images which are available through the
c© Springer Nature Switzerland AG 2020
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BCDR-F03 dataset [27,29], one of the latest breast imaging film mammography
benchmark datasets.

In recent years many computational approaches have been proposed for com-
puter assisted diagnostic of breast cancer; these methods are known as Computer
Aided Diagnostic methods or, in short, CAD [4]. A double checking procedure
by radiologists is normally used to reduce the number of false-negative cases,
but this has an obvious cost associated as the number of radiologists are not in
general adequate in our health centres. Alternatively, a CAD system can help
one radiologist to verify her/his observations with the result of the automated
system without requiring another radiologist in the same place. That is why the
importance of developing CAD system is in demand.

Presently various CAD systems have been proposed in the literature. The
general framework for a traditional CAD system consists of three parts: (i) pre-
processing the mammogram images for ROI extraction, (ii) feature extraction
and finally (iii) classification. Recently, deep learning based approaches are also
reported in literature which replaces the extraction of hand-crafted features by
combining step (ii) and (iii) in a single stage. In literature works are reported
where image descriptors are combined with clinical information for better clas-
sification accuracy [4]. The present work focuses on an image descriptor based
classification of masses from mammogram images. We have not considered any
clinical information.

Among the reported image descriptors, Constantinidis et al. [5] and
Belkasim et al. [6] considered the Zernike moment based descriptor to classify
masses; texture based classification of calcification and masses using Haralick
features [7] was reported by different authors [8–12]. Haralick texture features
were employed in other areas of medical imaging also [13] and a comparison of
texture features and a deep learning approach is reported in [14]. Wavelet [15,16]
and curvelet [17] analysis based feature descriptors are also used by different
authors and combination of intensity and texture descriptors was explored by
Ramos et al. [18]. Histogram of oriented gradient (HOG) based features was
employed along with the clinical information for mammogram image classifica-
tion by Moura and Guevara [4] and Arevalo et al. [29] used a convolution neural
network to separate malignant and benign masses without using any clinical
information reporting the effectiveness of a deep learning based approach over
the traditional hand-crafted one.

In this paper, we propose a novel image descriptor based on radon trans-
form over multi-resolution images. The block diagram of the proposed method
is shown in Fig. 1. First film mammogram dataset is considered and images are
categorized based on CC and MLO views; ROI are then extracted and their con-
trast is enhanced; next step computes a feature vector, followed by classification
and performance comparison of multiple classifiers.

The rest of the paper is organized as follows: the contributions are reported in
Sect. 2 where we discuss about the proposed RMID and the design of classifiers;
experimental details are reported in Sect. 3, which include dataset description,
experimental setup and results with a comparative study. Finally we conclude
the paper in Sect. 4.
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Fig. 1. Block diagram of the proposed method

2 Contribution Outline

As mentioned earlier, we propose RMID, a novel feature descriptor for classifi-
cation of mammogram masses. In particular, our target is to classify malignant
and benign masses from mammogram images using this novel image descriptor.
We describe RMID in detail in the following sub section.

2.1 RMID Principals and Design

RMID uses the concepts of radon transform and multi-resolution analysis. The
basic principal of these techniques are described below.

Radon Transform. Radon transform is an integral transform that consists of
a set of projections of a pattern at different angles [19], as illustrated in Fig. 2
where, the part (a) shows the projection principal and part (b) shows different
angles considered for the present work. It is a mapping of a function f(x, y) to
another function fR(x, y) defined on the 2D space of lines in the plane, whose
value at a particular line is equal to the line integral of the function over that
line for the given set of angles. In other words, the radon transform of a pattern
f(x, y) and for a given set of angles may be assumed as the projection of all
non-zero points. The projection output is the sum of the non-zero points for the
image pattern in each direction (angle between 0 to π). Finally it results forming
a matrix. The matrix elements are related to the integral of f(x, y) over a line
Lin(ρ, θ) defined by ρ = x cos θ + y sin θ and can formally be expressed as

fR(ρ, θ) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y)δ(x cos θ + y sin θ − ρ)dxdy
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where δ(.) is the Dirac delta function, δ(x) = 1, if x = 0 and 0 otherwise. Also,
θ ∈ [0, π] and ρ ∈] − ∞,∞[. For the radon transform, Lini be in normal form
(ρi, θi).

Fig. 2. Illustrating the radon transform theory: (a) generation of radon spectrum,
(b) different angular directions considered for the present work to compute the line
integral.

Multi-resolution Analysis. The time-frequency response of a signal (for
present work it is an image) is represented through wavelet transform.
Daubechies wavelets [20], which belongs to the family of discrete wavelet tech-
niques, are used for the present work. Wavelets are used for multi-resolution anal-
ysis and their advantage includes: computational ease with minimum resource
and time requirements. These orthogonal wavelets are characterized by maxi-
mum number of vanishing moments for some given support. We decompose an
image into different frequencies with different resolutions for further analysis.
The family of Daubechies wavelet is denoted as ‘dbN ’, where the wavelet family
is denoted by the term ‘db’ and the number of vanishing moments is represented
by ‘N ’. An image can be represented by the combination of different compo-
nents of different coefficients. For the present work, the wavelet decomposition
has been done at level 1 for db1, db2 and db3 which capture the constant, linear
and quadratic coefficients of an image component. Four sub-band images namely,
approximation coefficients (cA), horizontal coefficients (cH ), vertical coefficients
(cV ), and diagonal coefficients (cD) are generated by this process for each of
the db1, db2 and db3 part, resulting a total of 12 sub-band images.

Design of RMID. RMID is developed by combining the idea of radon trans-
form over multi-resolution analysis. The texture pattern of benign and malignant
masses are different. The malignant mass region has more irregular in compari-
son to benign masses whose boundary regions are more regular in shape. Radon
transform computes the line integral of a set of pixels over a specified direction.
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So, if we compute radon transform on benign and malignant masses the line
integral value will be different for each case. Figure 3 shows the radon spectrum
of benign and malignant masses: Fig. 3(a) is a benign mass and its radon spec-
trum is shown in Fig. 3(c); Fig. 3(b) is a malignant mass and its radon spectrum
is shown in Fig. 3(d).

There are several methods available for image decomposition like, divide
by “n” and quad-tree decomposition among others. Here, we chose wavelet, as
different directional approximation can be done through wavelet decomposition.
From each of the sub-band images i.e. on cA, cH, cV and cD, we compute
the radon spectrum. Finally, statistical values are computed from those radon-
wavelet spectrum which are used to construct the feature vector.

Fig. 3. ROI extracted from mammogram images and their radon spectrum (a) benign
mass, (b) malignant mass, (c) radon spectrum of figure a, (d) radon spectrum of figure b

Feature Vector Generation. In what follows, we summarize the generation
of feature vector using RMID:

– First, ROIs were extracted from the original mammogram images and con-
trast enhancement was done on each ROI. The enhanced ROI was then stored
as a gray-scale image.

– Wavelet decomposition at level 1 was done using Daubechies method for db1,
db2 and db3. This step generates 04 sub band images for each coefficients
resulting a total of 12 sub-band images.
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– Radon transform is applied on the original ROI image and each of the 12
sub-band images generated on the previous step. At this step we generate a
total of 13 radon spectrum.

– From each of the 13 radon spectrum we compute one energy and three statis-
tical features value. Altogether this step generates 52 features (04 × 13).
Then, we compute 04 statistical features namely: entropy, mean, stan-
dard deviation and maximum coefficient of radon spectrum from the orig-
inal gray-scale image too, so overall we get a feature vector of dimension
56 (52 + 04).

2.2 Classifiers

In our study, six different classifiers were used to train and classify the masses.
They are Bayesian network (BN), Linear discriminant analysis (LDA), Logis-
tic, Support vector machine (SVM), Multilayer perceptron (MLP) and Random
Forest (RF). We compare the performance of these classifiers to find the best
one. These classifiers are briefly explained below.

Bayesian Network. For the Bayesian network (BN) we used K2, a hill-climbing
technique which is a famous score-based algorithm that recovers the underlying
distribution in the form of directed acyclic graph efficiently. Details can be found
in [23].

Linear Discriminant Analysis. In linear discriminant analysis [24], we model
the data as a set of multivariate normal distributions where a common covariance
matrix exist with different mean vectors for different classes. LDA partition the
feature-space by using a hyper-plane (HP), where two sides of the HP represent
two classes. The class pattern is determined from the test dataset based on which
side of the plane the classes lie.

Logistic. Logistic regression is used as a classification algorithm to assign obser-
vations to a discrete set of classes. The logistic classifier transforms its output
using a logistic function (sigmoid) and returns a probability value. This proba-
bility value is then mapped into two or more classes [25].

Support Vector Machine. SVM classifies the data by constructing a hyper-
plane (HP) on the high dimensional feature space. Different linear and non linear
kernels can be used. For the present work, we used SVM tuned by a linear kernel
since it’s fast and presented promising results.

Multilayer Perceptron. MLP is one of the most widely used classifiers. Here,
the chosen configuration was 56-hl-2, where 56 is the number of feature values,
hl is the number of nodes in the hidden layer and 2 is the number of classes.
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hl can be determined empirically, by considering it as a function of the feature
dimension (fifty six) and output classes (two). In our experiment the value of hl
is considered as 29, i.e (56 + 2)/2.

Random Forest. Theoretically, a random forest is defined as a collection of
unpruned decision trees which are trained on bootstrap samples using random
feature selection in the tree generation process. Among a large number of gener-
ated trees, each tree votes for a popular class and, by combining all, a decision
is taken [26].

3 Experiments

3.1 Dataset and Pre-processing

A benchmark film mammography dataset known as BCDR-F03 [28,29] from the
Breast Cancer Digital Repository, a wide-ranging public repository composed of
Breast Cancer patients’ cases from Portugal [4], was used in our experiment. The
BCDR-F03 is one of the latest benchmarked film mammography dataset which
consists of 668 film mammogram images. Out of these 668 image there are 736
biopsy proven masses containing 426 benign masses and 310 malignant masses
from 344 patients. Thus, in many cases a single image contains more than one
masses.

For present work, we have considered one mass per image having a total of
668 masses. Out of these 668 masses, 662 images are considered for classification
after removal of few extremely low resolution images. The samples provided
are available in two different views namely carniocaudal (CC) and mediolateral
oblique (MLO) view. In our data we have 328 CC views and 334 MLO views
(almost equal ratio for fair comparison). Figure 4 shows different mammogram
views with the lesions marked.

Fig. 4. Different mammogram views, (a) LCC, (b) LO, (c) RCC, (d) RO. The green
boundary is the ROI.
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The pre-processing step includes (i) ROI extraction and (ii) contrast enhance-
ment. ROI was extracted based on the information provided by the radiologist;
an annotated file with the ROI coordinate information is provided along with
the BCDR-F03 dataset. Using automated techniques ROIs were extracted and
stored in separate folders based on different view types. Further, they were cat-
egorized into two class folders namely benign and malignant. Next, ROIs con-
trast enhancement was performed since original film mammograms are of very
low contrast due to several factors (poor lighting condition, orientation, etc.);
contrast is enhanced by subtracting the mean of the intensities in the image to
each pixel. Figure 5 shows one original ROI and its contrast enhanced version.

Fig. 5. Contrast enhancement, (a) original low contrast ROI, (b) contrast enhanced
image

3.2 Evaluation Metrics

To measure the performance of the system, we use the Area Under the Curve
of the Receiver Operator Characteristic (AUC). The ROC curve is created by
plotting the true positive rate against the false positive rate. The AUC is a
measure of discrimination also used in previous works on this dataset [4,29],
allowing then to make a comparison with our method.

3.3 Evaluation Strategy and System Configuration

We carried out three different type of tests: (i) mammogram mass classification
from CC view, (ii) mammogram mass classification from MLO view and (iii)
mammogram mass classification with both views combined. In each case, the
dataset was divided into 60:40 ratio (60% data for training and rest 40% for
testing), following the split of previous works for fair comparison [4,27,29].

Regarding the resources, all experiments were carried out using MATLAB
2017b software in a system with 2.8 GHz CPU, 8 GB RAM, 4 GB NVIDIA GPU.
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3.4 Results and Analysis

In the present work, we not only propose a novel image descriptor for mammo-
gram mass classification but also study the performance of different classifiers. In
addition, the analysis of which image view is better for mass classification is also
done. Table 1 shows the performance of six different classifiers (BN, LDA, Logis-
tic, SVM, MLP and RF) for three different mammogram views: CC, MLO and
both combined (best values are presented in bold face). From the first column
of the table, which shows the output of the CC view, LDA and RF perform best
with 0.986 AUC among the six classifiers. For the MLO view, RF shows the high-
est AUC of 0.738 and when both the views are combined (i.e. all images of CC
and MLO are considered together) RF also shows highest AUC of 0.838. Given
these results, it is possible conclude that RF is the best performer irrespective
of image view.

Table 1. Mammogram mass classification results for CC, MLO and combined
(CC + MLO) views on test dataset measured in AUC

Classifier CC MLO CC + MLO

Bayesian Network (BN) 0.934 0.690 0.816

Linear Discriminant Analaysis (LDA) 0.986 0.672 0.807

Logistic 0.958 0.674 0.811

Support Vector Machine (SVM) 0.977 0.682 0.783

Multilayer Perceptron (MLP) 0.985 0.618 0.813

Random Forest (RF) 0.986 0.738 0.838

Previous Relevant Work – Analogy. Prior to this study, Moura et al. [4]
proposed one histogram based image descriptor known as HGD and tested the
method on the BCDR-F01 dataset, which is a subset of the BCDR-F03. They
reported the highest AUC of 0.787 by HDG and 0.770 by traditional HOG.
Nonetheless, these results are not solely based on image descriptor as clinical
information was also used. Recently, Arevalo et al. [27,29] proposed a deep
learning based approach on BCDR-F03 dataset. Applying a convolution neu-
ral network (CNN) they obtained a AUC of 0.822; then, using CNN combined
with the hand-crafted HGD features, the overall AUC was boosted upto 0.826,
showing an improvement of 0.40%. Nonetheless, these two works are not com-
parable in true sense as different experimental framework were considered, i.e.
for [4], a 80:20 data split for training and testing was considered while for [27,29]
the split was 60:40.

Table 2 shows the results reported and allows a qualitative comparison to our
method (based on the present experimental consideration and framework). The
proposed RMID performs significantly well without any clinical information as
compared to the traditional approaches, thus proving the effectiveness of RMID
as image descriptor for mass classification.
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Table 2. Performance comparison of proposed technique with baseline results
(CC + MLO views combined)

Methods AUC

Hand-crafted techniques [4] HOG 0.770

HGD 0.787

Deep-learning based approach [27,29] CNN 0.822

Deep learning + Hand-crafted techniques [29] CNN + HDG 0.826

Proposed method RMID 0.838

4 Conclusions and Future Work

No doubt, automated diagnostics of breast cancer from mammogram images will
support the radiologists by double checking their observations. Several methods
are proposed in the literature for mammogram mass classifications from film
mammogram images, but most of the time these descriptors show promising
performance if combined with clinical information. In the present work, we pro-
pose a novel image descriptor which performs well without clinical information.
The proposed RMID along with the random forest classifier shows an AUC of
0.986 for CC view, 0.738 for MLO view and 0.838 for the combined view. For
mammogram mass classification the CC view is more effective than MLO one.
In this experiment, we found that, CC view shows a 33.60% improvement over
MLO.

To support the conclusions drawn on this work, namely the superiority of
RMID descriptor and the different discriminating powers of the CC and MLO
views, our plan for future work includes evaluating the performance of the pro-
posed descriptor on other publicly available film mammogram datasets and per-
forming a statistical analysis over the results. Further, we intend to compare the
performance of digital mammography and film mammography and observe the
performance of RMID along with the clinical information.
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Abstract. The music industry has come a long way since its incep-
tion. Music producers have also adhered to modern technology to infuse
life into their creations. Systems capable of separating sounds based
on sources especially vocals from songs have always been a necessity
which has gained attention from researchers as well. The challenge of
vocal separation elevates even more in the case of the multi-instrument
environment. It is essential for a system to be first able to detect that
whether a piece of music contains vocals or not prior to attempting source
separation. In this paper, such a system is proposed being tested on a
database of more than 99 h of instrumentals and songs. Using line spec-
tral frequency-based features, we have obtained the highest accuracy of
99.78% from among six different classifiers, viz. BayesNet, Support Vec-
tor Machine, Multi Layer Perceptron, LibLinear, Simple Logistic and
Decision Table.

Keywords: Background track · Vocals · Line spectral frequency ·
Framing

1 Introduction

Technology has had a profound impact in every sphere and the music industry
has not been an exception to this. Audio engineers now have various advanced
solutions to help them with music production. One of the primary require-
ments of musicians has always been for such a technology that can enable them
to separate background tracks from vocals. This can be extremely helpful for
acapella extraction for rearrangements. It can also help musicians in understand-
ing minute technicalities of background tracks who have little audio engineering
c© Springer Nature Switzerland AG 2020
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knowledge. The separation of vocals from music is itself a difficult task which
elevates even more in the case songs due to presence of multiple instruments. A
system of this sort can also help towards voice activity detection in songs as well
and aid the separation of individual instruments in songs for further analysis. It
is essential to be able to distinguish instrumentals from songs prior to extracting
instrumental portions from the songs and perform any kind of analysis.

In this paper, such a system is proposed which tries to segregate instrumentals
and songs using line spectral frequency (LSF)-based features. The system has
been pictorially illustrated in Fig. 1. It has been tested with multiple feature
dimensions and various classifiers whose details are presented in the subsequent
paragraphs.

In the rest of the paper, Sects. 2, 3 and 4 describe the related works, datasets
and proposed methodology, respectively. Section 5 highlights the details of the
results while conclusion and future work are presented in Sect. 6.

Fig. 1. Pictorial view of the system.

2 Related Work

Leung et al. [1] used a supervised variant of independent component analysis
namely ICA-FX for the task of segregating instrumentals and voices. They had
also used general likelihood ratio based distance and SVM based classification;
using 5 and 25 pop songs for training and testing respectively, they obtained a
highest individual accuracy of 80.04%. Chanrungutai et al. presented a system for
separating vocals from music with the aid of a non negative matrix factorization
based technique. They performed pitch extraction on the separated voices; their
data consisted of both real backing tracks as well as MIDI ones. A detailed
account of the results is presented in [2].

Rocamora et al. [3] studied various audio descriptors for the task of music
and voice segregation and concluded the fact that mel frequency cepstral
coefficient (MFCC)-based approach is the most appropriate. They also presented
a statistical classification technique with the help of a reduced descriptor set for
detecting voice in songs and obtained a highest accuracy of 78.5%. Hsu et al.
performed separation of music accompaniments and unvoiced singing voice on
the MIR-1K dataset. They followed the computational auditory scene analysis
framework in their experiments whose details are presented in [4].
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Rafii et al. [5] adopted a repetitive musical structure identification based
approach for segregating voice and music; they experimented with the MIR-1K
dataset and obtained a highest global normalized signal to distortion ratio of
1.11. On another work Rafii et al. [6] presented a system named REPET for the
task of speech and music separation; they experimented with 1000 song clips and
14 songs and extended the system to aid in the pre-processing stage for detecting
pitch to help in melody extraction. Liutkus et al. [7] further extended REPET
to handle background variations as well as long excerpts in order to process full
songs.

Ghosal et al. [8] adopted a random sample and consensus based approach
for the purpose of separating songs and instrumentals; they experimented on a
dataset of 300 instrumentals and songs each and obtained an accuracy of 95%.
Mauch et al. [9] obtained an accuracy of 89.8% for the task of instrumental solo
detection using a combination of four features in the thick of MFCC, pitch fluc-
tuation, MFCC of re-synthesised predominant voice and normalised amplitude
of harmonic partials.

3 Dataset Development

Data is an essential entity of any experiment. It is always important to ensure
that the dataset contains real life characteristics as far as possible. In our exper-
iment, audio clips of songs and instrumentals were extracted from various web-
sites like YouTube [10]. The top three languages of India namely English, Hindi
and Bangla [11] were considered in the case of songs. Songs of different genres
and timelines were chosen in order to ensure that the dataset covered various
qualities of songs in terms of rendering and audio engineering. The song clips had
either background music or sections of instrument only parts. Different artists
were chosen for collecting instrumental clips in order to get data of various types
like genre, playing style, tonality and technicality. Instrumental covers of vari-
ous songs, as well as original compositions using different instruments like guitar,
violin and piano, along with background music constituted the instrumental part
of the dataset.

This data was used to generate 4 datasets (D1–D4) having clips of lengths
5, 10, 15 and 20 s, respectively. The details of the generated datasets along with
that of the original data is presented in Table 1.

Table 1. Number of instrumental and song clips for the different datasets.

Datatset
(clip length)

Song

(49:19:48)

Instrumental
(49:50:15)

D1 (5 s) 35116 35718

D2 (10 s) 17362 17771

D3 (15 s) 11431 11798

D4 (20 s) 8500 8805
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4 Proposed Method

4.1 Pre Processing

The audio clips were split into smaller frames as the spectral characteristics tend
to show a lot of deviation for longer clips. The clips were partitioned into 256
sample point wide frames with a 100 point overlap as presented in [12]. Next, the
frames were subjected to a windowing function (Hamming Window as presented
in [13]) in order to get rid of the jitters which might lead to spectral leakage
at the time of frequency based analysis. The mathematical representation of
hamming window B(n) is given by Eq. (1) where the value of r ranges between
the frame boundary of size R

B(n) = 0.54 − 0.46 cos

(
2πr

R − 1

)
. (1)

4.2 Feature Extraction

Line spectral frequency [14] is a method for representing linear predictive coef-
ficients with better interpolation properties. Here, a signal is considered as the
output of an all pole filter (H(z)). The inverse filter of H(z) is represented by
Eq. 2, where r1, r2. . . rT designate the predictive coefficients up to the order T

R(z) = 1 + r1z
−1 + r2z

−2 + r3z
−3 + ...... + rT z−T . (2)

R(z) is decomposed into polynomials F (z) and G(z) as shown in Eq. 3 and
Eq. 4, respectively, whose zeros lie on the unit circle. They are also interlaced
with each other, thus helping in computation

F (z) = R(z) + z−(T+1)R(z−1) and (3)

G(z) = R(z) − z−(T+1)R(z−1). (4)

Each of the datasets were used for extraction of 5, 10, 15 and 20 dimen-
sional standard line spectral frequency features. Since the clips were of disparate
lengths, a disparate number of frames were produced for the clips, producing
features of disparate dimension. In order to tackle this problem, the band wise
sums for the energy values were computed which were then used to compute
the ratio of distribution of energy across the bands. Along with this, the band
numbers were also added to the feature set graded in descending order based on
total energy content.

It was experimentally found that a clip of just 2 s produced 880 frames; if a 5
dimensional LSF was extracted for the clip then a feature set of 4400 dimension
was obtained. However with the help of the proposed technique, this dimension
was brought down to just 10 (5 ratio distribution values and 5 band numbers).
Thus, LSF values of 5, 10, 15 and 20 dimensions produced even dimensional
feature sets of 10, 20, 30 and 40 dimensions which were independent of the
length of the clips. Trends of the feature values for the songs and instrumental
clips for the 40 dimensional features (best result) is presented in Fig. 2.
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Fig. 2. 40 dimensional feature values for (a) Song, (b) Instrumental

4.3 Classification

Each feature set for each datasets was fed into different classifiers popularly
used in pattern recognition problems in the thick of BayesNet (BN) [15], Sup-
port Vector Machine (SVM) [16], LibLinear (Lib) [17], Multi Layer Perceptron
(MLP) [21], Simple Logistic (SL) [18] and Decision Table (DT) [19].

BayesNet: is a bayesian classifier that makes use of a Bayes Network for learn-
ing with the aid of different quality parameters and search algorithms. The base
class provides data structures like conditional probability distributions, structure
of network, etc. and different facilities which are similar to that of the Bayesian
Network learning algorithm like K2.

Support Vector Machine: is a supervised learning algorithm that can be
used for classification as well as regression analysis. SVM builds a bi-class model
from a set of training instances and then associates each instance to either class.

LibLinear: is a functional and linear type of classifier which is suitable for either
large number of instances or large feature sets. It is also suitable for regression
problems.

Decision Table: is one of the simplest supervised learning algorithms; it con-
sists of 2 parts namely, schema which defines the features to be included in the
table and body which embodies the set of instances along with their feature
values and class labels.

Multi Layer Perceptron: is a feed forward variant of an artificial neural
network which maps an input and output set; it consists of nodes which are
connected by links having weights associated to it. It is one of the most popular
classifiers in pattern recognition problems.
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Simple Logistic: is a classifier used to build linear logistic regression models.
The classifier has a base learner associated with it along with number of iterations
which aids to automatically select attributes.

The extremely popular open source classification tool named Weka [20] was
used in the present experiment. We used 5 fold cross validation for all the clas-
sifiers with default parameters. The details of the obtained results are presented
in the subsequent section.

5 Result and Discussion

The accuracies obtained for datasets D1–D4 using different classifiers are pre-
sented in Tables 2, 3, 4 and 5.

Table 2. Obtained accuracies for D1 using different classifiers and feature dimensions.

Dimension BN MLP DT SL SVM Lib

10 83.38 86.22 86.51 84.86 84.86 84.86

20 67.01 72.83 72.92 61.71 88.15 57.37

30 69.47 72.36 71.82 61.53 72.21 50.69

40 95.30 99.78 94.96 62.36 73.01 54.55

Table 3. Obtained accuracies for D2 using different classifiers and feature dimensions.

Dimension BN MLP DT SL SVM Lib

10 67.38 69.08 72.06 60.24 64.57 60.24

20 75.351 92.51 94.42 64.64 96.89 62.47

30 89.62 94.96 96.62 62.16 94.98 57.03

40 98.27 98.18 96.76 73.97 61.21 52.27

Table 4. Obtained accuracies for D3 using different classifiers and feature dimensions.

Dimension BN MLP DT SL SVM Lib

10 67.53 70.26 71.73 60.61 61.89 60.62

20 78.56 99.30 99.04 61.97 99.31 59.56

30 93.27 97.44 97.36 61.49 92.55 52.84

40 99.57 99.52 94.13 89.91 59.67 72.56

From Table 2 it is observed that the highest and lowest accuracies of 99.78%
and 50.69% were obtained using MLP and LibLinear, respectively, which are the



Instrumentals/Songs Separation for Background Music Removal 247

Table 5. Obtained accuracies for D4 using different classifiers and feature dimensions.

Dimension BN MLP DT SL SVM Lib

10 85.25 85.26 85.42 60.77 84.19 60.63

20 83.55 96.32 96.51 69.11 96.16 66.51

30 90.97 99.39 97.47 62.62 95.53 51.77

40 90.97 92.58 90.93 70.43 64.85 61.84

overall best and worst results among all the classifiers with default parameters.
The same behaviour is found for D2 dataset as can be seen in Table 3; the highest
and lowest accuracies being 98.27% and 52.27%. On the other hand, for D3

(Table 4), the highest and lowest accuracies were 99.57% and 52.84%, obtained
using BayesNet and LibLinear, respectively. Highest and lowest accuracies of
99.39% and 51.77% were obtained using MLP and LibLinear, respectively for
D4 (Table 5).

Table 6 shows the highest and lowest accuracies obtained for all experiments
based on the feature dimension. It can be seen from the Table that LibLinear
produced the lowest accuracy for every feature dimension. It can also be observed
that the top 2 results were obtained using MLP on D1 (shortest clips in exper-
iment) and D4 (longest clips in experiment) which shows the effectiveness of
MLP.

Table 6. Highest and lowest accuracies obtained for all experiments based on feature
dimension along with the classifier and dataset.

Dimension Highest Lowest

10 86.51 (D1, DT) 60.24 (D2, SL; D2, Lib)

20 99.31 (D3, SVM) 57.37 (D1, Lib)

30 99.39 (D4, MLP) 50.69 (D1, Lib)

40 99.78 (D1, MLP) 52.27 (D2, Lib)

It is also observed from Tables 2, 3, 4 and 5 that highest accuracies of 99.57%,
99.31%, 84.86% were obtained for BayesNet, SVM and LibLinear respectively.
The lowest accuracies for the same classifiers were found to be 67.01%, 59.67%
and 50.69% respectively. In the case of MLP, Simple Logistic and Decision Table,
highest accuracies of 99.78%, 89.91% and 97.47% respectively were obtained.
The lowest accuracies for the same were found to be 69.08%, 60.24%, 71.73%
respectively.

Concluding, the classifiers can be organized in the following manner based
on their best performance: MLP, BayesNet, SVM, Decision Table, Simple Logis-
tic and LibLinear. MLP is very suitable for audio signal based applications as
demonstrated in [12,13,21] which is depicted in the obtained results as well.
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The confusion matrix for the best result (D1, MLP with 40 dimensional
features) is presented in Table 7 where it can be observed that 0.19% of the song
clips and 0.25% of the instrumental clips were confused with each other. One
possible reason for this is that during the generation of the dataset (splitting of
clips into shorter clips), some of the instrumental parts from the songs might
have got entirely isolated for the 5 s clips (it was observed that various songs
had instrumental sections of more than 5 s at a stretch) which interfered with
the trained model.

Table 7. Confusion matrix for D1 with 40 dimensional features using MLP showing
the number of correctly and misclassified instances.

Song Instrumental

Song 35051 65

Instrumental 89 35629

Since the best result was obtained for MLP, we further experimented with it
by varying the number of training iterations (ephocs); the obtained accuracies
are depicted in Table 8.

Table 8. Accuracies using MLP for D1 with 40 dimensional features for different
training iterations.

Iterations 100 200 300 400 500 600 700 800

Accuracy (%) 99.66 99.72 99.72 99.79 99.78 99.78 99.78 99.78

Iterations 900 1000 1100 1200 1300 1400 1500 1600

Accuracy (%) 99.79 99.80 99.79 99.80 99.80 99.80 99.79 99.80

Iterations 1700 1800 1900 2000 2100 2200 2300 2400

Accuracy (%) 99.80 99.81 99.81 99.81 99.80 99.81 99.80 99.81

From the Table it can be observed that the highest accuracy (99.81%) was
obtained for 1800 iterations and that value maintained for further iterations.
The confusion matrix for this experiment is presented in Table 9 where it can
be seen that the number of misclassified samples for both the classes decreased
with respect to the default configuration of MLP as shown in Table 7.

Table 9. Confusion matrix for D1 with 40 dimensional features using MLP at 1800
learning iterations.

Song Instrumental

Song 35052 64

Instrumental 74 35644
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We had further experimented by varying the number of folds in cross valida-
tion for the same setup (best accuracy with lowest number of training iterations);
the details are presented in Table 10. We had varied the number of folds for cross
validation from 2–10 to observe the performance of MLP for test and training
sets of different sizes. It can be seen from the Table that the best accuracy was
obtained for 5 and 7 folds which further decreased on increasing the number of
folds.

Table 10. Accuracies for different number of cross validation folds of cross using MLP
for D1 with 40 dimensional features and 1800 training iterations.

# Folds 2 3 4 5 6 7 8 9 10

Accur. (%) 99.36 99.75 99.69 99.81 99.71 99.81 99.78 99.75 99.73

5.1 Statistical Significance Tests

Friedman test [22] on the 40 dimensional feature set of D1 was carried out to
check for statistical significance. The dataset was divided into 5 parts (N) and
all the 6 classifiers (k) were involved in the test. The distribution of ranks and
accuracies are presented in Table 11.

Table 11. Rank and accuracies for parts of D1.

Classifiers Parts of D1 Mean rank

1 2 3 4 5

MLP Acc 99.64 99.99 99.98 100.0 99.92 1.8

Rank (3.0) (1.0) (2.0) (2.0) (1.0)

BN Acc 99.9 99.72 100.0 100.0 99.46 1.7

Rank (1.5) (2.0) (1.0) (2.0) (2.0)

SL Acc 99.9 61.8 78.45 99.97 75.81 3.9

Rank (1.5) (4.0) (5.0) (4.0) (5.0)

DT Acc 95.4 92.98 99.18 97.72 96.01 3.6

Rank (4.0) (3.0) (3.0) (5.0) (3.0)

SVM Acc 76.33 55.12 96.05 89.99 76.97 4.8

Rank (5.0) (5.0) (4.0) (6.0) (4.0)

Lib Acc 55.01 50.66 50.76 100.0 62.36 5.2

Rank (6.0) (6.0) (6.0) (2.0) (6.0)
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The Friedman statistic (χ2
F ) [22] was calculated with the help of Table 11

in accordance with Eq. 5 where Rj corresponds to the mean rank of the jth

classifier.

χ2
F =

12N

k(k + 1)

⎡
⎣∑

j

R2
j −

k(k + 1)2

4

⎤
⎦ . (5)

The critical values of χ2
F for the above setup was found to be 11.070 and

9.236 at significance levels of 0.05 and 0.10 respectively; we got a value of 15.54
for χ2

F thereby rejecting the null hypothesis.

6 Conclusion and Future Work

In this paper, a system for segregating instrumentals and songs is presented
using line spectral frequency based features. We have applied different popular
classifiers on the feature sets and obtained the highest result using MLP algo-
rithm. It was also observed that LibLinear produced most of the accuracies in
the lower side.

As future work we will experiment with a larger and more robust dataset and
observe the performance of various other classifiers. We will also experiment with
other machine learning techniques including deep learning based approaches and
use different features to further minimize the errors. We also plan to pre-process
the data for noise removal to make the system more robust which is critical for
live audio. The system will be further extended to detect instrument sections
from songs in real time to separate the vocals and instrument tracks.

Note. The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [23].
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Abstract. Recommendation systems play an important role in mod-
ern e-commerce services. The more relevant items are presented to the
user, the more likely s/he is to stay on a website and eventually make
a transaction. In this paper, we adapt some state-of-the-art methods for
determining similarities between text documents to content-based rec-
ommendations problem. The goal is to investigate variety of recommen-
dation methods using semantic text analysis techniques and compare
them to querying search engine index of documents. As a conclusion
we show, that there is no significant difference between examined meth-
ods. However using query based recommendations we need more precise
meta-data prepared by content creators. We compare these algorithms
on a database of product articles of the biggest e-commerce market-
place platform in Eastern Europe - Allegro. (The primary version of this
paper was presented at the 3rd Conference on Information Technology,
Systems Research and Computational Physics, 2–5 July 2018, Cracow,
Poland [4].)
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1 Introduction

Recommendation systems are commonly used in e-commerce services. Such sys-
tems give profit to both a user as well as a website owner. It allows the user to
get information s/he could not find in other case, or even know that such infor-
mation exists. Recommendations also attract users to a service, making them
more likely to buy products, increasing website company’s profit thereby. The
key issue of a recommendation generation process is how suggested items are
relevant to these which the user is interested in at the moment of browsing the
service.

Generally we can divide recommendation systems into two groups: collabora-
tive and content-based filtering. The first one assumes that a user is likely to be
interested in items which also other users similar to her or him were interested in.

c© Springer Nature Switzerland AG 2020
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In this paper we are focusing on the second group—content-based filtering—in
which recommended items are similar to those the user liked so far.

A detailed problem comes from the on-line buying and auction site Alle-
gro. Allegro—the biggest marketplace platform in Eastern Europe—contains a
section with text articles concerning products available via the platform. Next
to an article displayed by a user, there is a list of references to articles somehow
similar to the given one. Common resolution to such a problem is to use search
engine to find similar texts based on defined queries, keywords or a title manu-
ally attached to the given article. These short descriptions of texts should define
the overall content thus summarizing it in a very concise way.

In this paper we strive to check if some distributional semantic text analysis
methods, including newly proposed word embeddings, are able to supplement
query-based methods using search engine common algorithms. Examined meth-
ods are topic modeling methods: latent semantic analysis [2], latent Dirichlet
allocation [1] and some word embeddings methods: word2vec [6], fastText [3]
and GloVe [8] together with similarity metrics.

In Sect. 2 we make an analysis of an article dataset achieved from a e-
commerce platform and also we describe data preprocessing techniques we per-
formed. Section 3 is about methods used for building the model of text similarity,
how to use and evaluate this model. In Sect. 4 we present our results and try to
interpret them. The last section concludes the paper and proposes a direction of
future work.

2 Dataset

Our dataset was achieved form a widely-used e-commerce platform. It consists of
20 thousands text articles describing several categories of products available via
the platform. A single record consists of article contents and meta-data attached
by an author of the article. As significant meta-data we consider “category” and
“keywords”. Keywords are a set of words aiming to describe contents and help
the search engine in its search task. Categories are arranged in a tree hierarchy:
each article has assigned a list of categories ordered according to relations from
more general to the more precise ones (homonymy and hyperonymy).

All the articles are written in Polish. The vocabulary based on the articles
set contains many industry-specific words like brands and models names, books
titles and technical words. Moreover raw articles contain some tags responsible
for images and hyper-links present on the website.

A standard activity before building a model is to pre-process of a raw dataset
(Fig. 1).

The steps we performed as a preprocessing phase are as follows:

1. Cleansing the text from the redundant, previously mentioned tags. From the
viewpoint of semantic analysis they are useless or even noxious. That is why
we remove them using properly constructed regular expressions. An example
of such a tag is [2 new.jpg] (http: // (...)’2 new.jpg’) placing the
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Fig. 1. Preprocessing pipeline.

picture in the middle of the text (the content of the URL removed due to
confidentiality reasons).

2. Removal of stopwords—usually short words carrying very little information
about the actual document contents, e.g. “in”, “from”, “because” etc. Remov-
ing them reduces the number of words in a document and the processing time
thereby.

3. Converting all words of a document to lowercase letters. It helps to unify
words with the same meaning, but written using both uppercase and lowercase
letters, e.g. in the middle or at the beginning of a sentence.

4. Separating words connected with a hyphen. Experience at a later lemmati-
sation stage shows that the tool used for this purpose (Morfologik [7]) does
not cope with these types of words and leaves them in the unchanged gram-
matical form. This made it necessary to build our own tool that breaks such
words into sub-words compatible with the lemmatiser.

5. Tokenization and lemmatisation. This is the most important element of the
process. It performs separating text into individual words and converting the
words with the same meaning, and different grammatical form to the same
base form. Complexity of the Polish language and the number of exceptions
that this language has are making this problem harder than in many other
languages. To carry out this operation, we used the Morfologik tool [7].

The above steps lead the data to the state in which we can apply tech-
niques of text analysis. The dictionary built on the preprocessed corpus contains
98.174 unique words and 7.409.145 all words (with repetitions). The overwhelm-
ing majority of the words of the dictionary built on the corpus are the words
appearing rarely (Fig. 2).

Most common words are: “sam” (alone), “uwaga” (attention), “ważny”
(important), “należeć” (to belong), “wybrać” (to choose). The rarest words
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Fig. 2. Histogram of number of words occurrences in logarithmic scale.

include typos, very atypical words and brands or models. Most articles are of
similar length. An average article length is about 370 words (Fig. 3).

3 Methods

In our research we focused on word embeddings methods which we compared
with some well known topic modeling methods (lsi, lda) and the common method
of meta-keywords querying of a search engine (search engine used was Elastic-
Search). Word embeddings are techniques aimed at representing words as dense
vectors, usually of dimensionality between 50 up to 1000. Sudden increase of
popularity of word embedding methods started with introducing Word2Vec by
Mikolov et al. in 2013 [6]. This method converts words to vectors using a shallow
neural network and outperforms earlier approaches in terms of time complexity.
Besides basic Word2Vec we also examined a derivative method FastText and
similar one—GloVe.

3.1 Model Building

All models are built on preprocessed dataset received from Allegro. Word2Vec
authors offer a pre-trained model but only for English language. There exists a
pre-trained models for Polish language [9]. However we decided to train mod-
els independently using our entire articles corpus. Such a procedure allows to
have model of language more adequate to our particular domain of e-commerce
products and their characteristics descriptions. To be honest it introduces a lit-
tle bias into our tests because we train our language models on the dataset we
used to compare statistics. Yet analyzing literature we came to know that it is
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Fig. 3. Articles length histogram.

very important to have domain-specific language models. Thus using pre-trained
models from general sources like National Polish Corpus [12] or Wikipedia is not
sufficient to our task, because of possible lack of quite important words like
brand and model names etc.

Mostly we used default hyper-parameters that came with gensim [10] imple-
mentation of examined methods. The hyper-parameters we considered as key
ones were: number of topics (in case of topic modeling methods) and vectors
dimensionality (word embedding methods). The key hyper-parameters were cho-
sen based on preliminary automatic evaluation. Next, the best versions of every
method were compared using user evaluation schema.

Word embedding methods do conversion from words to vectors. In order to
compare whole documents we needed to represent documents as vectors. For
this purpose we examined two approaches. First one was a simple calculation of
an average of vectors being representation of words included in an article. The
second one was Word Mover’s Distance [5]. Unfortunately it turned out to be
too slow to be used in production system so we abandoned this technique.

3.2 Evaluation

Evaluation of recommendations generation methods is a nontrivial task. A degree
of similarity of two articles can be perceived differently by different persons. In
order to compare the results of the methods used to determine a similarity
between articles, a formalization of certain measures of this similarity was nec-
essary. To decide which recommendation method performs best with respect to
a given particular product article, we sum relevancies of n best articles recom-
mended by the method to that given article. Evaluation techniques we used differ
in the way of that relevancy determination.
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We measure relevancy of recommended articles in two ways as follows:

1. First one was based on meta-tags similarity: the more mutual categories or
keywords two articles had the more similar we consider them to be. E.g.
categories distance between two articles is a length of a common part of
paths from the root of the category tree to nodes representing the articles
(Fig. 4). Due to the fact that this technique is automatic and every article
has meta-tags attached we had no limits in use of this technique.

2. The second method we used is based on similarity ratings between pairs of
articles made by real users. For each tested method we choose 5 most similar
articles for 50 randomly chosen base articles. Next we split them into pairs:
base article—similar article; it gave us 5 ∗ 50 = 250 pairs for a method.
After that 5 persons individually evaluated a similarity of pairs of articles
giving scores in scale 1-10. Finally we took an average score for each pair and
it allowed us to calculate an average score for each method. Together with
tested methods we evaluated also simple search keywords query based method
(our baseline) and randomly generated pairs of articles just for a comparison
purpose.

Fig. 4. Sample category tree. In this example articles X and Y have two mutual cate-
gories.

4 Results and Discussion

In this section we present results of performed tests. As mentioned earlier, first
of all we chose some hyper-parameters values based on automatic evaluation
methods. Results featured in Figs. 5, 6, 7, 8 and 9 show that both categories and
keywords based evaluation methods give similar results. In every case both meth-
ods indicate the same hyper-parameter value as the one giving the best score.
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Categories-based method usually gives very similar results, however differ-
ences of keywords-based score between different hyper-parameters values reaches
up to 30%.

Fig. 5. Comparison of meta-tags based evaluation methods scores for LSI depending
on topics number.

Eventual hyperparameters values for particular methods we chose are con-
tained in below enumeration.

1. Latent semantic indexing [2] with 500 topics.
2. Latent Dirichlet allocation [1] with 900 topics.
3. Word2Vec [6] with 300 length vectors.
4. FastText [3] with 1000 length vectors.
5. GloVe [8] with 1000 length vectors.

In order to compare aforementioned methods we performed an evaluation
with users. The evaluated methods were: LSI, LDA, word2vec, GloVe, FastText,
our baseline—ElasticSearch-based method and randomly chosen pairs of articles
(Table 1).

User evaluation suggests that none of the tested methods is significantly dif-
ferent from others (Fig. 10). The difference between the best method (FastText)
and the worst one (LDA) is around 9%. Each of the tested methods also gave a
significantly better result than the random method.

To answer the question posed at the beginning of this work, i.e. whether the
examined text analysis methods adapted to content-based recommendation task
are able to match the previous method used in Allegro, we perform a statistical
test which goal is to check whether there are grounds to believe that the results
of any of the methods is statistically significantly different from the rest of the
examined methods.
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Fig. 6. Comparison of meta-tags based evaluation methods scores for LDA depending
on topics number.

Fig. 7. Comparison of meta-tags based evaluation methods scores for word2vec depend-
ing on vectors dimensionality.

Table 1. Comparison of user evaluation scores for best hyper-parameters configura-
tions of selected methods.

Method lsi lda word2vec GloVe fastText baseline random

Score 8.415 7.895 8.185 8.610 8.680 8.470 1.345
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Fig. 8. Comparison of meta-tags based evaluation methods scores for GloVe depending
on vectors dimensionality.

Fig. 9. Comparison of meta-tags based evaluation methods scores for FastText depend-
ing on vectors dimensionality.

The statistical test that we carry out is the Kruskal-Wallis test. In the test
the null hypothesis H0 assumes an equality of distributions in populations from
which samples originated. As input data the Kruskal-Wallis test takes samples
corresponding to expert evaluation of each method consisting of an average score
made by users for the most relevant recommendation for each of the examined
base articles.

In the test, the level of significance is α = 0.05. Finally, as the result of the
Kruskal-Wallis test we received p = 0.0571 > α, on the basis of which we state
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Fig. 10. Comparison of user-evaluated methods results. Vertical lines symbolize stan-
dard deviation.

that there are no reasons to reject the null hypothesis—the quality difference
between recommendations generated by the tested methods is not statistically
significant. It means that neither of the tested semantic methods sticks out from
others, nor the previous Allegro method is significantly better/worse than other
tested methods.

5 Conclusion

After analyzing the test results we can conclude that each of the examined
methods of natural language semantic analysis in their best configuration can
be adapted to generate article content-based recommendations. This means we
can replace our baseline (querying with manually generated keywords) with e.g.
FastText distributional similarity and then any user should not feel any differ-
ences in recommendations quality.

Using methods of semantic text analysis allows to capture the hidden simi-
larities between documents, where the documents combine not the same words
or synonyms, but some abstract concepts related to each other. An important
advantage of semantic methods compared to the baseline is the fact that they
are based only on article contents. This frees the authors of the articles from
providing additional meta-data, which the baseline method uses in large extent.

Tests carried out in this paper can be the basis for full design of a recommen-
dation system utilizing word embeddings that could be used in a real application
(Fig. 11).
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Fig. 11. Sample architecture of a system based on word embeddings similarity.

In this application a user makes request via web browser in order to display
the content of an article. Each article displayed by the user is accompanied by
recommended articles. These recommendations come from “Vector Search API”,
which is queried with a vector representation of the requested article. The API
uses Elasticsearch engine with special plug-in installed [11], which enables search-
ing with vector representations of documents. Elasticsearch stores vector repre-
sentations of articles made by “Indexer Service” from two sources: an original
text articles database and vector representations (e.g. FastText) of vocabulary
words stored in a database optimized to read.
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Abstract. Simulating the possible detector response is a key component
of every high-energy physics experiment. The methods used currently for
this purpose provide high-fidelity results. However, this precision comes
at a price of a high computational cost, which renders those methods
infeasible to be used in other applications, e.g. data quality assurance.
In this work, we present a proof-of-concept solution for generating the
possible responses of detector clusters to particle collisions, using the
real-life example of the Time Projection Chamber (TPC) in the ALICE
experiment at CERN. We introduce this solution as a first step towards a
semi-real-time anomaly detection tool. It’s essential component is a gen-
erative model that allows to simulate synthetic data points that bear high
similarity to the real data. Leveraging recent advancements in machine
learning, we propose to use state-of-the-art generative models, namely
Variational Autoencoders (VAE) and Generative Adversarial Networks
(GAN), that prove their usefulness and efficiency in the context of com-
puter vision and image processing. The main advantage offered by those
methods is a significant speedup in the execution time, reaching up to
the factor of 103 with respect to the GEANT3, a currently used clus-
ter simulation tool. Nevertheless, this computational speedup comes at
a price of a lower simulation quality. In this work we show quantitative
and qualitative limitations of currently available generative models. We
also propose several further steps that will allow to improve the accuracy
of the models and lead to the deployment of anomaly detection mech-
anism based on generative models in a production environment of the
TPC detector.

1 Introduction

High-energy physics (HEP) experiments, including those conducted at the Large
Hadron Collider (LHC) [1], rely heavily on detailed simulations of the detector
response in order to accurately compare recorded data with theoretical Monte
Carlo models. This simulated data is used to understand the physics behind
c© Springer Nature Switzerland AG 2020
P. Kulczycki et al. (Eds.): ITSRCP 2018, AISC 945, pp. 267–280, 2020.
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the real collisions registered in the experiment. The simulations are also used to
adjust the experimental data for detector’s inefficiencies and various conditions
observed in the detector during the data taking procedure.

Traditional approaches to the simulation of the detector response use Monte
Carlo methods to generate collisions. To properly simulate events, those methods
need to synthesize propagation of every simulated particle through the detector’s
medium and model every interaction with the experimental apparatus using
a transport package, usually GEANT3 [2], GEANT4 [3] or FLUKA [4]. This
approach comes with disadvantages. First of all, those packages require specific
implementations of the interactions of highly energetic particles with matter that
occur inside the detector. In practice, the physics regulating those interactions
is complex and often difficult to simulate. Secondly, the simulation methodology
that relies on Monte Carlo methods is computationally expensive and scales
linearly with the amount of simulated collisions.

To address the above shortcomings of a Monte Carlo-based simulation, we
propose a fundamentally different approach to simulations in high-energy physics
experiments that relies on generative models. The proof-of-concept solution, that
implements this approach is based on the recently proposed models, such as
Variational Autoencoders [5] and Generative Adversarial Networks [6]. The main
idea behind using those models for simulations is to learn how to synthesize the
situation of the detector after a collision from the data, instead of modeling every
interaction of the particles.

Although this approach implies several limitations, especially linked to the
inability of modeling the entire collision data, we believe that the proposed
method can be successfully applied in other high-energy physics applications,
e.g. anomaly detection. This is mainly thanks to the computation efficiency of
the proposed approach. We will address the problem of modeling the entire
collision data in the future work.

As a first step towards implementing our solution in production, we perform a
set of experiments that aim at simulating clusters of the Time Projection Cham-
ber (TPC) [7,8] detector of the ALICE (A Large Ion Collider Experiment) [9]
experiment at the LHC. We present quantitative, qualitative and computational
cost evaluation of our method for several generative models and their varia-
tions, including standard Variational Autoencoder, Deep Convolutional Gener-
ative Adversarial Networks [10] and Long Short Term Memory [11] based net-
works. We also show how to improve the results obtained from those models
using a recently proposed training method called a Progressive GAN [12].

To our knowledge, this work represents the first attempt to use machine-
learning generative models for clusters simulation in any high-energy physics
experiment currently operating at CERN. The main contribution of this paper
is a prototype of a proof-of-concept method for event simulation in the TPC
detector that relies on generative models. We provide here an extensive overview
of the recently proposed generative models that can be used in this context,
as well as a detailed evaluation of their current performances when applied to
cluster simulation. Evaluation results show a promising speedup over currently
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used Monte Carlo based simulation methods reaching up to 103, however, at the
expense of simulation quality. We address this problem in the future work and
show how to improve the generative models in the context of cluster simulation.

The remainder of this paper is organized as follows. In the next section, we
describe related works. We then overview generative models that can be used in
the proposed solutions and present the core idea behind its adaptation. Finally,
we describe the dataset and present the results of our evaluation. In the last
section, we conclude this work and outline the next steps.

2 Related Work

Currently used methods start from a collision simulation using a Monte Carlo
generator, than different transport packages such as GEANT3 [2], GEANT4 [3]
or FLUKA [4] are used to synthesize propagation of particles. At first, they
provide space points where a given energetic particle has deposited some or its
energy, as well as simulate the secondary particle showers in the detectors which
leave their signal. Those space points have to be further translated to a simulated
electronic signal from the detector sensors, as it would appear in a real collision.
In the tracking detectors, those electronic signals, called digits, are then used to
calculate clusters, a set of space-time digits from the adjacent sensitive elements
of the detector that were presumably generated by the same particle crossing
these elements.

Machine learning generative models, which we intend to use in the context
of high-energy physics, have already proven their potential in numerous research
areas related to text-to-image generation [13], conditional image generation for
criminal identification purposes [14] or even drug design [15]. Their main research
directions, however, are still restricted to applications related to images and
videos. The task we aim to address in this paper, differs significantly from those
applications. Simulating precise responses of a detector require high-fidelity of
the obtained results, measured both qualitatively and quantitatively. This is not
the case for artificially generated images or videos where subjective assessments
are often the only way to evaluate generated output.

Despite those problems, there are several attempts to use Generative Adver-
sarial Networks for simulating parts of the physics processes, like the very first
one in the field: calorimeters response simulation [16]. In that work, the authors
generate particle showers in electromagnetic calorimeters. Following the LAGAN
processing [17], they adapt a DCGAN architecture to generate a number of 2D
images, which they merge, to produce a final 3D Calorimeter response. Although
our work draws inspiration from [16], we tackle a different problem related to
detector’s response simulation, while [16] focuses on generating particle showers.

3 Generative Models

In this section we overview two generative machine learning models that we use in
our solution and their architectures. First, we describe a Variational Autoencoder
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(VAE), and propose two different models of a VAE that fit our task. We use
them as an evaluation baseline for the second method which is based on the
Generative Adversarial Network (GAN) algorithm. We present those methods
in the following sections. We also outline an adaptation of a recently proposed
progressive GAN training algorithm [12] for cluster simulation, which according
to our studies performs the best out of all evaluated approaches.

Fig. 1. Variational Autoencoders architectures evaluated in the context of detector’s
response simulation. Each block represent a network layer with it’s size above.

3.1 Variational Autoencoder

Variational Autoencoder is a machine learning method that relies on an autoen-
coder idea proposed in [18]. It is implemented through an artificial neural net-
work that can be used for dimensionality reduction and data compression. The
simplest architecture of an autoencoder consists of an input layer with N neu-
rons, where N is a dimensionality of the data, a hidden layer with K < N neu-
rons and the output layer with N neurons, exactly the same size as the input.
The goal of an autoencoder is to re-generate the same output as received on the
input, while internally reducing the latent representation to a lower number of
dimensions.

The Variational Autoencoder (VAE) [5] extends this idea by focusing on the
generalisation part of the encoder architecture. VAE re-generates new samples
straight from the latent space by modifying the distribution of noise populated
in the hidden layer. To ensure that it generates meaningful results, additional
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normalization constraint is added to the training loss function. It forces a neural
network to ensure a normal distribution of the values retrieved as the output of
the hidden layer neurons.

In this work, we focus on two architectures of Variational Autoencoders that
can be applied in the context of detector’s response simulation. First of them,
dubbed simply VAE, is a fully connected network with one hidden layer. Second
one, which we call cVAE, is a convolutional model with three convolutional and
deconvolutional layers in encoder and decoder (generator) layers. Figure 1 shows
both architectures.

3.2 Generative Adversarial Networks

A second family of generative machine learning methods discussed in this work
is based on the Generative Adversarial Network [6]. The main concept behind
this unsupervised generative model is to train two neural networks to play a
min-max game between each other. The first one – a generator – is trained to
generate new data points whose distribution resembles the distribution of real
data. The second one – trained as a discriminator – aims at predicting whether
a given example comes from a real or synthetic distribution. During the training
process, both networks are updated iteratively, one at a time, which leads to a
simultaneous optimization of loss functions of both generator and discriminator.
The min-max loss function introduced in [6], encompassing both networks can
be written in the following manner presented in the Eq. 1:

min
G

max
D

V (D,G) = Ex∼pdata(x)[logD(x)] + Ez∼pz(z)[log(1 − D(G(z)))], (1)

where pdata(x) is the distribution of real data, x is a sample from pdata, p(z) is
a distribution of a noise vector z input into a generator and G and D represent
a discriminator.

Architectures. The general framework of Generative Adversarial Networks is
rather flexible in terms of the networks architecture used as a generator and
discriminator. Hence, we propose several architectures that fit to the context of
simulating detector’s response in a high-energy physics experiment.

More precisely, we evaluate the following models:

– Multi-layered Perceptron (MLP): a baseline Generative Adversarial Net-
work that consists of 4 fully connected layers used as a discriminator network
with a generator built exactly in the reverse symmetrical way,

– Recurrent GAN based on Long-Short Term Memory (LSTM): a
recurrent network that comprises LSTM units proposed in [11],

– Deep Convolutional Generative Adversarial Network (DCGAN):
inspired by [13] multi layered network, with two dimensional convolutional/
de-convolutional layers, as shown in Fig. 2.
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Fig. 2. Architecture of the DCGAN model. Each block represent a network layer with
it’s size above.

Fig. 3. Architecture for the Progressive GAN model. Dotted lines represent consecutive
grow of the network with progressive steps. Each block represent a network layer with
it’s size above.

Progressive GAN. A typical approach to increase the performance of neural
networks is to add more layers to the model, hence increasing the depth of
a resulting neural network. This, however, comes at a price of more complex
training procedure. To evaluate how much performance gain we can obtain by
growing our network, we rely on a recently proposed progressive GANs training
method introduced in [12].

As presented in Fig. 2, the DCGAN model we evaluate is rather shallow, i.e.
it consists of only 3 convolutional/deconvolutional layers. We therefore employ
the progressive training method for our DCGAN and grow our network by grad-
ually increasing the number of stacked layers. This way, we are able to enhance
the resolution of the resulting simulation by gradually increasing the number of
possible locations of simulated cluster responses. This is of our particular inter-
est, since in the context of high-energy physics the resolution of the simulated
cluster’s response has to be relatively high. Our DCGAN is therefore grown in 5
progressive steps, ending with 6 convolutional/deconvolutional layers. Figure 3
shows the final architecture obtained by the training method.

Implementation Details. To train all networks, we use dropout [19], Leaky
ReLu activation [20], and batch normalization [21]. As our loss function, we
take a binary cross-entropy loss. We optimize our loss function with ADAM,
a stochastic optimization method [22]. We initialize network weights with the
glorot algorithm [23]. The neural networks are implemented in Python using
Keras library [24] with TensorFlow backend [25]. Our implementations are based
on those enlisted in the large scale study [26].
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Fig. 4. Input data examples: (left) a full simulation of space points occurring after
particles collision in the TPC detector of the ALICE Experiment; (right) clusters
generated by a single particle.

4 Dataset

To evaluate our generative models, we use a dataset of 3D trajectories of particles
after collision generated with a Monte Carlo simulation method of PYTHIA
6.4 [27] Perugia-0 [28] model. Our dataset therefore contains a sample of proton–
proton collisions at the center of mass energy of

√
s = 7 TeV. After the simulated

collision, the generated particles were transported, using GEANT3 [2] package,
through the detector medium so that the full simulation of the detector response
as well as the track reconstruction were performed. The trajectories correspond
to the real traces observed in the TPC detector of the ALICE Experiment at
LHC, CERN and the experimental conditions corresponded to 2010 data-taking
period of the experiment. Figure 4 shows sample visualisation of the particle
trajectories from the collected dataset.

Since the size of a dataset generated this way results in petabytes of data, we
randomly sample it to contain around 100 events corresponding to approximately
60.000 data samples.

Each data sample contains a series of 3D coordinates (x, y, z) corresponding
to the trajectory of a given particle after the collision. The minimal and maxi-
mum values of the coordinates depend on the detector size, which is a cylinder-
shaped structure of approximately 5 m × 5 m × 5 m. Since the collision does not
have to occurs in the central point of the detector, the minimal distance from
the [0, 0, 0] point, where the trajectories are collected, is 848 mm. The precision
of the recorded coordinates is limited to the resolution of the TPC read-out
pads, which is between 0.8 to 1.2 mm, depending on the size of the pad [7]. For
normalization purposes, the input data coordinates are scaled to fit the [0, 1]
interval in each dimension. We also apply other normalization procedures, such
as zero-padding the samples for particle trajectories consisting less than 159
points (maximal value in our dataset). Although additional characteristics of
the particles can be registered, e.g. its energy and speed, for the purpose of the
evaluation presented in this work we restrict our data samples to 3D coordinate
values.
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As shown in Fig. 4, after the collision occurs, up to few hundreds particle
trajectories can be observed inside the detector. Although we could attempt to
simulate all of those trajectories at once using generative models, we postulate to
generate separate trajectories for individual particles first and then merge them
together to achieve the final goal. This approach allows us to better control
the studies and evaluate the results iteratively, as more trajectories are added.
Furthermore, the highest reported resolution of the output generated by the
state-of-the-art generative models, such as VAEs and GANs, is 1024×1024 [12].
This resolution is relatively low, when compared to the results obtained in the
high-energy physics experiments. To circumvent this limitation of the generative
models, we transform our simulation problem into a so-called transactional form
and simulate individual points with their (x, y, z) coordinates, which we can then
link together to form a full trajectory.

5 Results

In this section, we evaluate the proposed methods based on generative models
in terms of both quality of the generated results and the computational cost.
As our baseline model, we use the Monte Carlo-based method currently used
in the ALICE Experiment to generate the full simulation of the TPC response
of the generated particle showers, propagated through the detectors medium by
the GEANT3 package. We use the most recent implementation provided as part
of the O2 software [8,29].

To evaluate the quality of the trajectories generated by our method, we refer
to the physical property of the particle tracks observed after the collision. When
particles move through the detector medium, they form a track whose shape
can be defined as a helix of particular parameters. We leverage this phenomenon
and calculate for each method an evaluation metric that measures the distance of
generated trajectory from a theoretically ideal shape of helix, approximated with
an arc. We report this metric as a mean squared error (MSE) between the ideal
helix shape and the simulated one and average it across all simulated particles.
We give the result both in the coordinate unit system and metric system, scaled
using detector’s dimensions. Although this approach does not take into account
the physical properties of the particles resulting in different parameters of the
helix created by each particle, it allows us to compare several unsupervised
simulation methods that are not conditioned on particle characteristics. The
proposed metric validates the quality of the shape generated by the evaluated
simulation methods and serves as a first approximation of a method performance.
We intend to extend the proposed metric to handle more complex evaluation
procedure in future work.

We also evaluate the computation cost of generating the results for various
methods. To that end, we execute the code 10 times on a standalone machine
with a Intel Core i7-6850K (3.60 GHz) CPU (using single core, no GPU acceler-
ation) and record the average execution time. We then normalize it with respect
to the baseline method of simulation, namely GEANT3, which is currently used
to simulate the detector’s response.
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Table 1. Quality of the Generative models, and their performance comparing to the
GEANT3 based simulation solution.

Method MSE MSE (mm) speedup

GEANT3 (current simulation) 0.00017 0.085 1

Random (estimated) 0.33000 166.155 N/A

GAN-MLP 0.11077 55.385 104

GAN-LSTM 0.10879 54.395 104

VAE 0.07483 37.415 104

DCGAN 0.05236 26.18 102

cVAE 0.02666 13.33 10

proGAN 0.00176 0.88 30

The results of our evaluation are presented in Table 1. For the baseline simula-
tion method GEANT3, the average mean squared error (MSE) is equal to 0.00017
or 0.085 mm. When using a random generator to generate a set of 3D points,
the estimated expected MSE is 0.33. Compared to those baselines, the best per-
forming progressive DCGAN model (proGAN) achieves a satisfactory MSE of
0.00176. This result corresponds to a sub-centimeter accuracy of our method,
while providing over 30-fold speedup with respect to the baseline method of simu-
lation, a Monte Carlo-based GEANT3. We believe that this result is a promising
sign and should inspire further research. Finally, one needs to remember that
the goal of our simulation is to provide a benchmark set of positive results that
will then be used to assess the health of a detector through a complimentary
anomaly detection system. Therefore, the accuracy achieved by proGAN is a
good step in this direction.

Regarding the other evaluated models, the Variational Autoencoder (VAE)
achieves the MSE value of 0.075, while providing a speedup of over four orders
of magnitude. The sample results generated using this approach are presented
in Fig. 5(a). In fact, this is the least complex modal of all evaluated in this paper
and therefore both qualitative and quantitative results it achieves are relatively
good. Furthermore, we are able to improve the performance of the VAE by
substituting the fully connected layers with the convolutional ones, as it is done
in the convolutional Variational Autoencoder (cVAE). With this modification,
we can reduce the MSE error to approximately 0.0266. However, because of a
significant increase in model complexity, it is also considerably slower than the
VAE. The observed speedup with respect to the GEANT3 solution reaches only
one order of magnitude. As shown in Fig. 5(b), the qualitative results generated
by the convolutional VAE appear to be more random, although their resolution
is higher than in the case of VAE.

As far as the models based on the Generative Adversarial Networks are con-
cerned, the results obtained by the Multilayer Perceptron (MLP) method indi-
cate that this approach, as well as the recurrent network method based on the



276 K. Deja et al.

Fig. 5. Exemplar results generated by the (a) Variational Autoencoder (VAE), (b)
convolutional Variational Autoencoder (cVAE), (c) the Deep Convolutional GAN
(DCGAN) and (d) the progressive DCGAN (proGAN).

LSTM units, do not achieve sufficient accuracy. Although their speedup over the
baseline simulation method reaches four orders of magnitude, the quantitative
and qualitative results are only slightly better than those obtained by a random
generator.

However, when analysing the results obtained by the Deep Convolutional
GAN (DCGAN) model, we can see that extending neural network architectures
with convolutional layers significantly reduces the MSE value, while still provid-
ing a reasonable speedup over the baseline that reaches two orders of magnitude.
We explain that performance gain through the fact that convolutional layers
can better simulate the working conditions of 3D simulation, as well as allow
for deeper and more powerful models. The MSE value that is achieved by the
evaluated DCGAN architecture is approximately 0.052 and is comparable to the
results produced with VAE and cVAE architectures. The qualitative results can
be seen in Fig. 5(c).

Extending the DCGAN model using a progressive training method (proGAN)
allows us to improve the quality of the results and reach an unprecedented MSE
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value of 0.00176. The qualitative results generated by the proGAN also indicate
that this method is a promising path of research, especially when additional
conditioning on the particle type is added to the model. Although the computa-
tional complexity of the proGAN model is higher than the competing approaches,
it still offers a massive 30-fold speedup over the baseline GEANT3 simulation
method.

To emphasize the true potential of the simulation methods based on the
generative models, we computed the execution times for different methods
while increasing the number of simulated clusters, i.e. model outputs. Figure 6
shows the results of this experiment. Although the computational cost of all
the methods increases linearly with the number of simulated cluster responses,
the improvement achieved by the generative models is massive and grows with
increasing number of clusters. It is worth mentioning that the presented results
are obtained for a single-core CPU computation, while additional hardware-
based speedup of another order of magnitude was observed when using the GPU-
based implementation for the neural network methods. Although Monte Carlo
simulations can also benefit from such an acceleration, its iterative character
does not allow the same improvement as in the case of deep neural networks.

Fig. 6. Comparison of performance between GEANT 3 simulation and machine learn-
ing generative models.

6 Future Work

In this work, we give an overview and preliminary evaluation results of possible
machine learning generative methods that can be used for cluster simulation.
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We intend to investigate these approaches further and implement a fully work-
ing solution which can be deployed in production, i.e. as a part of the ALICE
Experiment at LHC.

To that end, we plan to extend the described models by conditioning our
model on the initial characteristics of the collision. More precisely, we envision
extending the input to the model with initial particles momenta generated by
PYTHIA or other currently used simulation tool. This shall reduce the variance
of the model and increase the quality of the observed results.

On top of replacing the complex methods for clusters simulation that are cur-
rently in use, we want to employ the generative models as a part of the quality
assurance tool. We draw our inspiration from the work of [30] where the Gen-
erative Adversarial Networks are used to discover anomalies in medical imaging
data. We plan to design a similar solution for the high-energy physics exper-
iments to discover faulty outputs of the particle detectors in a semi-real-time
manner. To that end, we plan to use the efficient and highly effective generative
models to simulate multiple healthy responses of the detector and compare the
registered parameters of the detector with the simulated ones. If the syntheti-
cally generated responses do not agree with the real conditions, the model shall
label the condition as an anomaly and alert the appropriate services.

7 Conclusion

In this work, we demonstrated the potential of machine learning generative meth-
ods namely Generative Adversarial Networks and Variational Autoencoders, for
cluster simulation in the high-energy physics experiments. We proved the pos-
sible application of those methods using the example dataset generated for the
TPC detector in the ALICE Experiment at LHC. We evaluated several architec-
tures that are based on generative models, such as Variational Autoencoders and
Generative Adversarial Networks, and compared their results in terms of quality
and computational cost. We also adapted a progressive training technique to
enhance the quality of generated samples. Although the quality of the best per-
forming method is not yet comparable to the quality of currently used simulation
methods, the computational speedup of the proposed method is unprecedented
and reaches up to 104 when compared to the currently employed GEANT 3
simulation technique.

Acknowledgements. The authors acknowledge the support from the Polish National
Science Centre grant no. UMO-2016/21/D/ST6/01946. The GPUs used in this work
were funded by the grant of the Dean of the Faculty of Electronics and Information
Technology at Warsaw University of Technology (project II/2017/GD/1).

The preliminary version of this paper was presented at the 3rd Conference on
Information Technology, Systems Research and Computational Physics, 2–5 July 2018,
Cracow, Poland [31].



Generative Models for Fast Cluster Simulations 279

References

1. Evans, L., Bryant, P.: LHC machine. JINST 3, S08001 (2008)
2. Brun, R., Bruyant, F., Carminati, F., Giani, S., Maire, M., McPherson, A., Patrick,

G., Urban, L.: GEANT Detector Description and Simulation Tool. CERN-W5013,
CERN-W-5013, W5013, W-5013 (1994)

3. Agostinelli, S., et al.: GEANT4: a simulation toolkit. Nucl. Instrum. Meth. A506,
250–303 (2003)

4. Ferrari, A., Sala, P.R., Fasso, A., Ranft, J.: FLUKA: a multi-particle transport
code. CERN-2005-010, SLAC-R-773, INFN-TC-05-11 (2005)

5. Kingma, D.P., Welling, M.: Auto-encoding variational bayes, CoRR,
vol. abs/1312.6114 (2013)

6. Goodfellow, I., Pouget-Abadie, J., Mirza, M., Xu, B., Warde-Farley, D., Ozair,
S., Courville, A., Bengio, Y.: Generative adversarial nets. In: NIPS (2014)

7. Dellacasa, G., et al.: ALICE: Technical Design Report of the Time Projection
Chamber. CERN-OPEN-2000-183, CERN-LHCC-2000-001 (2000)

8. Abelev, B., et al.: Upgrade of the ALICE experiment: letter of intent. J. Phys.
G41, 087001 (2014)

9. Aamodt, K., et al.: The ALICE experiment at the CERN LHC. JINST 3, S08002
(2008)

10. Radford, A., Metz, L., Chintala, S.: Unsupervised representation learning with
deep convolutional generative adversarial networks, CoRR, vol. abs/1511.06434
(2015)

11. Hochreiter, S., Schmidhuber, J.: Long short-term memory. Neural Comput. 9(8),
1735–1780 (1997)

12. Karras, T., Aila, T., Laine, S., Lehtinen, J.: Progressive growing of gans for
improved quality, stability, and variation, CoRR, vol. abs/1710.10196 (2017)

13. Reed, S., Akata, Z., Yan, X., Logeswaran, L., Schiele, B., Lee, H.: Generative
adversarial text to image synthesis, CoRR, vol. abs/1605.05396 (2016)

14. Yan, X., Yang, J., Sohn, K., Lee, H.: Attribute2image: conditional image generation
from visual attributes. In: ECCV (2016)

15. Kadurin, A., Aliper, A., Kazennov, A., Mamoshina, P., Vanhaelen, Q., Khrabrov,
K., Zhavoronkov, A.: The cornucopia of meaningful leads: applying deep adversarial
autoencoders for new molecule development in oncology. Oncotarget 8(7), 10883
(2017)

16. Paganini, M., de Oliveira, L., Nachman, B.: CaloGAN: simulating 3d high energy
particle showers in multi-layer electromagnetic calorimeters with generative adver-
sarial networks, CoRR, vol. abs/1705.02355 (2017)

17. de Oliveira, L., Paganini, M., Nachman, B.: Learning particle physics by exam-
ple: location-aware generative adversarial networks for physics synthesis. Comput.
Softw. Big Sci. 1, 4 (2017)

18. Hinton, G.E., Salakhutdinov, R.R.: Reducing the dimensionality of data with neu-
ral networks. Science 313(5786), 504–507 (2006)

19. Srivastava, N., Hinton, G., Krizhevsky, A., Sutskever, I., Salakhutdinov, R.:
Dropout: a simple way to prevent neural networks from overfitting. JMLR 15(1),
1929–1958 (2014)

20. Glorot, X., Bordes, A., Bengio, Y.: Deep sparse rectifier neural networks. In: Inter-
national Conference on Artificial Intelligence and Statistics, pp. 315–323 (2011)

21. Ioffe, S., Szegedy, C.: Batch normalization: accelerating deep network training by
reducing internal covariate shift. In: ICML (2015)



280 K. Deja et al.

22. Kingma, D.P., Ba, J.: Adam: a method for stochastic optimization, CoRR,
vol. abs/1412.6980 (2014)

23. Glorot, X., Bengio, Y.: Understanding the difficulty of training deep feedforward
neural networks. In: International Conference on Artificial Intelligence and Statis-
tics, pp. 249–256 (2010)

24. Chollet, F., et al.: Keras (2015). https://github.com/fchollet/keras
25. Abadi, M., et al.: Tensorflow: a system for large-scale machine learning. In: 12th

USENIX Symposium on Operating Systems Design and Implementation (OSDI
2016), pp. 265–283 (2016)

26. Lucic, M., Kurach, K., Michalski, M., Gelly, S., Bousquet, O.: Are gans created
equal? A large-scale study, CoRR, vol. abs/1711.10337 (2017)

27. Sjostrand, T., Mrenna, S., Skands, P.Z.: PYTHIA 6.4 physics and manual. JHEP
05, 026 (2006)

28. Skands, P.Z.: Tuning Monte Carlo generators: the perugia tunes. Phys. Rev. D 82,
074018 (2010)

29. Suaide, A.A.D.P., Prado, C.A.G., Alt, T., Aphecetche, L., Agrawal, N., Avasthi,
A., Bach, M., Bala, Barnafoldi, R., Bhasin, A., et al.: O2: a novel combined online
and offline computing system for the alice experiment after 2018. J. Phys. Conf.
Ser. 513, 012037 (2014). IOP Publishing
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Abstract. Carbon materials open new perspectives in biomedical research, due
to their inert nature and interesting properties. For biomaterials the essential
attribute is their biocompatibility, which refers to the interaction with host cells
and body fluids, respectively. The aim of our work was to analyze two types of
carbon layers differing primarily in topography, and modeling their interactions
with blood plasma proteins. The first coating was a layer formed of pyrolytic
carbon C (CVD) and the second was constructed of multi-walled carbon nan-
otubes obtained by electrophoretic deposition (EPD), both set on a Ti support.
The results of the performed complex studies of the two types of model carbon
layers exhibit significant dissimilarities regarding their interaction with chosen
blood proteins, and the difference is related to the origin of a protein: whether it
is animal or human. Wettability data, nano scratch tests were not sufficient to
explain the material properties. In contrast, Raman microspectroscopy thor-
oughly decodes the phenomena occurring at the carbon structures in contact
with the selected blood proteins interface. The 2D correlation method selects the
most intense interaction and points out the different mechanism of interactions
of proteins with the nanocarbon surfaces and differentiation due to the nature of
the protein and its source: animal or human. The 2D-correlation of the Raman
spectra of the MWCNT layer + HSA interphase confirms an increase in albumin
b-conformation. The presented results explain the unique properties of the C-
layers (CVD) in contact with human albumin.

Keywords: Multi-walled carbon nanotubes � Pyrolytic carbon �
Carbon coatings � Raman microspectroscopy � Plasma blood protein

1 Introduction

With the growing needs of modern societies, as well as their ability to cope with,
nanotechnology methods represent a unique position [2]. The presented research topic
is devoted to certain aspects in the field of materials for the needs of nanomedicine,
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which is a rapidly growing area. Size in nano-scale results in nano-additives direct
involvement in the processes and even biological structures [2–8]. Innovative bioma-
terials have contributed to the field of controlled drug delivery applications [9–11],
cardiovascular diseases [12–14] and orthopedics [4, 15], while novel materials with
carbon nanotubes coatings are desirable for application as sensors and neural electrodes
or as a platform for Central Nervous System diseases [16–18]. The nano-sized
dimension causes that by selecting nanoparticle that reinforcing material one can affect
structural, mechanical and electronic properties of nanocomposite material, which
induce as a consequence its characteristics in the interaction with the biological
environment [19]. In this way the nanoparticle by modern nanotechnology may be
adjusted to modify, as intended, the polymer matrix [20–22], or to alter the surface of
the synthetic material that comes into contact with the tissue of the living organism
[12, 23–27].

Carbon materials are attractive due to their unique properties and large variety of
carbon structures, so they are often used as a modifying particle [28]. Two types of
carbon structures have been selected to this research: pyrolytic carbon and multiwall
carbon nanotubes (MWCNTs). Pyrolytic carbon is classified as a group of turbostratic
carbons, which have a similar structure to graphite. Graphite consists of carbon atoms
that are covalently bonded in hexagonal arrays. These arrays are stacked and held
together by weak interlayer binding. Pyrolytic carbon and other turbostratic carbons
differ in that the neighboring graphitic layers are disordered, resulting in wrinkles or
distortions within layers. This provides pyrolytic carbon improved durability compared
to graphite [29]. Although this type of structure has been the most popular material
available for artificial mechanical heart valves for about half a century there are some
requirements to consider. MWCNTs are fibrous nanostructures [30], although recently
used ones are synthesized [28, 30]. They can be also found naturally or as a byproduct
of industrial processes [31, 32]. The Ijima discovery aroused a lot of interest for CNTs
because of their features: small size and mass, high strength, and high electrical con-
ductivity [33].

For biomaterials the most important attribute is their biofunctionality and bio-
compatibility, which refers to mechanical characteristic and to the interaction with host
cells and fluids, respectively [34]. The biological response to the synthetic material is
determined at the interface of the surface of a biomaterial and cell. One must be aware
that the interface is complex, as biomolecules and synthetic material are composed of
three-dimensional entities [35]. Therefore, the number of surface parameters such as:
surface morphology, roughness (micro and nano), wettability, and the degree of
crystallinity are parameters that result from the surface properties and significantly
affect the biological properties of the material [26, 27, 36–38].

Studies on protein adsorption are regarded as method used to assess biomaterials,
not only that in blood-contacting applications. It is considered that the adsorption of
selected proteins, may indicate the specific biological properties of the examined
nanomaterials. There is usually analyzed the interaction of the surface with albumin,
the blood plasma protein of the next highest abundance after hemoglobin, which is
involved in transport and storage and regarded as an inhibitor of blood clotting [39].

Key blood proteins are generally selected to model carbon layers interaction with a
liquid tissue. The commonly used are proteins of animal origin, that represent
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adequately human proteins. However, our earlier studies have shown that animal
equivalents differently affect the surface of a carbon material than human proteins
[26, 27]. Thus, modeling interactions with proteins of animal origin can be questioned
in some cases. As target proteins, albumin from chicken egg white (Alb), bovine serum
albumin (BSA) and human serum albumin (HSA), were used to check their influence
on the surface.

We employed conventional methods of material engineering such as wetting angle
measurement and electron microscopic techniques (SEM) to obtain the important
characteristics of the materials surface. To check the mechanical properties of the layers
on the nano-level the Nano Scratch Tester was applied to study the adhesion and
scratch resistance of representative coatings incubated with selected proteins. Then,
materials were tested using Raman spectroscopy. The Raman spectroscopy was chosen,
as an important spectroscopic technique to test short-range ordering. It has been used to
describe the structure of two reference carbon layers and then adsorption on these
layers of selected plasma proteins. Finally, a 2D Raman correlation spectroscopy was
applied to the collected Raman spectra allowed for the resolution of the phenomena
occurring in the carbon layer surface in contact with the blood proteins. In this
mathematical analysis as an external perturbation the spatial position in which the
spectrum was measured was taken into account.

The preliminary version of this paper was presented at the 3rd Conference on
Information Technology, Systems Research and Computational Physics, 2–5 July
2018, Cracow, Poland [1].

2 Materials and Methods

2.1 Preparation of Carbon Layers on Titanium

Titanium plates (Grade 2 according to ASTM B265) in the form of discs with a
diameter of 12 mm and a thickness of 0.5 mm were chosen as suitable substrates for
the deposition of carbon layers, which were: pyrolytic carbon (C (CVD)) and carbon
nanotubes (MWCNTs) layer.

The first, pyrolitic C-layer was obtained in the Plasma-enhanced chemical vapor
deposition process (PECVD; Elettrorava, Italy) on titanium Ti surfaces. All depositions
were performed by the RF PECVD method, wherein the plasma was generated by radio
frequency waves of 13.56 MHz and of power 60 W. The formation of the layers was
preceded by ion-etching in argon plasma during 10 min. In the case of the titanium
substrate this stage caused surface cleaning and the elimination of the TiOx surface
layer. The C-layer layer was deposited at room temperature (25 °C) during 30 min
from a methane (gas flow 10 cm3/min) and argon (gas flow 75 cm3/min) mixture.
Argon was used as inert gas. During the deposition process, the chamber pressure was
kept constant (53 Pa).

The second layer of MWCNTs (#1213NMGS, Nanostructured & Amorphous
Materials, Inc., USA; outside diameter 10–30 nm; core diameter 5–10 nm, length of
1–2 lm and purity >95%.) was produced in the electrophoretic deposition (EPD).
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Full details on the oxidizing procedure, preparation of the suspension, titanium han-
dling and EPD set-up are discussed in our previous studies [25–27].

The albumin from chicken egg white (Alb), bovine serum albumin (BSA), human
serum albumin (HSA), were purchased from Sigma-Aldrich (Poland). Both carbon
coatings were incubated in 1% albumin solution for 15 min.

2.2 SEM Images Analysis

The morphology and chemical composition of the obtained coatings were examined
using a scanning electron microscope Nova Nanosem (FEI) equipped with an adapter
for EDS X-ray microanalysis (EDAX). The system was operated with 10–15 kV
accelerating voltage, high vacuum mode.

2.3 Wettability Measurements

The contact angle measurements were taken using a direct method (DSA 10 Kruss
goniometer). The tests were performed at room temperature applying the sitting drop
technique (the drop of deionized water of 0.15–0.25 ll in volume). Wettability [h] is
the contact angle for a liquid droplet on a solid surface, in the point where three phases
meet: solid, liquid and gas. The measurements were taken five times in order to
establish variability and the standard deviation (SD) that is equal to ±2.5%. All
experiments were performed for reference and both tested surfaces and also for the
selected blood proteins conditioned with tested surfaces. All conducted tests were
under ambient conditions.

2.4 The Nano Scratch Test

All tests were carried on a platform with the NST (Nano Scratch Tester) head made by
CSM Instruments SA (currently Anton Paar TriTec) (Switzerland). The test parameters
were set as follows: the load Fn increased linearly from 0, 1 to 5 mN on the 3 mm
distance, the speed of loading was set for 10 mm/min and the Rockwell certified
indenter radius was equal to 2 lm.

Two nanocomposite layers were analyzed: the C-layer grown in the CVD process
and the MWCNTs deposited in the Ti support, after incubation with white chicken egg
albumin and human serum albumin (HSA).

2.5 Raman Microspectroscopy

A Renishaw inVia spectrometer, connected to a Leica microscope, was used for the
measurements of the Raman spectra. The beam from a 514.5 nm Ar+ ion Modu Laser
was focused on the samples by 100x magnifying, a high numerical aperture (NA = 0.9)
top-class Leica objective for standard applications. Laser power was kept low, c.a. 1–
3 mW at the sample, to ensure minimum disturbances to the samples.
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2.6 2D Raman Correlation

The generalized 2D correlation analysis based on the Noda method [40–42] was per-
formed using Raman spectra as an input data for generating the correlation maps. The
spatial position was regarded as an external perturbation [43]. The five points, mor-
phologically similar were measured for each sample, and they were regarded as
dynamical spectra in the 2D correlation. 2Dshige, v.1.3 software was employed [44].

3 Results and Discussion

3.1 SEM Images of Carbon Layers

SEM investigations indicate dissimilarities in the topography of both materials. Two
types of carbon structures differing primarily in the topography. The first coating was a
layer formed of pyrolytic carbon (CVD) (Fig. 1A) and the second was constructed of
multi-walled carbon nanotubes obtained by electrophoretic deposition (EPD) (Fig. 1B),
both set on a Ti support.

3.2 Wettability of Carbon Layers

The surfaces wettability was analyzed by the static sessile drop method. The contact
angles of water droplets on the top face of the reference C (CVD) layer are
82.2 ± 2.8°, respectively (Fig. 2A). The C (CVD) layer does not change the very
nature of the surface with respect to the titanium substrate [26]. The difference in the
contact angles for C (CVD) incubated with Alb (78.4 ± 2.3°) and HSA (84.5 ± 1.9°)
with comparison to a reference the C (CVD) layer is not so significant, it fits within the
limit of 5% (Fig. 2A). However, the C (CVD) incubation in BSA leads to the creation
of a film with hydrophobic characteristics and contact angle of 112.0 ± 6.7°.

The contact angles on the top face of the MWCNTs nanocomposite layer is
25.0 ± 0.9° (Fig. 2B). This value implies a hydrophilic character of the surface of the

Fig. 1. SEM image of: (A) C (CVD) layer 20000x magnification, (B) MWCNTs (EPD) layer
50000x magnification.
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MWCNTs coating. The Alb and HSA form a layer having a wettability 62.6 ± 1.3°
and 57.3 ± 0.3°, respectively. The BSA conditioned MWCNTs nanocarbon layer
reaches the highest contact angle of 77.1 ± 1.3°.

3.3 Nano Scratch Test

The test consists of three phases: first phase - collecting profile of the sample (Pre
Scan), second phase pressing the indenter in the sample with linearly increasing load
and moving the sample at a defined length to scratch off the coating (test phase) and the
third phase collecting profile inside scratch (Post Scan). After the performed scratch the
panoramic photograph is taken and the obtained features are analyzed.

HSA has the best adhesion to the C (CVD) layer (Table 1). This coating did not
break during the performed test and the Ti substrate is not visible. It can be observed
that the C (CVD) layer with a thin HSA sheet looks like a “pressed and smeared”
during the test and therefore presents the best adhesion to the Ti base. In addition,
violation of coating, chipping or cracking up to the 5 mN load is not observed.

For the MWCNTs nanolayer, the HSA film is de-laminated with a load of about
2.0–2.5 mN. It is observed that the entire carbon nanolayer along with the thin film of
protein is detached from the Ti substrate.

Adhesion of the Alb to the carbon C (CVD) layer is better, but the difference is
small, the surface is scratched with a load of about 2.16 mN. The surface of the Alb on
the MWCNTs nanolayer is scratched off easily, the visible surface of the Ti substrate is
noticeable from the start of the test which means that the critical load for this layer is
below 1.63 mN.

Fig. 2. Wettability of studied reference carbon samples (A) C (CVD) layer; (B) MWCNTs
(EPD) layer, and after incubation with selected proteins.

Table 1. Summary of the Scratch Test parameters (linear scrach; load range 0.1–5 mN; loading
rate 10 mN/min).

Sample Critical load [mN]

C (CVD) + Alb coating failed at 2.16 ± 0.20
C (CVD) + HSA coating is not destroyed
MWCNTs + Alb coating failed at 1.63 ± 0.10
MWCNTs + HSA coating failed at 2.17 ± 0.16
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3.4 Raman Microspectroscopy Characterization of Nanocarbon Layers
and Nanocarbon Interaction with Selected Blood Proteins

The Raman band positions and assignments of the reference carbon layers excited by
the 514.5 nm laser line are collected in Table 2. The first, the C (CVD) layer is formed
of pyrolytic carbon anisotropic materials so only the main G- and D-bands are seen,
what confirms the graphite-type arrangement in this coating (Fig. 3A). For the second,
MWCNTs nano-layer, in addition to G- and D- also characteristic 2D, D′ and D + D′
bands are visible confirming more complex organization in this coating (Fig. 3B).

The G-band at ca.1580 cm−1 is described to the sp2 carbon materials and is
assigned to the high frequency E2g optical phonon [45]. The G-band position for the C
(CVD) differs from that for the MWCNTs (EPD) layer, which is more heterogeneous
[46, 47].

Table 2. Observed Raman bands [cm−1] and their assignments for carbon coatings excited with
514.5 nm laser line.

Sample Peak position [cm−1] Assignment [21–29, 45–48]

C (CVD) 1349 D-mode; breathing mode that requires a
defect for its activationMWCNTs/(EPD) 1364

C (CVD) 1539 G-mode; E2g mode at the Brillouin zone center
MWCNTs (EPD) 1595
MWCNTs (EPD) 1633 D′-mode; effect of double resonance as an

intravalley process
MWCNTs (EPD) 2713 2D (G′); second order of the D peak
MWCNTs (EPD) 2956 D + D′; combination of phonons with different

momenta, requires a defect for theirs activation

Fig. 3. Raman spectra for reference carbon layers (A) C (CVD), and (B) MWCNTs (EPD);
514.5 nm excitation line.
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Taking advantage of the carbon particle sensing properties, the interaction with
proteins can be observed and determined. This interaction occurs at the border between
the two phases and depends on both of them, on the type of carbon material and protein
(Fig. 4). The shift of position of the G-band show the changes in relation to the
reference coating. Furthermore, the positions of the G-band for the animal albumins,
Alb and BSA, differ from that of HSA, what confirms the interaction occurring between
the thin protein layer and the coating, and their specificity for different types of
albumin.

Therefore, you need to consider what properties of the carbon layers are crucial in
the application you are working on.

3.5 2D Raman Correlation Spectroscopy Characterization of Carbon
Layers Interaction with Selected Blood Proteins

Carbon materials have very high polarizability, therefore Raman spectroscopy is the
method of choice for their analysis. However, the studied relations are primarily in the
interphase space, so in addition to carbon material, the complex biological structures of
albumin are involved in the interaction. The ideal solution would be to analyze the
spectra of both components in their impact, therefore, the vibration range of amide I is
interesting. Unfortunately, the Raman signal from the carbon component on the phase
boundary might cover the spectrum of the protein. So, one can treat this issue as an
analysis of the response of the system to the applied perturbation which is displayed as
characteristic variations in the spectrum. Hence, a two-dimensional correlation analysis
was used to control changes in the structure of the proteins on the interaction with the
carbon layers in order to decode the relations hidden in the Raman spectra [41, 43].
Summarizing, in the correlation spectroscopy variable intensities were linked with a
location on a sample characterizing the respective protein film - carbon coating
interactions. The 2D spectrum indicates the clear differentiation between the origins of
the Raman spectral signals [41].

Synchronous signal fluctuations indicate a common chemical constituent at ca.
1588 and 1345 cm−1 and also at ca. 1613 and 1313 cm−1 originating from the graphite
G- and D- band components of the studied coating for the C (CVD) and MWCNTs
layer, respectively.

Fig. 4. Position of the G-band for the reference carbon layers (A) C (CVD), and (B) MWCNTs
(EPD), and after incubation with the selected proteins; 514.5 nm excitation line.
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The nonsynchronous signal fluctuations indicate chemically dissimilar components,
thus the map pattern differs for the two carbon coatings and additionally animal
albumins are clearly distinguishable from that of human (Figs. 5 and 6). The asyn-
chronous correlation map for the C (CVD) + Alb layer in the 1530–1720 cm−1 range
shows intensive negative cross-peaks originating from the amide I component bands at
1650 cm−1 (a-helix conf.), 1665 cm−1 (b-sheet conf.) and 1682 cm−1 (b-turn conf.)
with the 1597 cm−1 band due to the G-band of the carbon layer. Otherwise it is for the
C (CVD) + BSA layer, there is an intensive positive band in a different location at
(1600, 1552 cm−1) that arises from the carbon G-band and Glu vibrations. The C
(CVD) + HSA layer presents a positive asynchronous peak derived of 1635 cm−1 (Trp,
Arg, His) and 1652 cm−1 (a-helix conf.) and 1661 cm−1 (b-sheet conf.) of amide I and
at ca. 1594 cm−1 of the carbon layer G-band.

A different picture is observed for the 2D asynchronous maps for the second type
carbon nanolayer. The MWCNTs + Alb present a positive asynchronous correlation
cross-peak at 1600 cm−1 of protein aromatic ring vibrations and 1622 cm−1 of Tyr with
1578 cm−1 of carbon nanotubes G− vibration. Another tested system MWCNTs +
BSA shows intensive negative cross peak −(1630,1602 cm−1) owed to His, Tyr and
(G+) carbon band and −(1582, 1603 cm−1) originating from the G+-band of the
MWCNTs and the Phe albumin vibrations. The MWCNTs + HSA layer gives a
negative asynchronous peak −(1618, 1602 cm−1) due to the Tyr and (G+) carbon band.
The other cross-peak originated of the amide I band of 1659 cm−1 (b-sheet conf.) and
1687 cm−1 (b-turn conf.) with 1601 cm−1 (G+) carbon nanotube vibrations.

Fig. 5. Asynchronous 2D correlation Raman spectra of the C (CVD) sample incubated with:
(A) chicken egg white albumin (Alb); (B) bovine serum albumin (BSA); (C) human serum
albumin (HSA); in the wavenumber range of 1530–1720 cm−1; the white and gray color
represent positive and negative cross peaks, respectively.
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The calculated asynchronous cross–peaks are contained in Table 3. The 2D cor-
relation spectroscopy allows to differentiate the adhesion specificity of the selected
blood protein to the studied carbon layers.

Fig. 6. Asynchronous 2D correlation Raman spectra of the MWCNTs (EPD) sample incubated
with: (A) chicken egg white albumin (Alb); (B) bovine serum albumin (BSA); (C) human serum
albumin (HSA); in the wavenumber range of 1530–1720 cm−1. The white and gray color
represent positive and negative cross peaks, respectively.

Table 3. Observed significant asynchronous 2D correlation cross-peaks and their assignments
for the C (CVD) and MWCNTs coating incubated in Alb, BSA, HSA in the wavenumber ranges
of 1750–1500 cm−1 [21–29, 45–48].

2D asynchronous cross-peaks

C (CVD) + Alb MWCNTs + Alb
Assignment Cross-peaks Assignment Assignment Cross-peaks Assignment

amide I,
a-helix conf.

−(1650,1597) G-band Phe, His +(1600,1578) G−-band

amide I,
b-sheet conf.

−(1665,1597) G-band Tyr +(1622,1578) G−-band

amide I,
b-turn conf.

−(1682,1597) G-band

C (CVD) + BSA MWCNTs + BSA

G-band +(1598,1552) Glu Phe +(1603,1583) G+-band
D′-band +(1613,1558) Asp His +(1630,1603) G+-band

C (CVD) + HAS MWCNTs + HAS

D′-band +(1635,1601) G-band Tyr −(1618,1602) G+-band
D′-band +(1635,1594) G-band amide I,

a-helix conf.
−(1660,1602) G+-band

amide I,
a-helix conf.

+(1652,1601) G-band amide I,
b-turn conf.

−(1687,1601) G+-band
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4 Summary

The results of the performed complex studies of the two types of model carbon coatings
exhibit significant dissimilarities regarding their interaction with the chosen blood
proteins but also the difference is related to the origin of a protein: whether it is animal
or human. Both of the studied carbon layers were incubated with the selected albumins,
and the interaction between these two materials is visible by the variation of the contact
angle (Fig. 2). They substantially differ in their surface image, the nanotubes form an
isotropic fibrous system with a characteristic nanotopography while the C (CVD) py-
rolytic surface is smoother (Fig. 2B).

For both types of the studied carbon layers a similar sequence of changes reflecting
the occurring interaction with the albumins, which can be estimated by measuring
contact angle. For each of the albumin, these differences are clearly marked, and an
especially different contact angle is noticed for BSA (Fig. 2 A and B). The C
(CVD) layer, which is known to be antithrombogenic, is characterized by high adhe-
sion of protein to the surface while in other cases, the protein layer weakly adheres to
the substrate (Table 1).

The results of Raman spectroscopy show that carbon nanolayers interact differently
with the selected blood proteins, as indicated by the parameters determined from the
Raman spectra, e.g. the position of the characteristic G-bands (Fig. 3). This parameter
also allows to reveal the type of interactions and their extent.

The 2D asynchronous maps offer the possibility of determining the type of protein
interaction with the surface of the carbon layer. Considering only the most intense
cross-peaks you will notice that Alb adopts the structure with a comparable contri-
bution of the a-helix, b-sheet and a sizable portion of b-turn conformation while
signals from the individual amino acids Phe, His, Tyr are observed for the MWCNTs
layer (Figs. 5A and 6A); [49–51]. For the BSA there is a correlation signal from the
individual amino acids: Asp, Glu and Phe, His for C (CVD) and MWCNTs layer,
respectively (Figs. 5B and 6B); [48–50]. The 2D correlation spectroscopy does not
provide evidence that the secondary structure is mainly a-helix (50–60% in its native
state) [50, 52, 53]. HSA acts in an exceptional way with a synthetic nanomaterial,
showing equal participation conformation a-helix and also a-helix and b-turn in
addition to the Tyr signal for the C (CVD) and MWCNTs layer, respectively [50, 54].
But, the vibrations of the amide I are ahead of the changes in the carbon nanolayer
for the C (CVD). The MWCNTs layer shows the opposite order of events (Figs. 5C
and 6C). The 2D analysis shows that the amide I bond is modified by the aromatic
MWCNTs structure while the interaction on the interphase occurs, what was also
noticed for the SWCNTs [55].

5 Conclusions

The albumin conformation is different for the studied surfaces, the amide I band
maximum observed for the C (CVD) pyrolytic carbon layer shifts toward the higher
vibrations for the MWCNT coating confirming an increase in the b-conformation. The
conducted research and spectroscopic characteristics of the studied surfaces
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nanotopography as a key element in the synthetic surface with blood protein interaction
and allow for the explanation of the nature of this process in relation to the type of
protein.

The phenomena occurring on the surface of the C pyrolytic carbon with contact
with human albumin have a different character than those observed in other cases. It
can therefore be assumed that these phenomena, is the nature of conformational
changes in HSA and strong adhesion, are responsible for the anti-thrombogenicity of
this type of material.
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Abstract. The purpose of this study is to apply the distribution func-
tion formalism to the problem of electronic transport in open systems,
and numerically solve the kinetic equation with a dissipation term. This
term is modeled within the relaxation time approximation, and contains
two parts, corresponding to elastic or inelastic processes. The collision
operator is approximated as a sum of the semiclassical energy dissipation
term, and the momentum relaxation term which randomizes momentum
but does not change energy. As a result, the distribution of charge carriers
changes due to the dissipation processes, which has a profound impact on
the electronic transport through the simulated region discussed in terms
of the current–voltage characteristics and their modification caused by
the scattering.

Keywords: Kinetic equation · Relaxation time approximation ·
Scattering processes

1 Introduction

Transport processes exhibit a wide variety of problems which are interesting for
fundamental research in different branches of physics and engineering. Especially,
a lot of attention is devoted to the electronic transport in solid state systems
because they are used as elements of common electronic devices that are sub-
ject to progressive miniaturization. Simultaneously, more and more functionality
of these devices is expected. These needs stimulate the search for new materi-
als, as well as the development of theoretical and computational techniques or
simulations for exploring transport phenomena of particular relevance in these
systems.

Full theoretical description of electronic transport in the considered systems
should be based on the methods of non-equilibrium statistical mechanics, but
such description is an extremely complicated problem [1–4]. Therefore some
physical assumptions and approximations are usually applied to simplify this
issue [5,6]. One of the most common assumptions is to treat the studied system
as an active element of the device connected to large electrodes which play a role
c© Springer Nature Switzerland AG 2020
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of reservoirs of charge and heat. Each of these electrodes is characterized by its
own equilibrium distribution function in the Fermi-Dirac form that is specified
through the temperature and the chemical potential. For a fixed temperature,
the difference between the chemical potentials associated with reservoirs is pro-
portional to the bias voltage which produces the electric field across the studied
system and the current of electrons flowing through the system is generated.
The real structure of the systems can be defected or it can contain dopants, and
moreover a collective thermal vibration of ions generates phonons which interact
with the conduction electrons. All these factors have a significant impact on the
electronic transport, and a separation of contributions from the different scat-
tering mechanisms states the first step to understand the transport properties
of the system.

The aim of this report is to study the influence of the scattering processes of
the carriers in a highly defected semiconductor device on its transport character-
istics. In such systems, the momentum of the carriers is randomized due to the
scattering processes and their energy can be changed as a results of interaction
with phonons. For this purpose we solve the kinetic equation with a dissipation
term modeled with the relaxation time approximation. Within this approxima-
tion we take into account that the dissipation term consists of two parts. One
of them describes the momentum relaxation due to the elastic scattering, and
the second term describes the momentum and energy relaxation due to inelastic
scattering processes.

The paper is organized as follows: in Sect. 2 we present the derivation of the
kinetic equation for the distribution function, starting from the modified form of
the von Neumann equation for the density operator. Further, we discuss different
approximations which are usually made for simplification of the full quantum
theory of electronic transport. Sect. 3 contains the discussion of the numerical
method that is used to solve the presented problem. In turn, in Sect. 4 we present
the results of our calculations and their discussion. This report is concluded in
Sect. 5 where we summarize presented results.

2 Theory

It is widely recognized, that the starting point for the quantum theory of elec-
tronic transport in solid-state systems is the von Neumann equation, e.g. [7,8],

i�
dρ̂(t)
dt

=
[
Ĥ0, ρ̂(t)

]
, (1)

where Ĥ0 is the one-particle Hamiltonian of the unperturbed system in the form
Ĥ0 = p̂2/2m + U(x̂), here p̂ denotes the momentum operator, and U(x̂) is the
potential energy operator of carriers with the effective mass m. In turn, ρ̂(t) is
the one-particle density operator defined by the formula [9],

ρ̂(t) =
∑

n

pn |φn(t)〉 〈φn(t)| , (2)
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where pn corresponds the probability of finding the system in a pure state |φn(t)〉.
The density operator can be characterized by its own matrix elements which form
the so-called density matrix. For example, the density operator in the position
representation is ρ(ξ, ξ′) = 〈ξ| ρ̂(t) |ξ′〉. The diagonal elements of the density
matrix represent the electron’s density whereas its off-diagonal elements are
responsible for the phase correlations of electrons. Let us note that the appli-
cation of the von Neumann equation to the description of the conduction elec-
trons dynamics in the considered systems is equivalent to the assumption that
the electronic transport is coherent, i.e., quantum interference becomes impor-
tant ingredient of the dynamical processes description. On the other hand, this
coherent dynamics of conduction electrons is often perturbed by different kinds
of uncontrollable interactions which destroy the phase coherence of the carri-
ers. One of the examples of this situation in real systems is the interaction of
the carriers gas with the phonon gas. In this case, one can observe transfer of
energy or momentum between the both subsystems. This transfer is expressed in
terms of inelastic or elastic scattering ratio, depending on the responsible physi-
cal mechanism. In fact this is a statistical process which introduces some kind of
irreversibility to the system, which results in dissipation. These considerations
lead to the conclusion that Eq. (1) should contain an additional term which
introduces dissipation. On this basis, the von Neumann equation is transformed
to the form

i�
dρ̂(t)
dt

=
[
Ĥ0, ρ̂(t)

]
+ D̂ [ρ̂(t)] , (3)

where the operator D̂ [ρ̂(t)] represents the dissipative term. The form of this
term is a matter of wide dispute, and several discussions have been reported for
this approach, e.g. [10]. Our goal is to write-down Eq. (3) in the phase-space
coordinates. For this purpose we transform the density matrix in the position
representation [ξ − ξ′] into the new position representation [x − X] using the
center of mass coordinates: x = ξ′ − ξ and X = (ξ′ + ξ)/2, and then into the
mixed representation [x−p] using the Weyl transform [11]. As a result, we obtain
the Wigner distribution function (WDF) [12–15],

�(x, p, t) =
1

2π�

∫
dXρ

(
x +

X

2
, x − X

2
, t

)
exp

[
− ipX

�

]
, (4)

which plays a similar role as the distribution function in the classical statistical
mechanics, in the sense that the WDF can be used to calculate expectation value
of any dynamical variable as follows

〈A(t)〉 =
∫

dxdp AW (p, x)�(x, p; t), (5)

where AW (p, x) is the Weyl symbol of quantum-mechanical operator of a dynam-
ical variable Â in the position representation,

AW (p, x) =
∫

dX

〈
x +

X

2

∣∣∣∣ Â(p̂, x̂)
∣∣∣∣x − X

2

〉
exp

[
− ipX

�

]
. (6)
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The application of the above scheme and the Weyl transform to Eq. (3) leads to
the quantum kinetic equation in the Wigner form,

∂�(x, p, t)
∂t

+
p

m

∂�(x, p, t)
∂x

=
∫

dp′ W (x, p − p′)�(x, p′, t) + DW [�(x, p, t)] , (7)

where DW [�(x, p, t)] is the Weyl symbol of the dissipation term, and the integral
kernel W (x, k) is interpreted as the nonlocal potential. Its form is given by the
formula

W (x, p − p′) =
1

2πi�

∫
dX

[
U

(
x +

X

2

)
− U

(
x − X

2

)]
exp

[
− i(p − p′)X

�

]
.

(8)
We would like to emphasize that the nonlocal potential allows to incorporate
the quantum interference effect. In the classical limit the rhs of Eq. (8) can be
reduced to the form: [∂U(x)/∂x] ∂/∂p. In this way Eq. (7) takes the Boltzmann-
like form,

∂�(x, p, t)
∂t

+
p

m

∂�(x, p, t)
∂x

− ∂U(x)
∂x

∂�(x, p, t)
∂p

= DW [�(x, p, t)] . (9)

The Weyl symbol of the dissipation term is still a difficult issue, because
its explicit form is unknown, although some results for the Caldeira-Leggett
model [16] are known [17]. In this report, we consider the stationary solution
of Eq. (9) in the limit of a slowly-varying potential and we apply the simplest
model for the dissipation term which is known as the relaxation time approxi-
mation [5,6]. In accordance with Ref. [18], we choose this term in the following
form,

DW [�(x, p)] ≈ −γR [�(x, p) − �eq(p)] − γM [�(x, p) − �(x,−p)] , (10)

where γR and γM are the strengths of inelastic and elastic scattering, respec-
tively. The first term on rhs of Eq. (10) describes relaxation processes in which
momentum as well as energy are changed during the scattering. In turn the sec-
ond term describes situations in which only the carrier’s momentum is changed,
whereas energy is conserved. Taking into account all the above assumptions, we
can finally write the kinetic equation in the form

p

m

∂�(x, p)
∂x

= −γR [�(x, p) − �eq(p)] − γM [�(x, p) − �(x,−p)] . (11)

This equation is numerically solved with the boundary condition which assumes
that the states of conduction electrons inflowing to the nanosystem depend on
the states of the charge reservoirs as follows [19],

�(0, p)
∣∣∣∣
p>0

= fL(E(p)) ,

�(L, p)
∣∣∣∣
p<0

= fR(E(p)) , (12)
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where fL(R)(E(k)) are the supply functions for the left (L) and right (R) contact
in the form

fL(R)(E(k)) =
m

π�2β
ln

{
exp

[
−

(
�
2k2

2m
− μ

L(R)
F

)
β

]
+ 1

}
, (13)

where p = �k, β = 1/kBT , kB is the Boltzmann constant, and T is the temper-
ature, while μ

L(R)
F is the Fermi level in the left (right) contact.

A solution of the kinetic equation in the form given by Eq. (11) with the
boundary condition in the form (12) allows determining the distribution function
for a given value of the applied bias voltage VB. Then the electronic current, I,
as a function of the bias voltage is calculated in accordance to the formula

I(VB) =
e

2π�L

∫
dx

∫
dp

p

m
�(x, p;VB). (14)

3 Method of calculation

Solution of the kinetic equation (11) may be found numerically using the implicit
Euler method, with all the following equations written in the atomic units (a.u.)
for which it assumed that � = e = me = 1, and therefore p = k. For this purpose,
the phase space is discretized into Nx × Nk cells, each of them having volume
ΔxΔk, where Δx = L/Nx and Δk = 2kmax/Nk. In the first step, this procedure
requires substituting the derivatives of the distribution function with their three-
point discrete approximations resulting from the finite difference method,

d

dx
�(x, k) ≈ 1

2Δx
(−3�i,j + 4�i+1,j − �i+2,j), for kj > 0, (15)

d

dx
�(x, k) ≈ 1

2Δx
(3�i,j − 4�i−1,j + �i−2,j), for kj < 0, (16)

where �i,j = �(xi, kj) with xi = iΔx, i = 0, . . . , Nx − 1 and kj = [j − (Nk −
1)/2]Δk, j = 0, . . . , Nk − 1. It should be noted that the above equations take
the asymmetric form which is a result of the assumed boundary condition, i.e.,
the right-hand or the left-hand form is chosen depending on the sign of k since
the boundary condition is defined at x = 0 for k > 0 and at x = L for k < 0.
Additionally, Nk must be even, so that the mesh points are defined only for
positive or negative values of k, and k = 0 is omitted as shown in Fig. 1. It also
means that if �i,j corresponds to a certain �(x, k), then �i,Nk−j−1 corresponds
to �(x,−k).

As a result, we obtain the following equations,

�i,j =
4�i−1,j − �i−2,j + 2mΔx

�kj
(γR�eq

j + γM�i,Nk−j−1)

3 + 2mΔx

�kj
(γR + γM )

, for kj > 0, (17)

�i,j =
4�i+1,j − �i+2,j − 2mΔx

�kj
(γR�eq

j + γM�i,Nk−j−1)

3 − 2mΔx

�kj
(γR + γM )

, for kj < 0. (18)
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Fig. 1. Discretization scheme for the kinetic equation. Full boxes correspond to the
sites at which the fixed boundary condition based on the supply function is applied.
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Fig. 2. Illustration of the convergence of the self-consistent procedure in terms of the
relative change of the current value between the consecutive iterations. Calculated for
γM = 1, 2, and 4 · 1013 s−1 and γR = 0.
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They are solved recursively, assuming that �i,Nk−j−1 is initially equal to the
value of the equilibrium distribution function, �eq

Nk−j−1.
After finding the values of the distribution function at all sites the whole

procedure is repeated in the self-consistent manner until the solution converges,
which is verified in terms of the relative change of the current value calculated
at the consecutive steps n − 1 and n,

ΔI(n) =
|I(n) − I(n − 1)|

I(n)
, (19)

with ΔI(n) required to be less than 10−5. Typically 10÷40 steps are needed for
the solution to converge, as illustrated in Fig. 2.

4 Results and discussion

The numerical calculations have been performed for a system having length
L = 70 nm and at temperature T = 10 K. The Fermi level at the right contact
was assumed to be equal μR

F = 0.08 eV, while the Fermi level in the left contact
is μL

F = μR
F + VB , where VB is the applied bias voltage. All calculations were

conducted on a computational grid of size Nx × Nk with Nx = 40 and Nx = 40,
while Δx = 1.75 nm and Δk = 0.02 nm−1.

Scattering rate gives us information about how frequently electrons partic-
ipate in the elastic or inelastic scattering processes. The higher scattering rate
results therefore in the higher resistance of the system, which reduces the mea-
sured electronic current. This dependence, calculated for the considered system,
is presented in Fig. 3 which shows how the current–voltage characteristics of the
simulated structure reacts to the change of the scattering rates.
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Fig. 3. Current voltage characteristics for (a) different inelastic scattering rates dissi-
pating energy, and (b) various elastic scattering rates responsible for randomization of
momentum.
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Fig. 4. The normalized distribution function �(x, k) for (a) γR = γM = 0 at the bias
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The calculated current–voltage characteristics are very similar to the those
of the p-n diodes, in particular for the negative bias voltage where the current
value is constant and close to zero, independently of the applied bias voltage.

These results also show that the impact of the elastic scattering on the current
is very weak, while the influence of the inelastic scattering is much stronger. The
reason is that the former does not significantly modify the distribution function,
whereas the latter has much stronger influence on the distribution function, and
thus also on the current value. Examples of the calculated distribution functions
are presented in Fig. 4 which shows the functions �(x, k) that are solutions of the
kinetic equation (11). Analysis of those distribution functions clearly shows that
larger values of the current are related to bigger carrier density in upper half of
phase space, i.e. for k > 0. When the non-zero scattering rates are introduced,
the distribution function is mostly affected for carriers with positive momentum,
while the number of carriers with negative momentum also changes, although
not as much. As a result, the introduction of scattering changes the value of the
current, and modifies the shape of the distribution function which changes in a
much smoother way around k = 0.

Influence of the scattering processes on the conductance of the analyzed
system can be also illustrated by the relation between the scattering rate and
the relative difference between the current flowing in absence of any dissipation
processes and the current calculated in presence of elastic or inelastic scattering.
Figure 5 confirms that the relative change of the current due to the dissipation
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Fig. 5. Relative change of the current (solid lines) and differential resistance (dashed
lines) due to influence of the dissipation processes calculated for different scattering
rates and the bias voltage VB = 0.2 V.
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processes depends on the type of scattering which is taken into account. The
relative current change due to the inelastic scattering is a nonlinear, increasing
function of γM equal up to approximately 50% for γM = 4 · 1013 s−1.

Also the differential resistance, Rd = dVB/dI, is sensitive to the scattering,
as shown for VB = 0.2 V in Fig. 5. Its value increases linearly with increasing
γM , and at all points is slightly larger for greater γR.

5 Conclusions

We solved numerically the kinetic equation with the dissipative term which is
modeled by the relaxation time approximation, with separate terms describing
the relaxation of momentum and relaxation of energy. The numerical solution of
the kinetic equation allowed us to find the distribution function. We investigated
the modification of the shape of this function due to those two types of scat-
tering. Owing to the knowledge of the distribution functions, also the electronic
current was calculated as a function of the bias voltage for different values of
the scattering rates corresponding to the term which dissipates energy and to
the momentum-relaxation term. Our calculations show that the current–voltage
characteristics are considerably modified by the elastic scattering.
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Abstract. Using the phase space approach, we consider the dynamics
of a quantum particle in an isolated confined quantum system with three
different potential energy profiles. We solve the Moyal equation of motion
for the Wigner function with the highly efficient spectral split-operator
method. The main aim of this study is to compare the accuracy of the
used algorithm by analysis of the total energy expectation value, in terms
of the deviation from its exact value. This comparison is performed for
the second and fourth order factorizations of the time evolution operator.

Keywords: Wigner distribution function · Moyal dynamics ·
Split-operator method

1 Introduction

The theory of quanta revolutionized the way of thinking about physical phenom-
ena in the microscopic world and introduced an abstract mathematical formal-
ism based on some concepts of functional analysis. The structure of the quantum
theory is determined by a set of independent axioms which incorporates proba-
bilistic aspect of measurements of observables. Thereby the quantum theory has
a statistical character. Usually, we assume that states of a physical system are
represented by abstract vectors |ψ(t)〉 in a Hilbert space. Nevertheless, in some
physical situations, description of the system states in terms of the abstract vec-
tors is not sufficient because the states are known only statistically. To meet
these challenges, quantum-statistical theory offers a more general approach in
which the state of a system is described by the density operator ρ̂(t). Its form,
in the spectral representation, is given by a convex combination of the rank-one
orthogonal projection operators onto the abstract vectors [1], i.e.,

ρ̂(t) =
∑

n

pn |φn(t)〉 〈φn(t)| , (1)

where pn is the probability of finding the system in a pure state |φn(t)〉. Time
evolution of the density operator is governed by the von Neumann equation

ih̄
d

dt
ρ̂(t) =

[
Ĥ(x̂, p̂), ρ̂(t)

]
, (2)
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where the symbol [ , ] stands for the commutator of two operators, h̄ is the
reduced Planck constant, and i is the imaginary unit. The above equation of
motion describes the non-dissipative evolution of the density operator for an
isolated (closed) system which is characterized by the one-particle Hamiltonian
in the form

Ĥ(x̂, p̂) =
p̂2

2m
+ U(x̂), (3)

where m is the effective mass of a particle, x̂ and p̂ are the position and the
momentum operators, respectively, [x̂, p̂] = ih̄1̂, and U(x̂) is the operator of the
potential energy. The expectation value of any dynamical observable which is
represented by a Hermitian operator Â is obtained by the formula

〈A(t)〉 = Tr
{

ρ̂(t)Â
}

, (4)

where the symbol Tr{ } indicates the trace of the operator. Hence it can be
concluded that the density operator in the quantum-statistical description of
the system plays a similar role as the probability distribution function over the
phase space in the statistical description of a classical system.

For the first time the relationship between the density operator and function
of phase-space variables was established by Wigner [2], who applied the Weyl
transform [3,4] to the density operator. As a result, he obtained the following
c-number function [5–9]

�(x, p, t) =
1

2πh̄

∫
dX

〈
x +

X

2

∣∣∣∣ ρ̂(t)
∣∣∣∣x − X

2

〉
exp

[
− ipX

h̄

]
, (5)

which depends on the position and momentum coordinates, and nowadays is
known as the Wigner distribution function (WDF). In fact, this function can take
negative values in some regions of the phase space and therefore it is regarded as
a quasi-probability density in this space. It is worth to mention that negativity
of the WDF exhibits non-classical properties of the state as well as it can be
used as an indicator of quantum phenomena in the system [10–14]. It should be
also emphasized that the WDF plays a role of a state in the so-called phase-
space formulation of quantum mechanics [5,15,16], in which a non-commutative
algebra of smooth observables represented by ordinary c-numbers functions is
generated by the Groenewold star-product

∗ = exp
[
ih̄

(←−
∂x

−→
∂p − ←−

∂p
−→
∂x

)
/2

]
, (6)

where the arrows indicate in which direction the derivatives act. In practice, this
product may be evaluated through translation of the argument of the phase-
space function in the following way

(f ∗ g)(x, p) = f
(
x + (ih̄/2)

−→
∂p, p − (ih̄/2)

−→
∂x

)
g(x, p). (7)

Hence, one can conclude that the star-product of two such functions is described
by a power series in the form

(f ∗ g)(x, p) = (fg)(x, p) +
ih̄

2
{f, g} (x, p) + O(h̄2), (8)
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where the first term in the series is the pointwise product, and the second term
is the Poisson bracket. Aforementioned expression suggests that the quantum
mechanics in the phase space may be regarded as a deformation theory of classi-
cal mechanics [17–19]. Presently, this formulation is exploited in some branches
of modern physics and chemistry, i.e., it is applied in quantum-statistical studies
of transport processes [20,21], quantum optics [22], or quantum field theory [23]
and it is also very inspiring for some branches of mathematics development:
deformation of the Lie algebras [24], non-commutative or symplectic geome-
try [25].

The subject of this report is the exploration of two variants of the spec-
tral split-operator method in application to the phase-space propagation of the
quantum state in small confined systems. Originally, the spectral split-operator
method was proposed to solve the Schrödinger equation [26], then this method
has been adapted to the solution of the Liouville equation [27–29], and it is often
used to simulate the dynamics of states in molecular systems. We have performed
comparative studies of this numerical method in the second and fourth order.
For this purpose we consider the initially localized WDF and its dynamics in the
harmonic potential and the class of the power-exponential potentials [30]. This
dynamics is generated by the Moyal’s equation of motion.

The paper is organized as follows: in Sect. 2 we present theoretical back-
ground of quantum mechanics in the phase space, i.e., basic concepts and nota-
tions on the Moyal dynamics in the phase space. Then we introduce some ele-
ments of the spectral split-operator method of second and fourth order applied
to the Moyal equation. Section 3 contains the results of calculations and their
discussion. Finally, Sect. 4 contains conclusions and summary of the results.

2 Theory

In the phase-space formulation of quantum mechanics, the considered system is
characterized by the Weyl symbol of the Hamiltonian, which can be written in
the position representation as follows [5,6],

HW (x, p) =
∫

dX

〈
x +

X

2

∣∣∣∣ Ĥ(x̂, p̂)
∣∣∣∣x − X

2

〉
exp

[
− ipX

h̄

]
, (9)

where Ĥ(x̂, p̂) corresponds to the hermitian Hamiltonian in the form given by
Eq. (3). As it was mentioned at the beginning, the state of the system in the
phase space is given by the WDF. In turn, its unitary evolution in time can be
described by the equation of motion in the Moyal form [31],

∂�(x, p; t)
∂t

= L̂M�(x, p; t), (10)

where the operator L̂M is given by the Moyal bracket which is defined, for a given
Weyl symbol of Hamiltonian, as a skew-symmetric part of the star-product, i.e.,

L̂M�(x, p; t) =
1
ih̄

[HW (x, p) ∗ �(x, p; t) − �(x, p; t) ∗ HW (x, p)]

= {HW (x, p), �(x, p; t)}M . (11)
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This means that the Moyal bracket emerges as a generator of quantum
dynamics of the state in the phase space. An important property of the Moyal
bracket is that it becomes the Poisson bracket in the classical limit (h̄ → 0). It
implies that the Moyal equation becomes the Liouville equation for the classical
phase-space distribution function.

The Moyal equation can be written in the alternative form as follows [32],

ih̄∂t�(x, p, t) =
[
HW

(
x +

ih̄

2
−→
∂p, p − ih̄

2
−→
∂x

)

−HW

(
x − ih̄

2
−→
∂p, p +

ih̄

2
−→
∂x

)]
�(x, p, t), (12)

owing to the ansatz given by Eq. (7).
Authors of Ref. [33] defined the Hilbert phase space in which every state

of the quantum system, which in general can be mixed, is represented by an
abstract vector |ρ(t)〉, and its time evolution is given by equation

ih̄
d

dt
|ρ(t)〉 =

[
h̄

m
p̂λ̂ + U

(
x̂ − h̄

2
θ̂

)
− U

(
x̂ +

h̄

2
θ̂

)]
|ρ(t)〉 , (13)

where the operators: λ̂, θ̂, p̂, and x̂ belong to a six-operator algebra with respect
to the following commutation relations,
[
x̂, θ̂

]
= 0̂, [x̂, p̂] = 0̂,

[
x̂, λ̂

]
= i1̂,

[
p̂, θ̂

]
= i1̂,

[
p̂, λ̂

]
= 0̂,

[
λ̂, θ̂

]
= 0̂.

(14)
Knowing the state at time instant t0 |ρ(t0)〉, the solution of Eq. (13) for

arbitrary t0 +Δt can be written in the form |ρ(t0 + Δt)〉 = Û(Δt) |ρ(t0)〉, where

Û(Δt) = exp
{

− i

h̄

[
h̄

m
p̂λ̂ + U

(
x̂ − h̄

2
θ̂

)
− U

(
x̂ +

h̄

2
θ̂

)]
Δt

}
(15)

is called the time evolution operator. In representation 〈xp| where

x̂ = x, p̂ = p, λ̂ = −i∂x, θ̂ = −i∂p, (16)

we obtain WDF (5) as it turns out that 〈xp| ρ(t)〉 = �(x, p, t) and Eq. (13) boils
down to Eq. (12).

The time evolution operator (15) can be written in more concise form as
follows,

Û(Δt) = exp
[
− i

h̄

(
T̂ + Û

)
Δt

]
. (17)

In this notation, the operator T̂ = (h̄/m)p̂λ̂ represents the kinetic part, whereas
the operator Û = U

(
x̂ − h̄θ̂/2

)
− U

(
x̂ + h̄θ̂/2

)
represents the potential part.

Importantly, these two operators do not commute. It should be noticed that in
representation 〈λp| where

x̂ = i∂λ, p̂ = p, λ̂ = λ, θ̂ = −i∂p, (18)
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operator T̂ is a multiplication operator. Similarly in representation 〈xθ| where

x̂ = x, p̂ = i∂θ, λ̂ = −i∂x, θ̂ = θ, (19)

operator Û is a multiplication operator. Transformations between different rep-
resentations of the state vector |ρ(t)〉 are realized by the Fourier transforms,
i.e.,

〈xθ| ρ〉 =
∫

dpe−ipθ 〈xp| ρ〉 , 〈λp| ρ〉 =
1
2π

∫
dxdθei(pθ−λx) 〈xθ| ρ〉 ,

〈xp| ρ〉 =
1
2π

∫
dθeixλ 〈λp| ρ〉 . (20)

The core of the spectral split operator method is to factorize the time evolu-
tion operator (17) as a product of operators dependent only on T̂ and only on Û .
Each of them can be easily realized numerically as a multiplication in adequate
representation and the transformations between various representations can be
efficiently realized by fast Fourier transforms. We consider two factorizations of
time evolution operator (17), the widely used second order factorization

Û(Δt) = exp
[
− i

2h̄
T̂Δt

]
exp

[
− i

h̄
ÛΔt

]
exp

[
− i

2h̄
T̂Δt

]
+ O(Δt3), (21)

and the fourth order factorization

Û(Δt) = exp
[
− i

6h̄
ÛΔt

]
exp

[
− i

2h̄
T̂Δt

]
exp

[
− 2i

3h̄
ˆ̃
UΔt

]

× exp
[
− i

2h̄
T̂Δt

]
exp

[
− i

6h̄
ÛΔt

]
+ O(Δt5), (22)

where ˆ̃
U = Û −

[
Û ,

[
T̂ , Û

]]
Δt2/(48h̄2), which was originally derived in Ref. [34],

and then applied to the Liouville equation. Later this factorization has been also
used for the Schrödinger equation [35]. It can be clearly seen that the later fac-
torization requires 5/3 times more operations, both multiplications and Fourier
transforms. It can be shown that

〈xθ|
[
Û ,

[
T̂ , Û

]]
|ρ(t)〉 =

h̄2

m

[
U ′

(
x − h̄

2
θ

)
− U ′

(
x +

h̄

2
θ

)]

×
[
U ′

(
x − h̄

2
θ

)
+ U ′

(
x +

h̄

2
θ

)]
〈xθ| ρ(t)〉 , (23)

where U ′(x) is the first derivative of the potential energy function U(x), so the
operator

[
Û ,

[
T̂ , Û

]]
is just a multiplication operator in 〈xθ| representation.

Time shift of WDF from the time instant t0 to t0 +Δt can be realized in the
following steps, accordingly for the second order factorization (21)

�(x, p, t0 + Δt) ≈ Fλ→x exp
[
− iΔt

2m
T (λ, p)

]
Fθ→p

x→λ exp
[
− iΔt

h̄
U(x, θ)

]
Fλ→x

p→θ

× exp
[
− iΔt

2m
T (λ, p)

]
Fx→λ�(x, p, t0), (24)
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and for the fourth order factorization (22)

�(x, p, t0 + Δt) ≈ Fθ→p exp
[
− iΔt

6h̄
U(x, θ)

]
Fλ→x

p→θ exp
[
− iΔt

2m
T (λ, p)

]
Fθ→p

x→λ

× exp
[
−2iΔt

3h̄
Ũ(x, θ)

]
Fλ→x

p→θ exp
[
− iΔt

2m
T (λ, p)

]
Fθ→p

x→λ

× exp
[
− iΔt

6h̄
U(x, θ)

]
Fp→θ�(x, p, t0), (25)

where the ordinary and inverse Fourier transforms are written accordingly in
subscript and in superscript.

In numerical calculations we can get the WDF time evolution by successive
application of the time evolution operator (15) with given time step Δt. We set
the computation box size [−Lx, Lx] × [−Lp, Lp] and the computation grid size
Nx × Np. We discretize the position and momentum in the following way,

xm = −Lx + mΔx, pn = −Lp + nΔp, (26)

where Δx = 2Lx/Nx and Δp = 2Lp/Np. For θ and λ variables we define

Δλ =
π

Lx
, Δθ =

π

Lp
, Lλ =

NxΔλ

2
, Lθ =

NpΔθ

2
. (27)

Unlike for x and p, the discretizations of variables θ and λ have to be shifted
due to the properties of the discrete Fourier transform,

λk =
{−Lλ +

(
k + Nx

2

)
Δλ, k = 0, 1, ..., Nx

2 − 1
−Lλ +

(
k − Nx

2

)
Δλ, k = Nx

2 , Nx

2 + 1, ..., Nx − 1
(28)

and

θl =

⎧
⎨

⎩
−Lθ +

(
l + Np

2

)
Δθ, l = 0, 1, ...,

Np

2 − 1

−Lθ +
(
l − Np

2

)
Δθ, l = Np

2 ,
Np

2 + 1, ..., Np − 1.
(29)

For numerical simulation according to Eqs. (24) and (25) one has to discretize
functions T (λ, p), U(x, θ) and Ũ(x, θ) on appropriate grids and apply the discrete
Fourier transforms that are defined as usual, accordingly for ordinary and inverse
transform

Fk =
N−1∑

n=0

fne−i2πkn/N , fn =
1
N

N−1∑

n=0

Fkei2πkn/N , (30)

and for efficient computations should be implemented as fast Fourier transforms.

3 Results and Discussion

3.1 Initial Condition and Considered Potential Energies

The presented algorithm based on the spectral split-operator method for given
initial WDF at time instant t = 0 allows one to find the time evolution of the
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WDF via successive application of time evolution operator. We take the initial
condition in the Wigner form of the Gaussian wave packet centered around some
point (0, p0) in the phase space [36],

�(x, p; 0) =
1

πh̄
exp

{
−2δ2x(p − p0)2

h̄2 − x2

2δ2x

}
, (31)

where δ2x is the initial variance of the wave packet. Owing to the WDF at suc-
cessive time instants, we can determine evolution of some dynamical observables
that are characteristic for considered systems. In general case, expectation value
of any dynamical variable can be calculated in accordance with the formula

〈A(t)〉 =
∫

dxdp AW (x, p)�(x, p; t), (32)

where AW (x, p) is the Weyl symbol of quantum-mechanical operator of a dynam-
ical variable Â in the position representation,

AW (x, p) =
∫

dX

〈
x +

X

2

∣∣∣∣ Â(x̂, p̂)
∣∣∣∣x − X

2

〉
exp

[
− ipX

h̄

]
. (33)

From these expressions we can simply derive the formula for temporary changes
of the expectation value of the total energy associated with the WDF moving
in the considered potential. Inasmuch it can be easily shown that xl

W = xl and
pl

W = pl for arbitrary natural value of l, that formula can be expressed in the
following form

〈E(t)〉 =
∫

dxdp

[
p2

2m
+ U(x)

]
�(x, p; t). (34)

Because the analyzed systems are closed, the expectation value of the total
energy is constant throughout the motion, and deviations from this value serve
us as a measure of algorithm precision. We define the following formulas,

error(E; t,Δt) = Enum(t,Δt) − Eexact, (35)

error(E;Δt) = max
t

|error(E; t,Δt)| , (36)

which will be used in further subsections.
Potential energy profiles that are considered are the harmonic oscillator,

UHO(x) =
1
2
mω2x2, (37)

the Gaussian well,

UG(x) = U0

[
1 − exp

(
− x2

2σ2
x

)]
(38)

and the power-exponential well,

UPE(x) = U0

{
1 − exp

[
−

(
x√
2σx

)2n
]}

, (39)
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which is considered for n = 2. It should be noticed that the potential energy
UG(x) is a special case of the power-exponential function (39) for n = 1. In Eqs.
(37–39) m is the mass of quantum particle, ω is an angular frequency of the
harmonic oscillator, U0 is a depth of the potential well and σx is related to the
width of the potential well. For the used values of the parameters that will be
specified in the following subsections, the potential energy profiles are presented
in Fig. 1.

Fig. 1. Considered profiles of the potential energy: harmonic oscillator (HO), Gaussian
(G), and power-exponential (PE).

Given the initial WDF (31) and three above forms of the potential energy,
one can calculate the analytic forms of the total energy expectation values from
Eq. (34),

Eexact
HO =

1
2m

(
h̄2

4δ2x
+ p20

)
+

mω2

2
δ2x, (40)

Eexact
G =

1
2m

(
h̄2

4δ2x
+ p20

)
+ U0

(
1 −

√
σ2

x

σ2
x + δ2x

)
, (41)

Eexact
PE =

1
2m

(
h̄2

4δ2x
+ p20

)
+ U0

(
1 − σ2

x

2πδ2x
exp

[
σ4

x

8δ4x

]
K 1

4

(
σ4

x

8δ4x

))
, (42)

where Kν(x) is the modified Bessel function of the second kind.
All calculations were performed in atomic units (a.u.), where h̄ = e = me = 1.
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3.2 Harmonic Oscillator Potential

For the potential energy (37) we set m = 1 a.u. and ω = 1/
√

5 a.u. For the
initial WDF, the momentum expectation value is p0 = 1 a.u. For such values of
parameters the expectation value of the total energy (40) is Eexact

HO = 1.025 a.u.
The maxima of the total energy error for both factorizations of the time evolution
operator are presented in Fig. 2 as a function of the used time step Δt. It shows
that for the shortest time step Δt = 0.05 a.u. the fourth order method produces
error which is five orders of magnitude smaller than for the second order method.
Even at the longest tested Δt = 1.6 a.u. the error of the fourth order method is
similar to the error of the second order method with the shortest Δt.

Fig. 2. Maximum value of the error of total energy during simulation for various time
steps in the case of the second and the fourth order algorithms applied to potential of
harmonic oscillator.

Time dependence of the total energy error for two exemplary time steps for
each method is shown in Fig. 3. The only visible difference between plots for
both time steps is scaling, but the shape is virtually the same. The same is true
for all other considered time steps.

3.3 Gaussian Potential

For the potential energy (38) we set U0 = 8 a.u. and σ2
x = 40 a.u. For the initial

WDF, the momentum expectation value is p0 = 1 a.u. For such values of param-
eters the expectation value of the total energy (41) is Eexact

g = 1.024883 a.u. The
maxima of the total energy error for both factorizations of the time evolution
operator presented in Fig. 4 turn out to be pretty similar to the results obtained



316 D. Ko�laczek et al.

Fig. 3. Total energy error time dependence for time steps: Δt = 0.05 a.u. (solid line)
and Δt = 0.1 a.u. (dash-dotted line) for (a) the second order algorithm, and (b) the
fourth order algorithm. Both for the harmonic oscillator potential.

previously for the harmonic oscillator potential. Analogically, for the time step
Δt = 0.05 a.u. the fourth order method produces error which is five orders
of magnitude smaller than the error of the second order method. Also for the
longest tested Δt = 1.6 a.u. the error of the fourth order method is comparable
to the error of the second order method for the shortest Δt = 0.5 a.u.
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Fig. 4. Maximum value of the error of total energy during simulation for various time
steps in the case of the second and the fourth order algorithms applied to Gaussian
potential.

Fig. 5. Maximum value of the error of total energy during simulation for various time
steps in the case of the second and the fourth order algorithms applied to power-
exponential potential.

3.4 Power-Exponential Potential

For the potential energy (39) we set U0 = 8 a.u. and σ2
x = 40 a.u. For the initial

WDF, the momentum expectation value is p0 = 1 a.u. For such values of param-
eters the expectation value of the total energy (41) is Eexact

g = 1.000234 a.u. The
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maxima of the total energy error for both factorizations of the time evolution
operator showed in Fig. 5 display very similar behavior to the results presented
in Fig. 2 and Fig. 4 for harmonic oscillator potential and Gaussian well potential,
respectively.

4 Conclusions

We have studied the phase space dynamics of a quantum particle in three dif-
ferent confined systems according to the Moyal equation determining the time
evolution of the Wigner function. We have analyzed precision of the algorithm
based on the spectral split-operator method for various time steps and for the
second and fourth order factorizations of the time evolution operator. The fourth
order factorization has been used for the first time for Wigner function dynamics
in the quantum phase space. The influence of the boundaries on the dynamics of
the Wigner function has been neglected because the extents of the computational
box have been suitably adjusted to avoid this effect. Also the grid size was large
enough to keep errors related to the phase space discretization much smaller
than errors resulting from the considered lengths of the time step. As a measure
of precision, we used the deviation of the total energy from its exact value. For
every profile of the potential energy we have obtained similar dependencies of
the total energy error as a function of the time step length. These dependencies
are very close to linear in log-log scale which means that they are power rela-
tions. More precisely, regardless of the potential energy form, the total energy
error is approximately proportional to some power of time step which turned
out to be equal to the order of used factorization method. For a given time
evolution operator factorization and a given potential energy profile, the error
is a function displaying very similar shape regardless of the used time step, but
it is scaled by approximately the ratio of two considered time steps raised to
the power of time evolution operator factorization order. After running all of
the calculations we can undoubtedly state that the fourth order factorization
scheme of the time evolution operator is far superior to the second order one.
It requires only 5/3 times more calculations for single time step but provides
several orders of magnitude more precise results for the same time step length.
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6. Tatarskĭı, V.I.: Sov. Phys. Usp. 26, 311 (1983). https://doi.org/10.1070/

PU1983v026n04ABEH004345
7. Hillery, M., O’Connell, R.F., Scully, M.O., Wigner, E.P.: Phys. Rep. 106, 121

(1984). https://doi.org/10.1016/0370-1573(84)90160-1
8. Balazs, N.L., Jennings, B.K.: Phys. Rep. 104, 347 (1984)
9. Lee, H.W.: Phys. Rep. 259, 147 (1995). https://doi.org/10.1103/PhysRevB.69.

073102
10. Benedict, M.G., Czirják, A.: Phys. Rev. A 60, 4034 (1999). https://doi.org/10.

1103/PhysRevA.60.4034
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Abstract. The present paper is devoted to modelling of a probability
measure of logical connectives on a quantum logic (QL), via a G-map,
which is a special map on it. We follow the work in which the probability
of logical conjunction, disjunction and symmetric difference and their
negations for non-compatible propositions are studied.

We study such a G-map on quantum logics, which is a probability
measure of a projection and show, that unlike classical (Boolean) logic,
probability measure of projections on a quantum logic are not necessarilly
pure projections.

We compare properties of a G-map on QLs with properties of a pro-
bability measure related to logical connectives on a Boolean algebra.

Keywords: Logical connectives · Orthomodular lattice ·
Quantum logic · Probability measure · State

1 Introduction

The primary version of this paper was presented at the 3rd Conference on Infor-
mation Technology, Systems Research and Computational Physics, 2–5 July
2018, Cracow, Poland [1].

The problem of modelling of probability measures for logical connectives
of non-compatible propositions started by publishing the paper Birkhoff, von
Neumann [2]. Quantum logic allows to model situations with non-compatible
events (events that are not simultaneously measurable). Methods of quantum
logic appear in data processing, economic models, and in other domains of appli-
cation e.g. [2,6,10,26].

Calculus for non-compatible observables has been described in [9], while mod-
elling of logical connectives in terms of their algebraic properties and algebraic
structures can be found in [5,7,20].
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The present paper follows up the work [17], where the authors studied logi-
cal connectives: conjuction, disjunction, and symmetric difference together with
their negations, from the perspective of a probability measure. An overview of
various insights into this issue is provided in [24].

The paper is organized as follows. Section 2 reminds some basic notions and
their properties. A special function that associates a probability measure to some
logical connectives on a quantum logic is defined and studied in Sects. 3 and 4.
In the last Sect. 5 properties of a G-map are compared with properties of a
probability measure related to logical connectives on a Boolean algebra.

2 Basic Definitions and Properties

In the first part of this section, we recall fundamental notions: orthomodular
lattice, compatibility, orthogonality, state, and their basic properties. For more
details, see [4,22]. In the second subsection, we recall some situations with two-
dimensional states allowing to model a probability measure of logical connectives
in the case of non-compatible events [9,12–18,25].

2.1 Quantum Logic

Definition 1. An orthomodular lattice (OML) is a lattice L with 0L and 1L
as the smallest and the greatest element, respectively, endowed with a unary
operation a �→ a′ that satisfies: (i) a′′ := (a′)′ = a; (ii) a ≤ b implies b′ ≤ a′;
(iii) a ∨ a′ = 1L; (iv) a ≤ b implies b = a ∨ (a′ ∧ b) (the orthomodular law).

Definition 2. Elements a, b of an orthomodular lattice L are called

– orthogonal if a ≤ b′; (notation a ⊥ b);
– compatible if a = (a ∧ b) ∨ (a ∧ b′); (notation a ↔ b).

Definition 3. A state on an OML L is a function m : L → [0, 1] such that

(i) m(1L) = 1;

(ii) a ⊥ b implies m(a ∨ b) = m(a) + m(b).

Note that the notions state and probability measure are closely tied, and it
is clear that m(0L) = 0.

There exist three kinds of OMLs: without any state, with exactly one state
and with infinite number of states (see e.g. [21]). The first and the second type
of OLMs as a basic structure are not suitable to build a generalized probability
theory. The last type of OMLs, which has infinite number of states is considered
in the present paper.

Definition 4. An OML L with infinite number of states is called a quantum
logic (QL).
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When studying states on a quantum logic, one can meet some problems, that
do not exist on a Boolean algebra. It means, that some of basic properties of
probability measures are not necessarilly satisfied for non-compatible random
events. Here are some of them: Bell-type inequalities (e.g. [10,11,23,25]), Jauch-
Piron state, (e.g. [3,8]), problems of pseudometric (see [17]).

2.2 Probability Measures of Logical Connectives on QLs

In the paper [13], the notion of a map for simultaneous measurements (an s-
map) on a QL has been introduced. This function is a measure of conjunction
even for non-compatible propositions, see e.g. [24].

A map p : L × L → [0, 1] is called a map for simultaneous measurements
(abbr. s-map) if the following conditions hold:

(s1) p(1L, 1L) = 1;
(s2) if a ⊥ b then p(a, b) = 0;
(s3) if a ⊥ b then for any c ∈ L:

p(a ∨ b, c) = p(a, c) + p(b, c) and p(c, a ∨ b) = p(c, a) + p(c, b).

The following properties of s-map have been proved:
Let p : L × L → [0, 1] be an s-map and a, b, c ∈ L. Then

1. if a ↔ b then p(a, b) = p(a ∧ b, a ∧ b) = p(b, a);
2. if a ≤ b then p(a, b) = p(a, a);
3. if a ≤ b then p(a, c) ≤ p(b, c) and p(c, a) ≤ p(c, b) for any c ∈ L;
4. p(a, b) ≤ min (p(a, a), p(b, b));
5. the map mp : L → [0, 1] defined as mp(a) = p(a, a) is a state on L, induced

by p.

The property 1. shows that s-maps can be seen as providing probabilities of
‘virtual’ conjunctions of propositions, even non-compatible ones, for in the case
of compatible propositions the value p(a, b) coincides with the value that a state
mp generated by p takes on the meet a ∧ b, which in this case really represents
conjunction of a and b [24].

On the other hand, the identity p(a, b) = p(b, a) may not be true in general.
So an s-map can be used for describing of stochastic causality [9,15]. Moreover,
for any a ∈ L: mp(a) = p(a, a) = p(1L, a) = p(a, 1L).

Measures of logical connectives disjunction (j-map) and symmetric difference
(d-map) are studied on a QL e.g. [14,17].

Let L be a QL. A map q : L × L → [0, 1] is called a join map (abbr. j-map)
if the following conditions hold:

(j1) q(0L, 0L) = 0, q(1L, 1L) = 1;
(j2) if a ⊥ b then q(a, b) = q(a, a) + q(b, b);
(j3) if a ⊥ b then for any c ∈ L:

q(a∨b, c) = q(a, c)+q(b, c)−q(c, c) and q(c, a∨b) = q(c, a)+q(c, b)−q(c, c).
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If p is an s-map on a QL, mp is a state induced by p and qp : L × L → [0, 1]
such that for any a, b ∈ L qp(a, b) = mp(a)+mp(b)−p(a, b), then qp is a j-map1.

Let L be a QL. A map d : L × L → [0, 1] is called a difference map or simply
d-map2 if the following conditions hold:

(d1) d(a, a) = 0 for any a ∈ L, and d(1L, 0L) = d(0L, 1L) = 1;
(d2) if a ⊥ b then d(a, b) = d(a, 0L) + d(0L, b);
(d3) if a ⊥ b then for any c ∈ L:

d(a ∨ b, c) = d(a, c) + d(b, c) − d(0L, c) and d(c, a ∨ b) = d(c, a) + d(c, b) −
d(c, 0L).

3 Special Bivariables Maps on QLs

In [17], special bivariables maps G satisfying G(0L, 1L) = G(1L, 0L) have been
introduced. The following definition brings an extended version of G-map.

Definition 5. Let L be a QL. A map G : L × L → [0, 1] is called a G-map if
the following holds:

(G1) if a, b ∈ {0L, 1L} then G(a, b) ∈ {0, 1};
(G2) if a ⊥ b then G(a, b) = G(a, 0L) + G(0L, b) − G(0L, 0L);
(G3) if a ⊥ b then for any c ∈ L:

G(a ∨ b, c) = G(a, c) + G(b, c) − G(0L, c)

G(c, a ∨ b) = G(c, a) + G(c, a) − G(c, 0L).

A G-map enables modelling probability of logical connectives even for non-
compatible propositions.

Lemma 1. Let G : L×L → [0, 1] be a G-map, where L is a QL. Then for a ↔ b
it holds

G(a, b) = G(a ∧ b, a ∧ b) + G(a ∧ b′, 0L) + G(0L, a′ ∧ b) − 2G(0L, 0L).

Proof. Consider a, b compatible. Then a = (a∧b)∨(a∧b′) and b = (a∧b)∨(a′∧b).
Since a ∧ b, a ∧ b′ are orthogonal, it follows immediately from Definition 5:

G(a, b) = G ((a ∧ b) ∨ (a ∧ b′), b) = G (a ∧ b, b) + G (a ∧ b′, b) − G(0L, b)
= G (a ∧ b, a ∧ b) + G (a ∧ b, a′ ∧ b) − G(a ∧ b, 0L)

+G (a ∧ b′, 0L) + G (0L, b) − G(0L, 0L) − G (0L, b)
= G (a ∧ b, a ∧ b) + G (a ∧ b, 0L) + G (0L, a′ ∧ b) − G (0L, 0L)

−G(a ∧ b, 0L) + G (a ∧ b′, 0L) − G (0L, 0L)
= G(a ∧ b, a ∧ b) + G(a ∧ b′, 0L) + G(0L, a′ ∧ b) − 2G(0L, 0L). 
�

1 It is easy to see that if a ↔ b, then qp(a, b) = mp(a)+mp(b)−mp(a∧ b) = mp(a∨ b)
which explains its name.

2 If a ↔ b, then d(a, b) = md(a � b) = md(a ∧ b′) + md(a
′ ∧ b), where md is a state

induced by d.
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Proposition 1. Let G : L × L → [0, 1] be a G-map, where L is a QL. Then the
map G′ = 1 − G is a G-map.

Proof. It suffices to verify the rules (G2) and (G3) from Definition 5, because
(G1) is obvious.
(G2): Consider a, b ∈ L such that a ⊥ b. Then

G′(a, b) = 1 − G(a, b) = 1 − (G(a, 0L) + G(0L, b) − G(0L, 0L))
= 1 − G(a, 0L) + 1 − G(0L, b) − 1 + G(0L, 0L)
= G′(a, 0L) + G′(0L, b) − G′(0L, 0L).

(G3): Consider a, b, c ∈ L, where a ⊥ b. Then

G′(a ∨ b, c) = 1 − G(a ∨ b, c) = 1 − (G(a, c) + G(b, c) − G(0L, c))
= 1 − G(a, c) + 1 − G(b, c) − 1 + G(0L, c)
= G′(a, c) + G′(b, c) − G′(0L, c).

The proof of the second identity is similar. 
�

There are sixteen families Γi, (i = 1, ..., 16) of maps G according to values
in vertices (1L, 1L), (1L, 0L), (0L, 1L), (0L, 0L). Eight of them with G(1L, 0L) =
G(0L, 1L) are studied in [17]. See Table 1.

Table 1. Results from the paper [17]

Γ1 Γ2 Γ3 Γ4 Γ5 Γ6 Γ7 Γ8

G(0L, 0L) 0 0 0 0 1 1 1 1

G(1L, 0L) 0 0 1 1 1 0 0 1

G(0L, 1L) 0 0 1 1 1 0 0 1

G(1L, 1L) 0 1 1 0 0 0 1 1

Probability of 0L a ∧ b a ∨ b (a ⇔ b)′ a′ ∨ b′ a′ ∧ b′ a ⇔ b 1L

a ↔ b a ↔ b a ↔ b a ↔ b a ↔ b a ↔ b

Family Γ2 is the set of all s-maps (measures of conjuntion), Γ3 the set of
all j-maps (measures of disjunction), and Γ4 is that of all d-maps (measures of
symmetric difference) on a QL (see [17] for more details). In the present paper
a map G generating a measure of projection on a QL is studied.

4 Probability Measures of Projections on QLs

This part is devoted to Γ9 −Γ12 with values in the vertices shown in the Table 2.
As Γ9 and Γ10 are analogical, only Γ9 is studied in detail. Moreover: G ∈ Γ11 iff
1 − G ∈ Γ9, and G ∈ Γ12 iff 1 − G ∈ Γ10 (Proposition 1 and Table 2).
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Table 2. Γ9 − Γ12 values in vertices

Γ9 Γ10 Γ11 Γ12

G(0L, 0L) 0 0 1 1

G(0L, 1L) 0 1 1 0

G(1L, 0L) 1 0 0 1

G(1L, 1L) 1 1 0 0

Lemma 2. Let L be a QL and G ∈ Γ9. Then for any a, b ∈ L it holds

1. G(1L, a) = 1, G(0L, a) = 0;
2. G(a, 0L) = G(a, a) = G(a, 1L);
3. G(a, 0L) = 1

2 (G(a, b) + G(a, b′));
4. G(a, 0L) = 1

n

∑n
i=1 G(a, bi), where b1, · · · , bn is an orthogonal partition of

unity 1L.

Proof. 1. Let G ∈ Γ9 and a ∈ L. Then from

1 = G(1L, 1L) = G(1L, a) + G(1L, a′) − G(1L, 0L) = G(1L, a) + G(1L, a′) − 1
2 = G(1L, a) + G(1L, a′)
0 = G(0L, 1L) = G(0L, a) + G(0L, a′) − G(0L, 0L) = G(0L, a) + G(0L, a′),

and taking into account that G : L2 → [0, 1], it follows that G(1L, a) = 1 and
G(0L, a) = 0.

2. Let G ∈ Γ9 and a ∈ L. Then

G(1L, 0L) = G(a, 0L) + G(a′, 0L) − G(0L, 0L) = G(a, 0L) + G(a′, 0L)
G(1L, a) = G(a, a) + G(a′, a) − G(0L, a)

= G(a, a) + G(a′, 0L) + G(0L, a) − G(0L, 0L)

As G(1L, 0L) = G(1L, a) and G(0L, a) = G(0L, 0L) = 0, one obtains
G(a, 0L) = G(a, a). Moreover,

G(a, 1L) = G(a, a) + G(a, a′) − G(a, 0L)
= G(a, a) + G(a, 0L) + G(0L, a′) − G(0L, 0L) − G(a, 0L)
= G(a, a).

3. Let G ∈ Γ9 and a, b ∈ L. Then

G(a, 1L) = G(a, b) + G(a, b′) − G(a, 0L)
G(a, 1L) + G(a, 0L) = G(a, b) + G(a, b′)

2G(a, 0L) = G(a, b) + G(a, b′).

4. To prove this identity, it suffices to set 1L =
∨n

i=1 bi and follow the method
used in the previous item. 
�



Probability Measures on QLs 327

Proposition 2. Let L be a QL, and G ∈ Γ9. Then for any a, b ∈ L it holds

1. If a ↔ b then G(a, b) = G(a, 0L).
2. For any choice of b, the map mb : L → [0, 1]: mb(a) = G(a, b) is a state on

L.

Proof. Let G ∈ Γ9.

1. Consider a, b ∈ L, a ↔ b. Then according to Lemmas 1 and 2

G(a, b) = G(a ∧ b, a ∧ b) + G(a ∧ b′, 0L) + G(0L, a′ ∧ b) − 2G(0L, 0L)
G(a, b) = G(a ∧ b, 0L) + G(a ∧ b′, 0L) − G(0L, 0L)
G(a, b) = G(a, 0L).

2. Consider b ∈ L, and define mb : L → [0, 1]: mb(a) = G(a, b). Then

mb(1L) = G(1L, b) = 1,

and for arbitrary x, y ∈ L, x ⊥ y, it holds

mb(x ∨ y) = G(x ∨ y, b) = G(x, b) + G(y, b) − G(0L, b) = mb(x) + mb(y).

Therefore mb is a state on L. 
�
From Proposition 2 it follows that any G ∈ Γ9 is a probability measure of

the projection onto the first coordinate. Analogical properties are fullfiled for
any G ∈ Γ10, which is a probability measure of the projection onto the second
coordinate.

If L is a Boolean algebra, then for any G ∈ Γ9 (G ∈ Γ10) it holds G(a, b) =
G(a, 0L) (G(a, b) = G(0L, b)) for all a, b ∈ L. If L is a QL but not a Boolean
algebra, then the equality does not hold in general, as illustrates the following
example.

Table 3. G-maps from Γ9 on a horizontal sum of Boolean algebras

a a′ b b′ 0L 1L

a α α r1 r2 α α

a′ 1 − α 1 − α 1 − r1 1 − r2 1 − α 1 − α

b u1 u2 β β β β

b′ 1 − u1 1 − u2 1 − β 1 − β 1 − β 1 − β

0L 0 0 0 0 0 0

1L 1 1 1 1 1 1



328 O. Nánásiová et al.

Table 4. States on L

a a′ b b′ 0L L

mb r1 1 − r1 β 1 − β 0 1

m0 α 1 − α β 1 − β 0 1

Example 1. Consider L = {0, 1, a, a′, b, b′}, a horizontal sum of Boolean algebras
Ba = {0, 1, a, a′}, Bb = {0, 1, b, b′}. Consider r1, r2, u1, u2 ∈ [0, 1]. Every G ∈ Γ9

can be fully defined by Table 3, where α = 1
2 (r1 + r2), β = 1

2 (u1 + u2) according
to Lemma 2. If r1 �= r2 then G(a, b) �= G(a, 0L).

From Table 3, one can extract all states on L, related to the choice of
r1, r2, u1, u2. Each column in the Table 3 represents a state on L. As example,
mb and m0 are in Table 4.

Definition 6. Let G ∈ Γ9. The map G is called a pure projection if G(a, b) =
G(a, 0L) for any a, b ∈ L.

Proposition 3. For every s-map p there exists a G–map Gp ∈ Γ9 such that
Gp(a, b) = Gp(a, 0L).

Proof. Set Gp(a, b) = p(a, b) + p(a, b′) = p(a, a), where p is an arbitrary s-map.
Then Gp ∈ Γ9 and Gp(a, b) = Gp(a, 0L) for any b ∈ L. 
�

The results for Γ9 − Γ12 are summarized in Table 5.

Table 5. Results for Γ9 − Γ12

Γ9 Γ10 Γ11 Γ12

probability of a b a′ b′

5 Summary

Two issues related to the G-map on a quantum logic arised: existence of this
function and its properties on a QL. The existence of s-map has been solved in
[12,13].

Some features of G-map are summarized in the following:

– The classes Γ2, Γ3, Γ5, Γ6 are mutually isomorphic.
– Each probability measure on B induces a pseudometric. It means, that for

any probability measure m, the map dm: dm(a, b) = m(a ∧ b′) + m(a′ ∧ b) is
a pseudometric on B induced by m.
If p ∈ Γ2 and dp(a, b) = p(a, b′) + p(a′, b), then dp ∈ Γ4 and it does not have
to be a pseudometric on the quantum logic.
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– Let L be a QL, m be a state and p be an s-map. Then the first Bell-type
inequality (1) is not necessarily fulfilled and the version (2) is always fulfilled.

m(a) + m(b) − m(a ∧ b) ≤ 1 (1)
p(a, a) + p(b, b) − p(a, b) ≤ 1 (2)

The second Bell-type innequality (3) is not necessarily fulfilled and the version
(4) is fulfilled for every s-map, which induces a pseudometric on L [25].

m(a) + m(b) + m(c) − m(a ∧ b) − m(a ∧ c) − m(c ∧ b) ≤ 1 (3)
p(a, a) + p(b, b) + p(c, c) − p(a, b) − p(a, c) − p(c, b) ≤ 1 (4)

– Analogically implication (5) (Jauch-Piron state, see e.g. [3,8]) can be violated
on a QL L but implication (6) is always valid

m(a) = m(b) = 1 ⇒ m(a ∧ b) = 1 (5)
p(a, a) = p(b, b) = 1 ⇒ p(a, b) = 1, (6)

and moreover for any c ∈ L p(a, c) = p(c, a) = p(c, c).
– The classes Γ9 – Γ12: On a Boolean algebra, every projection is a pure pro-

jection. On a quantum logic, a G-map is not necessarilly a pure projection,
see Example 1.

The modeling of random events using of quantum logics allows to test, among
other things, stochastic causality.
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5. Dvurečenskij, A., Pulmannová, S.: Connection between joint distribution and com-
patibility. Rep. Math. Phys. 19(3), 349–359 (1984)

6. Sozzo, S.: Conjunction and negation of natural concepts: a quantum-theoretic mod-
eling S Sozzo. J. Math. Psychol. 66, 83–102 (2015)

7. Herman, L., Marsden, L., Piziak, R.: Implication connectives in orthomodula lat-
tices. Notre Dame J. Formal Logic XVI(3), 305–326 (1975)



330 O. Nánásiová et al.
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Abstract. The paper deals with statistical analysis of engineering data
set. The purpose of analysis is to stipulate suitability of formulas that
compete for being involved in prepared EuroCode that will be valid from
2020. Authors dispose with a sufficient numbers of lab tests. Having
input geometrical and physical parameters of each experiment at hand,
the corresponding theoretical value is computed by using three formulas
provided by three models. Case by case, the ratio between measured and
theoretical value reveal the safety immediately: greater then one means
safety, less then one means failure. This ratio stands as the one paramet-
ric dimensionless statistical variable which is analysed afterwards.

The preliminary version of this paper was presented at the 3rd Confer-
ence on Information Technology, Systems Research and Computational
Physics, 2–5 July 2018, Cracow, Poland [3].

Keywords: Punching reliability · Kolmogorov - Smirnov test ·
Tuckey’s fence · Quartiles · Coefficient of variance · Data mining

1 Flat Slabs Punching Resistance

Punching is the most often failure of flat slabs. It is very dangerous due to its
brittle character. Brittle character means that the failure spreads very quickly
towards all directions causing a progressive collapse. Indeed, the slabs have to be
build up with respect to prior investigation based significantly on experimental
results. The investigation aiming to the constructions failure avoiding together
with economical aspects concerned resulted in normative prescriptions ensuring
the their further safety. The adequate models built up and implemented, finally
resulted in normative formulas that should ensure the safety of the designed
constructions.

1.1 Three Normative Forms for Reliability Computation

The first mode, fully empirical, was introduced in Model Code in 1990, [8]. It is
based solely on the statistical analysis. It stipulates the shear stress dependence
on the reinforcement ratio ρ and on the concrete compressive stress fck, formula
(1). Later the nonlinear elasticity theory was employed in the investigation and
c© Springer Nature Switzerland AG 2020
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Fig. 1. Theory of critical shear crack, [1]

the Critical shear theory was developed. The theory was introduced by Muttoni
and Schwartz in [4] and upgraded by Mutttoni in [5], resulting in Model Code
2010 normative form (2), [6]. The model is more complex as it inter alia includes
greater number of geometrical and physical parameters, e.g. longitudinal shear
reinforcement, and magnitude of the aggregate. Lately, due to some simplifica-
tion effort, the third model EC (2017) was developed, [7]. Afterwards it was
included to the second generation of Euro Code of the second generation, EC2
(Fig. 1).

Remark. Each model consists in one principal formula quantifying the shear
stress resistance VRd,c; for better clarity sake, some auxiliary forms are provided.

Model EC2 (2004)

VRd,c =
CRk,c

γc
k(100ρfck)

1
3 u1d (1)

with CRk,c[MPa] being an empirical factor, γc[−] partial safety factor, k[−] size
effect factor, k = 1+(200[mm]/d[mm])

1
2 , d[m] effective depth of the slab, i.e. the

vertical distance from the bottom of the slab up to the reinforcement placement,
u1[m] basic control perimeter at the distance 2d from the axis of the column,

ρ = (ρxρy)
1
2 (2)
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Fig. 2. Graphical performance of failure criterion as stipulated by different models

Herein, ρx and ρy[−] are the reinforcement ratios in x and y direction respec-
tively:

ρx = Asx

dxb

ρy = Asy

dyb

(3)

with Asx and Asy being the areas of reinforcement in x and y direction respec-
tively, b longitude of specimen, set to 1 (Fig. 2).

Model MC (2010)

VRd,c = kψ

√
fck

γc
b0dv (4)

kψ = 1
1.5+0.9kdgψd

ψ = rs

d
fyd
Es

(
mSd

mRd

) 3
2

(5)

with dv[m] being the effective depth of the slab, usually dv = d, b0[m] the
length of control perimeter at the distance dv/2, kdg[m] factor involving maximal
aggregate magnitude dg[mm]: kdg = 32

16+dg
, rs[m] distance from axis of the

column to the line of contraflexure of radial bending momentums, fyd[MPa]
yielded strength of principal reinforcement, mSd[m−1] average design bending
capacity per unit length, mRd[m−1] average design bending capacity per unit
length.
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Model EC2 (2017)

VRd,c = min
{kb

γc

(
100ρfck

dg

av

) 1
3
b0dv,

0.6
γc

√
fckb0dv

}
(6)

kb = max
{

1,

√

8μ
d

b0

}
(7)

with av[m] being shear span (≥ 2.5d), geometric average of shear spans in both
orthogonal directions, μ parameter accounting shear force and bending momen-
tums in the shear region, in case of indoor column without unbalanced momen-
tum it is set to 8. Accordingly, for normal weight concrete it is taken dg = 32 mm.

Remark. These three models performed by formulas for VRd,c computation, com-
pete for becoming normative in the on-coming unified European norm that is
intended to be valid from 2020.

2 Data Description

The laboratory punching resistance tests releasing the data of shear resistance
in a lot of variations were executed through the decades. The data, i.e. results of
tests together with input geometrical and physical parameters, were collected in
databases. Nowadays there exist one large database where great number of input
and output experimental data are recorded. From its inception, with months
and years lapsing, the observations were recorded in more and more details. As
the oldest experiments included are from 1938, the amount of checked input
parameters has been enhanced as well as the outputs recorded. That is why,
due to lack of some parameters (prevalently in older experiments), not each lab
test can be involved in data analysis carried out. The database still enhances by
new experiment items. Some of them are executed at our university. With aim
of reliable comparison among three mentioned models, the statistical analysis is
carried out that validates the match between each theoretical and experimental
values. Due to the reasons mentioned above, in our analysis 404 items of EC2004,
385 items of Model Code 2010 and 385 items of Euro Code 2017 are taken into
account.

There are a lot of characteristics within the data to be analysed. Three of
them, the most influencing, are withdrawn as being of our further interest:

– effective depth d[m], whereby d ∈ [50, 660.9]
– reinforcement ratio ρ[−], whereby ρ ∈ [0.0025, 0.0702]
– cylindrical stiffness of concrete fck, whereby fck ∈ [9.282, 119].

All values (3 theoretical and 1 experimental) are included in the database. In
accordance with civil engineering practice, not differences, but the ratios between
experimental value Vtest and corresponding theoretical value VRd,c (Vmodel) will
be treated, namely in three cases of VRd,c: that yielded form (1), from (4) or
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from (7), respectively. Thus the ratio Vtest

VRd,c
stands as the statistical vari-

able to be handled. The item Vtest

VRd,c
enhances the five-dimensional vector

(d, ρ, fck, VRd,c, Vtest) belonging to each model, by one. Moreover, it is worth to
note that the ratio above 1 means safety, under 1 means failure. The statistical
investigation and data mining is exerted.

3 Graphical Analysis

By using graphical outputs of statistical analysis result, a synoptic comparison
of the three models can be performed. Graphical analysis involves histograms
depicting the probability distribution of ratio values, box-and-whiskers diagrams
demonstrating the overall distribution of data set, quartile distribution as well
and detecting the outstanding data. All of three data sets involve outstanding
values. By using Tuckey’s fence (8) we detect and omit the outstanding data
(outliers) from the next analysis.

[Q1 − k(Q3 − Q1, Q3 + k(Q3 − Q1))] (8)

with Q1 being the first (lower) quartile, Q3 the third (upper) quartile, k coef-
ficient of outlying, usually k = 1.5 for outliers, k = 3 for far out values. From
Figs. 3, 4 and 5 it is evident that model EC2 (2017) is not sufficiently safe. The
Table 1 affirms that even the mean value is below one. Histograms refer to the
normality of data distribution in all three cases both before and after excluding
the outstanding data. From the point of view of civil engineering practice it is
interesting to trace the outstanding data with regard to the particular input
parameters. In Fig. 5 we provide an example of such an approach. It is apparent
that the most outstanding data are situated in the interval of the most used val-
ues of fck, i.e. [20, 40]. The normality is affirmed by Kolmogorov-Smirnov test,
see Sect. 4.

Fig. 3. Box plot of ratio experimental/theoretical value of punching resistance EC2
(2004), EC2(2017), Model Code (2010), original data



336 J. Kalická et al.

Fig. 4. Histograms of ratio experimental/theoretical value of punching resistance EC2
(2004), EC2 (2017), Model Code (2010), outstanding data excluded

Fig. 5. Model Code (2010), outstanding data (in yellow color) with regard to fck

4 Computational Data Analysis

Computational analysis begins with stipulation of the basic statistical charac-
teristics computation, e.g. estimate of the mean and standard deviation.

μ̂ = x̄ =
1
n

n∑

i=1

xi, σ̂ = sx =

√√
√
√ 1

n − 1

n∑

i=1

(xi − x̄)2, Vx =
x̄

sx
(9)

with xi = Vtest

Vmodel
, n number of measurements. For the civil engineers, also 0.05

quantile and safe and unsafe zone splitting is interesting.
Normality of data distribution of all three models is affirmed by the Kol-

mogorov - Smirnov test (significance level α = 0.05).



Punching Reliability Models 337

Table 1. Statistical parameters of particular models

Model Median Average Standard
deviation

Coefficient
of variation

0.05
quantile

P( V test
V model

≤ 1)

EC2 (2004) 1.12054 1.12842 0.186157 0.164971 0.809558 0.238845

EC2 (2017) 0.958613 0.96237 0.124694 0.12957 0.760439 0.627072

MC2010 1.15752 1.16523 0.160081 0.137381 0.884772 0.137466

5 Results Interpretation

The statistical analysis demonstrates that best match between theoretical and
experimental value of reliability within the required input data range is achieved
by using Model Code (2010). It is sufficiently safe and economically optimal at
the same time (Fig. 6).

Fig. 6. Amount of data below 1, i.e. on the side of unsafety, in particular three cases

6 Conclusion

The importance of the statistical analysis of data and data mining in engineering
practice is indisputable. Validation of three models is influencing factor of future
normative formulas utilization in civil building practice. It contributes to the
higher safety of construction having economical optimality in mind.

Acknowledgement. This work was supported by grants APVV-14-0013, VEGA
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Abstract. A sufficient condition is provided for keeping the character
of the filtering density in the filtering task. This is done for the Sobolev
class of filtering densities. As a consequence, estimating the filtering den-
sity in particle filtering persists its convergence at any time of filtering.
Specifying the condition complements previous results on using the ker-
nel density estimates in particle filtering.

Keywords: Particle filtering · Kernel density estimates · Convergence

1 Introduction

The task of filtering is the task of finding the optimal estimate of the signal’s
state, which is not directly observable, using available indirect observations [9,
10]. Particle filtering is an effective tool for solving the filtering task in non-linear
and/or non-Gaussian settings when a closed-form solution is not available [7,8].

Formulating the filtering task in the context of probability theory leads to
determining the conditional distribution of the signal’s state conditioned on
observations. This conditional distribution is called the filtering distribution.
When the filtering distribution cannot be specified exactly, we are interested in
its approximation. This may be accomplished by using particle filtering.

During its operation, a particle filter [8,10] generates a set of points, called
particles, from the signal’s state space. The set of particles then constitutes an
empirical measure that approximates the filtering distribution. This measure has
the form of a weighted sum of Dirac measures located at the individual parti-
cles. Estimating the filtering distribution’s generalized moments boils down to
weighted summation of moments’ defining functions over the individual particles.

Provided the number of generated particles goes to infinity, the convergence
results for particle filters [4,5,7] ensure that the estimates converge to the cor-
responding theoretical values.

Although the particle filters allow for approximation of the generalized
moments, the question of approximating the filtering distribution’s density - the
filtering density is the subject of both theoretical and practical interest [2,5].
c© Springer Nature Switzerland AG 2020
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It is natural to use samples from particle filtering to approximate the filtering
density. The problem here, however, is that the samples do not represent an
i.i.d. samples from the filtering distribution. There is a weak dependence among
particles due to the resampling step in the particle filtering algorithm [7]. Hence it
might be disputable to use the standard methodologies for density approximation
in particle filtering as they draw on the i.i.d. character of the sample [11–13]. In
spite of this obstacle, however, it can be shown that the standard kernel density
estimation methodology is still applicable here [2,5].

In [2], the convergence of the kernel density estimates to the filtering density
has been proved using techniques of Fourier analysis [12]. The result also provides
the upper bounds on the error of estimation. This has been further extended for
partial derivatives of the filtering density along with providing the corresponding
lower bounds in [1].

In the kernel estimates convergence theorem, there is assumed that the fil-
tering density has certain character, namely the Sobolev one [2]. Whilst this
assumption can be checked directly for the initial density of the signal process,
this is not the case for other operation times as we do not have at our disposal
an explicit representation of the filtering density. The purpose of this paper is
to provide a handy tool for checking persistence of the Sobolev character of the
filtering density over time, and, as the consequence, to ensure that the kernel
estimates converge through whole operation time of the filter.

The rest of the paper is organized as follows. The next section describes in
more details the particle filtering algorithm and introduces the notions important
for presenting the main result. The third section delivers the announced suffi-
cient condition on persistence of the Sobolev character and the fourth section
concludes the paper.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [3].

2 Preliminaries

Here we provide a very basic overview of particle filtering and kernel density
estimation along with relevant notions so that the main result could be presented
in the proper context.

2.1 Filtering Task

The probabilistic formulation of the filtering task reads as follows. Let {X}∞
t=0,

{Y }∞
t=1 be two stochastic processes with continuous state space, defined on

a common probability space (Ω,A, P ). The first process {X}∞
t=0, Xt : (Ω,A) →

(Rd,B(Rd)), t ∈ N0, d ∈ N is called the signal process and represents a generally
inhomogeneous Markov chain. Its behaviour is determined by the initial distri-
bution of X0 and the set of transition kernels Kt−1 : B(Rd) ×R

d → [0, 1], t ∈ N

where B(Rd) denotes the standard Borel σ-algebra on R
d. The second process,
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Y t : (R,B(Rd)) → (Rdy ,B(Rdy )), t ∈ N, dy ∈ N is the observation process. Its
values are given by transforming the signal states and consequent corruption
with an independent noise: Y t = ht(Xt) + V t, t ∈ N. The transformation func-
tions ht : R

d → R
dy , t ∈ N as well as the distributions of the noise random

variables V t : (Ω,A) → (Rdy ,B(Rdy )), t ∈ N are assumed to be known.
The general solution to the filtering task is the specification of the filter-

ing distribution πt(dxt) = P (Xt ∈ dxt|Y 1, . . . ,Y t) = P (Xt ∈ dxt|Y 1:t).
More specifically, assuming that all the involved distributions have densities with
respect to the corresponding (in the sense of the dimension) Lebesgue measures,
we are interested in the specification of the density of πt. Naturally, this density is
called the filtering density and denoted p(xt|y1:t), i.e., πt(dxt) = p(xt|y1:t) dxt.
For other distributions we assume that π0(dx0) = p0(x0) dx0, Kt−1(dxt|xt−1) =
Kt−1(xt|xt−1) dxt and P (V t ∈ dvt) = gv

t (vt) dvt with gv
t being bounded and

strictly positive, i.e., ||gv
t ||∞ < ∞ and gv

t (vt) > 0. In the filtering equations
below, we also consider the conditional density of P (Y t ∈ dyt|Xt = xt) which
writes gt(yt|xt) = gv

t (yt − ht(xt)). See [2], for more details.
Though the joint density of states and observations p(x0:t,y1:t) can be speci-

fied in the closed form [2,7,10], this is not the case for the filtering density due to
coping with a generally intractable integration term when going from the joint
p(x0:t,y1:t) to the marginal p(xt|y1:t). A certain progress, however, can be made
towards this direction by writing down the following recurrence equations, called
the filtering equations [2,10]:

p(xt|y1:t−1) =
∫

Kt−1(xt|xt−1)p(xt−1|y1:t−1) dxt−1, (1)

p(xt|y1:t) =
gt(yt|xt)p(xt|y1:t−1)∫

gt(yt|xt)p(xt|y1:t−1) dxt
, t ∈ N. (2)

The filtering equations provide an insight into the filtering density’s develop-
ment over time. The development is split into two steps. The first step is called
the prediction step and the second the update step. Yet, despite this breakdown
the formulas do not generally leads to a closed-form specification of the filter-
ing density. Lacking a convenient representation for the filtering distribution,
particle filtering is used to get its approximation in practice [2,5,7].

2.2 Particle Filtering

Particle filtering employs the Markovian structure of the filtering task and gener-
ates the set of particles {xi

t ∈ R
d}n

i=1 at every step of its operation t = 1, . . . , T .
The number of generated particles n ∈ N is a design parameter in the particle
filtering algorithm and T ∈ N is a finite computation horizon.

The particle filtering algorithm is internally split into several steps that par-
tially follows from the specification of the filtering equations [7,8]. The filtering
distribution is primarily approximated by a non-uniformly weighted empirical
measure. To prevent the algorithm from degenerating, the resampling step is
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introduced. Several resampling schemes has been proposed [6]. Whilst resam-
pling improves stability of the algorithm, it also brings a weak dependence among
generated particles. In effect, the empirical measure cannot be considered as an
i.i.d. sample from the filtering distribution.

The set of resampled particles at the output of the algorithm constitutes
the uniformly weighted empirical measure πn

t (dxt) = 1
n

∑n
i=1 δxi

t
(dxt) where

δxi
t
(dxt) is the Dirac measure located at the particle xi

t. This empirical mea-
sure approximates the filtering distribution. Indeed, several convergence results
has been proved [4,7], which ensures the reasonability of the particle filtering
algorithm from the theoretical point of view.

Here we only mention the result stating the L2 convergence [4]. It reads
as that for any bounded, generally complex-valued function f : R

d → C, it
holds that limn→∞ E[|πn

t f − πtf |2] = 0 where πn
t f =

∫
f dπn

t = 1
n

∑
i f(xi

t) and
πtf =

∫
f dπt.

For detailed reviews of the particle filtering algorithm see, for example,
[2,5,7,8].

2.3 Kernel Density Estimates in Particle Filtering

The purpose of introducing kernel estimates to particle filtering is to reconstruct
the filtering density using the standard methodology of kernel density estimation
[11–13]. A straightforward application of this methodology leads to the estimates

p̂n
t (x) =

1
nhd

n∑
i=1

K

(
x − xi

t

h

)
, t = 1, . . . , T (3)

where K : R
d → R is a suitable function called the kernel and h > 0 is the

bandwidth.
Nevertheless, the convergence results on the kernel density estimates can-

not be directly transferred to particle filtering as the set of generated particles
{xi

t}n
t=1 does not constitute a random sample from the filtering distribution.

As explained, the i.i.d. character is violated due to the resampling step in the
particle filtering algorithm. Yet, restricting on the certain class of densities and
kernels it can be shown that the mean integrated squared error (MISE) of the
kernel estimates (3) is upper bounded in dependence on the number of generated
particles, which eventually leads to the convergence result as desired.

In order to present the corresponding theorem we introduce the following
notions of the Sobolev class of functions and the order of the kernel.

Definition 1. Let β ≥ 1 be an integer and L > 0 a real. The Sobolev class of
functions P∝

S(β,L) consists of L1(Rd) integrable functions f : Rd → R satisfying
∫

||ω||2β |F [f ](ω)|2 dω ≤ (2π)dL2 (4)

where || · || is the Euclidean norm and F [f ] : Rd → C is the Fourier transform
of f . f ∈ L1(Rd) is called β-Sobolev if f ∈ P∝

S(β,L). If f ∈ L1(Rd) is known to
be a density we use the notation f ∈ PS(β,L).
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To introduce the order of the kernel, we use differential operator Dα with
multi-index α = (α1, α2, . . . , αd), αi ∈ N0. For a suitably differentiable func-
tion f : R

d → R, one has Dαf = ∂|α|f/∂α1x1 · · · ∂αdxd with |α| =
∑d

i=1 αi

being the order of the derivative.

Definition 2. Let 	 ≥ 1 be an integer. We say that the kernel K : Rd → R is
of order 	, if K is L1(Rd) ∩ L2(Rd) integrable, its Fourier transform KF (ω) =
F [K](ω) is real, satisfies KF (0) = 1 and has all partial derivatives DαKF up to
the 	-th order such that DαKF (0) = 0 for all |α| = 1, . . . , 	.

Under the assumption that the order of the kernel fits the Sobolev character
of the filtering density, i.e., if 	 = β, we have the following theorem proved in
its general version for derivatives in [1]; and in [2] when no differentiation is
considered, i.e., for |α| = 0.

Theorem 1. In the filtering problem, let {πt}T
t=0, {Dαpt}T

t=0, T ∈ N be the
sequences of filtering distributions and partial derivatives of the corresponding
filtering densities for some multi-index α = (α1, . . . , αd), |α| ∈ N0, i.e., pt(xt) =
p(xt|y1:t) and πt(dxt) = pt(xt) dxt. Let Dαpt, t ∈ {0, . . . , T} be β-Sobolev for
some β ∈ N and Lt,α > 0, i.e., Dαpt ∈ P∝

S(β,Lt,α). Let {πn
t }T

t=1, {Dαp̂n
t }T

t=1,
n ∈ N be the sequences of empirical measures from particle filtering and partial
derivatives of related kernel density estimates (3) with the bandwidth varying as
h(n) = an− 1

2β+d+2|α| for some a > 0. Let the kernel K employed in the estimates
be of order β and ||DαK||22 < ∞. Then we have the following upper bounds on
the MISE of Dαp̂n

t for t ∈ {1, . . . , T}:

E

[∫
(Dαp̂n

t (xt) − Dαpt(xt))2 dxt

]
≤ C2

t,α · n− 2β
2β+d+2|α| (5)

where Ct,α is constant w.r.t. the number of particles n.

Under the respective assumptions, the theorem says that for each t = 1, . . . , T
the derivatives of the kernel density estimates (3) converge to the derivatives of
the filtering densities in the MISE as n goes to infinity. The rate of convergence
is O

(
n− 2β

2β+d+2|α|
)
. The dimension d and the order of derivative |α| increases the

upper bound, whilst the Sobolev character β makes it reduced. Now we discuss
the persistence of convergence.

3 Sobolev Character of Derivatives of Filtering Densities

This section deal with the substantial assumption in Theorem 1 that Dαpt ∈
P∝

S(β,Lt,α), i.e., that derivatives of the fitering density satisfy the inequality (4).
This might be directly verified for p0, but a straightforward verification for higher
time instants t > 1 is inconvenient. Here we present a tool for making this
more comfortable. It corresponds to a condition on the Fourier transform of the
transition kernels in the signal process. This condition then ensures the Sobolev
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character of the derivatives as required. The theorem bellow is an extension of
Theorem 5.2 in [2].

To present the theorem let us recall the prediction and update formulas (1)
and (2), respectively, describing the evolution of the filtering density over time.
The equations can be written in a more concise form as

pt(xt) =
∫

Kt−1(xt|xt−1)pt−1(xt−1) dxt−1, pt(xt) =
gt(xt)pt(xt)

πtgt
.

In the formulas, pt(xt) is the abbreviation for the density of the prediction
distribution, i.e., pt(xt) = p(xt|y1:t−1), gt(xt) is the shortcut for the conditional
density gt(yt|xt) and πtgt =

∫
gt(xt)pt(xt) dxt.

Theorem 2. In the filtering problem, let Dαp0 ∈ P∝
S(β,L0,α). Let {Kt−1, t ∈ N}

be the set of the transition kernels, and {DαKt−1, t ∈ N} be the set of its partial
derivatives. Let {F [DαKt−1](ω|xt−1), t ∈ N} be the set of the corresponding
conditional Fourier transforms, i.e.,

F [DαKt−1](ω|xt−1) =
∫

ei〈ω ,xt〉DαKt−1(xt|xt−1) dxt.

For all t ∈ N, let F [DαKt−1] be bounded by some function Kα
b : Rd → C in such

a way that for any xt−1 ∈ R
d and ω ∈ R

d,

|F [DαKt−1](ω|xt−1)| ≤ |Kα
b (ω)|.

Let Kα
b be β-Sobolev for some LKα

b
> 0, i.e., Kα

b ∈ P∝
S(β,LKα

b
). Then Dαpt ∈

P∝
S(β,Lt,α), t ∈ N with the recurrence for Lt,α written as Lt,α = ||gt||∞LKα

b
/πtgt.

Proof. The theorem holds for Dαp0 by the assumption. From the prediction
formula, multiplying both sides of the prediction formula by the complex expo-
nential, we get

ei〈ω ,xt〉 pt(xt) = ei〈ω ,xt〉
∫

Kt−1(xt|xt−1)pt−1(xt−1) dxt−1.

By integration, the left-hand side just gives the characteristic function ψt(ω)
of pt(xt), i.e.,

ψt(ω) =
∫

ei〈ω ,xt〉pt(xt) dxt.

The right-hand side has then form
∫ ∫

ei〈ω ,xt〉Kt−1(xt|xt−1)pt−1(xt−1) dxt−1 dxt

=
∫

pt−1(xt−1)
(∫

ei〈ω ,xt〉Kt−1(xt|xt−1) dxt

)
dxt−1

=
∫

pt−1(xt−1)F [Kt−1](ω|xt−1) dxt−1.
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Multiplying by (−i)|α|(ωα1
1 ·· · ··ωαd

d ) we move both sides to the Fourier transforms
of the corresponding partial derivatives. That is,

(−i)|α|(ωα1
1 · · · · · ωαd

d )ψt(ω) = (−i)|α|(ωα1
1 · · · · · ωαd

d )F [pt] = F [Dαpt]

and ∫
pt−1(xt−1)(−i)|α|(ωα1

1 · · · · · ωαd

d )F [Kt−1](ω|xt−1) dxt−1 =

=
∫

pt−1(xt−1)F [DαKt−1](ω|xt−1) dxt−1.

Multiplication by the corresponding complex conjugates gives the expression

|F [Dαpt]|2 =
∣∣∣∣
∫

pt−1(xt−1)F [DαKt−1](ω|xt−1) dxt−1

∣∣∣∣
2

.

The Jensen’s inequality and the boundedness of F [DαKt−1] further gives

|F [Dαpt]|2 ≤
(∫

|DαF [Kt−1](ω|xt−1)| pt−1(xt−1) dxt−1

)2

≤
(

|Kα
b (ω)|

∫
pt−1(xt−1) dxt−1

)2
= |Kα

b (ω)|2.

Thus, ∫
||ω||2β |DαF [pt]|2 dω ≤

∫
||ω||2β |Kα

b (ω)|2 ≤ (2π)dL2
Kα

b
.

The above formula shows that Dαpt ∈ P∝
S(β,LKα

b
) for any t ∈ N. We proceed

with specifying the Sobolev constant Lt,α for the partial derivative Dαpt.
The gt function reads as gt(xt) = gt(yt|xt) = gv

t (yt−h(xt)). As the densities
of the noise terms gv

t are considered bounded and strictly positive in Sect. 2.1,
we have supxt,y t

{gv
t (yt − h(xt))} = ||gt||∞ < ∞ and 0 < πtgt < ∞.

Again, multiplying the update formula by the complex exponential, integrat-
ing, multiplying by (−i)|α|(ωα1

i1
· · · · ·ωαd

id
) and the respective conjugates we move

to the Fourier transforms of the partial derivatives and get

(πtgt) pt(xt) = gt(xt) pt(xt),

(πtgt)
∫

ei〈ω ,xt〉pt(xt) dxt =
∫

ei〈ω ,xt〉gt(xt) pt(xt) dxt,

(πtgt) (−i)|α|(ωα1
1 · · · · · ωαd

d )ψt(ω) ≤ ||gt||∞ (−i)|α|(ωα1
1 · · · · · ωαd

d )ψt(ω),

||ω||2β (πtgt)2 |F [Dαpt]|2 ≤ ||ω||2β ||gt||2∞ |F [Dαpt]|2,

(2π)−d

∫
||ω||2β |F [Dαpt]|2 dω ≤

||gt||2∞L2
Kb,α

(πtgt)2
= L2

t,α,

which concludes the proof. �
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4 Conclusions

In the paper, we investigated the persistence of convergence of kernel den-
sity estimates in particle filtering. We provided the sufficient condition on the
Fourier transform of transition kernels in the signal process guaranteeing that
the Sobolev character of the filtering density does not change over time. As the
consequence, the convergence of the kernel density estimates is maintained over
the whole operation time of the filter.
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16 013/0001787 (OP VVV) of the Ministry of Education, Youth and Sport of the Czech
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1 Slovak University of Technology, 810 05 Bratislava, Slovakia
{Tomas.Bacigal,Magdalena.Komornikova}@stuba.sk
2 Comenius University, 820 05 Bratislava, Slovakia

Jozef.Komornik@fm.uniba.sk

Abstract. In this paper we focus our attention on multi-dimensional
copula models of returns of the indexes of selected prominent interna-
tional financial markets. Our modeling results, based on elliptic copu-
las, 7-dimensional vine copulas and hierarchical Archimedean copulas
demonstrate a dominant role of the SPX index among the considered
major stock indexes (mainly at the first tree of the optimal vine copu-
las). Some interesting weaker conditional dependencies can be detected
at it’s highest trees. Interestingly, while global optimal model (for the
whole period of 277 months) belong to the Student class, the optimal
local models can be found (with very minor differences in the values of
GoF test statistic) in the classes of vine and hierarchical Archimedean
copulas. The dominance of these models is most striking over the interval
of the financial market crisis, where the quality of the best Student class
model was providing a substantially poorer fit.

Keywords: International financial market indexes · Elliptic copulas ·
Vine copulas · Hierarchical Archimedean copulas

1 Introduction

In this paper we apply multi-dimensional copula to model dependence among
returns of selected prominent indexes of international financial markets. The
following indexes were considered (with months’ values from the time interval
31.1.1995 – 31.1.2018): SPX (Standard and Poor’s Index is designed to measure
performance of the broad US economy through changes in the aggregate market
value of 500 stocks representing all major industries), DAX (The German Stock
Index is a total return index of 30 selected German blue chip stocks traded on
the Frankfurt Stock Exchange), UKX (The FTSE 100 Index is a capitalization-
weighted index of the 100 most highly capitalized companies traded on the Lon-
don Stock Exchange), NKY (The Nikkei-225 Stock Average is a price-weighted
average of 225 top-rated Japanese companies listed in the First Section of the
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P. Kulczycki et al. (Eds.): ITSRCP 2018, AISC 945, pp. 347–360, 2020.
https://doi.org/10.1007/978-3-030-18058-4_28

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-18058-4_28&domain=pdf
https://doi.org/10.1007/978-3-030-18058-4_28


348 T. Bacigál et al.

Tokyo Stock Exchange), HSI (The Hang Seng Index is a free-float capitalization-
weighted index of a selection of companies from the Stock Exchange of Hong
Kong), LEGATRUU (The Bloomberg Barclays Global Aggregate Bond Index
is a flagship measure of global investment grade debt from twenty-four local
currency markets), SPGSCITR (The S&P GSCI Total Return Index in USD is
widely recognized as the leading measure of general commodity price movements
and inflation in the world economy).

The paper is organized as follows. The second section is devoted to a brief
overview of the theory of vine and hierarchical Archimedean copulas and method-
ology of copula fitting to multi-dimensional time series. The third section con-
tains application to real data modeling. Finally we discuss results and conclude.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [2].

2 Theory

Copula represents a multivariate distribution that captures the dependence
structure between/among random variables leaving alone their marginal dis-
tributions. Due to Sklar [23]

F (x1, ..., xn) = C [F1(x1), ..., Fn(xn)] ,

where F is joint cumulative distribution function of random vector (X1, ...,Xn),
Fi is marginal cumulative distribution function of Xi, and C : [0, 1]n → [0, 1]
is a copula which is a n-increasing function with 1 as neutral element and 0 as
annihilator, see e.g. monograph Nelsen (2006) [17]. Besides three fundamental
copulas

M(x1, ..., xn) = min(x1, ..., xn), W (x1, x2) = max(x1 + x2 − 1, 0),

Π(x1, ..., xn) =
n∏

i=1

xi,

which model perfect positive dependence, perfect negative dependence (not
applicable for n > 2) and independence, respectively, there exist numerous
parametric classes, such as Archimedean, Extreme-Value and elliptical copulas.
Within the last one there belong such important parametric families as Gaussian
copulas

CG(x1, ..., xn) = Φ
[
Φ−1
1 (x1), ..., Φ−1

n (xn)
]

and Student t-copulas

Ct(x1, ..., xn) = t
[
t−1
1 (x1), ..., t−1

n (xn)
]
,

(where Φ and t are joint distribution functions of multivariate normal and Stu-
dent t distributions, similarly Φ−1

i and t−1
i , i = 1, ..., n are univariate quantile

functions related to Xi), able to flexibly describe dependence in multidimensional
random vector.
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2.1 Vine Copulas

An n-dimensional regular vine tree structure S = {T1, ..., Tn} is a sequence of
n − 1 linked trees with properties (see [3,4]):

– Tree T1 is a tree on nodes 1 to n;
– Tree Tj has n + 1 − j nodes and d − j edges;
– Edges in tree Tj become nodes in tree Tj+1;
– Two nodes in tree Tj+1 can be joined by an edge only if the corresponding

edges in tree Tj share a node.

Vine copulas [1,4,22] are constructed as lego using bivariate copulas as the
construction blocks in a vine tree structure, which can be estimated (by default
following the correlation strength ordering), visualized and interpreted. We out-
line the construction of three-dimensional probability density function f

f(x1, x2, x3) = f1(x1) · f2|1(x1, x2) · f3|12(x1, x2, x3)
= f1(x1) · c12 [F1(x1), F2(x2)] · f2(x2) (1)

· c31|2
[
Fx3|x2(x2, x3), Fx1|x2(x1, x2)

] · c23 [F2(x2), F3(x3)] · f3(x3)

where fi is a (marginal) probability density function of Xi, i = 1, 2, 3,

fi|j(xi, xj) =
f(xi, xj)
fj(xj)

is conditional density function of Xi given Xj . A copula density cij couples
Xi and Xj while cij|k couples bivariate conditional distributions of Xi|Xk and
Xj |Xk, i, j, k ∈ {1, 2, 3} , i �= j �= k �= i. Finally,

Fxi|xj
=

∂Cij [Fi(xi), Fj(xj)]
∂Fj(xj)

is a conditional cumulative distribution function of Xi given Xj .
The construction (1) is one of the three possible pair-copula decompositions,

which, graphically, are both [5] (see Fig. 1)

– canonical (C-) vine trees: each tree has a unique node connected to d − j
edges (use only star like tree - useful for ordering by importance);

– drawable (D-) vine trees: no node is connected to more than 2 edges (use only
path like trees - useful for temporal ordering of variables);

and see, e.g., [4] for a natural generalization in higher dimensions, in which C-
vines and D-vines are just small subsets of a more general class - regular vines
(see [3]).

Besides the well-known 2-dimensional product copula and elliptical copulas
(Gaussian and Student), as a building block of vine copulas we utilized also
numerous 2-dimensional families of Archimedean and Extreme-value copulas, as
well as their rotations, described below in the section Methods.
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Fig. 1. C-Vine tree (left) and D-Vine tree (right) [5]

From the graph theory perspective, vine trees can be seen as repeatedly
applied line graphs (starting with T1), for instance [16] use concept of line graphs
in his algorithm to generate regular vines, see also references therein.1

2.2 Hierarchical Copulas

Another class suitable for modeling multidimensional stochastic dependence are
hierarchical Archimedean copulas. Their basic building blocks – Archimedean
copulas – are defined (for any dimension n) by formula

C(x1, . . . , xn) = φ(φ−1(x1) + . . . + φ−1(xn))

where the so-called generator φ : [0,∞) ↘ [0, 1] satisfies boundary conditions
φ(0) = 1, φ(∞) = 0 (strict Archimedean copulas) and absolute monotonicity
(for further details see [14]). Such a construction is analytically convenient and
very flexible in bivariate setting, however it is too restrictive in higher dimensions
since the whole dependence structure is rendered by a single univariate function,
and – moreover – it is exchangeable.

Hierarchical Archimedean copulas (HAC) overcome this problem by nesting
simple Archimedean copulas. Since the general multivariate structure is nota-
tionally too complex, we illustrate the principle in four dimensions. For example,
fully nested HAC (Fig. 2, left) can be given by

Cs(x1, . . . , x4) = C3

(
C2

(
C1(x1, x2), x3

)
, x4

)

= φ3

(
φ−1
3 ◦ φ2

(
φ−1
2 ◦ φ1(φ−1

1 (x1) + φ−1
1 (x2)

)
+ φ−1

2 (u3)
)

+ φ−1
1 (u4)

)
, (2)

1 Another, a rather exotic result is given by [25] who showed conditions under which
the so-called Kautz graph (such a line graph of a complete digraph that has diameter
2) is a Cayley graph (an important class because of symmetry and easiness of their
generation).
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where Ci, j = 1, . . . , n−1 are Archimedean copulas with their corresponding gen-
erators φj and s = (((1, 2), 3), 4) the nesting structure. An example of partially
nested Archimedean copula (Fig. 2, right) is given by

Cs(x1, . . . , x4) = C3

(
C1(x1, x2), C2(x3, x4)

)
, where s = ((1, 2), (3, 4)). (3)

Fully and partially nested Archimedean copulas form a class of hierarchical
Archimedean copulas which can adopt arbitrarily complex structure s, gener-
ally s = (. . . , (ia, ib), ic, . . .), where i· ∈ {1, . . . , n} is reordering of the indices of
variables with a, b, c ∈ {1, . . . , n | a �= b �= c}, see, e.g., [9,12,19]. This makes
it a very flexible yet parsimonious distribution model. The generators within
a single HAC can come either from a single generator family or from different
families. In the first case there is required complete monotonicity of composi-
tion φ−1

i ◦ φj , (i �= j), which imposes some constraints on their parameters,
see sufficient conditions given by [13]. For majority of generators HAC requires
decreasing parameters from top to bottom in its hierarchy. In the case of different
generator families, the condition of complete monotonicity is not always fulfilled.
The software implementation in R, the HAC package [19] which we use in our
study, considers only single-parameter generators from the same family. Then
the whole distribution is specified with at most n − 1 parameters which can be
seen as an alternative to covariance driven models, as remarked in [19], neverthe-
less, besides the parameters also structure s needs to be estimated. As there are
already n!/k! possibilities of combining n variables to fully nested HAC with k-
dimensional AC on its lowest level, the greedy approach to structure estimation
would be unreasonable even in moderate dimensions, therefore HAC package
offers computationally efficient recursive procedure suggested by [18].

Fig. 2. Fully nested and partially nested Archimedean copulas structure.

2.3 Methods

Within the considered classes of 2-dimensional copulas as well as n-dimensional
elliptical copulas, the optimal models were selected using the Maximum
likelihood estimation (MLE) method. Recall that for given m observations
{Xj,i}i=1,...,m of j -th random variable Xj , j = 1, ..., n, the parameters θ of
all copulas under consideration were estimated by maximizing the likelihood
function

L(θ) =
m∑

i=1

log [cθ(U1,i, . . . , Un,i)] , (4)
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where cθ denotes density of a parametric copula family Cθ, and

Uj,i =
1

m + 1

m∑

k=1

1(Xj,k ≤ Xj,i), i = 1, ...,m,

are so-called pseudo-observations. The higher dimensional structures of vine and
HAC copulas were estimated as described in [6] and [19], respectively.

Goodness-of-fit was performed by a test proposed by Genest et al. [8] and
based on empirical copula process using Cramer-von Misses test statistic

SCM =
m∑

i=1

[Cθ(U1,i, . . . , Un,i) − Cm(U1,i, . . . , Un,i)]
2 (5)

with empirical copula Cm(x) = 1
m

∑m
i=1

∏n
j=1 1(Xj,i ≤ xj) and indicator func-

tion 1(A) = 1 whenever A is true, otherwise 1(A) = 0.
All calculations were done in R [20] with the specific help of packages

copula [10], VineCopula [21], and HAC [19]. Because their goodness-of-fit meth-
ods, including the Cramer-von Misses metric, are not directly comparable and
computing the values of vine copula cumulative distribution function involves
integration over 7-dimensional space, we rather approximated Cθ from (5) by
empirical copula of the random samples generated from the corresponding cop-
ulas each counting 100 000 realizations.

Besides the usual parametric families of Archimedean class such as Gumbel,
Clayton, Frank, Joe, copulas BB1, BB6, BB7, BB8 and Tawn copulas (see e.g.
[11,15,17,24]) in bivariate case we used also their rotations Cα by angle α defined

C90(x1, x2) = x2 − C(1 − x1, x2),

C180(x1, x2) = x1 + x2 − 1 + C(1 − x1, 1 − x2) survival copula,

C270(x1, x2) = x1 − C(x1, 1 − x2),

that are implemented in the package VineCopula.
As a preliminary analysis of dependence between random variables, we

employ classical measures of dependence such as Pearson’s and Kendall’s cor-
relation coefficients, moreover to inspect the conditional (in)dependence (which
is further investigated parametrically with vines) the partial correlation matrix
comes handy. Given a Pearson’s correlation matrix Σ, the partial correlation
between variables Xi,Xj conditional on all the other pairs in vector (X1, . . . , Xn)
can be computed

ρij|−ij =
−pij√
piipjj

where pij (i, j = 1, . . . , n) are elements of the matrix P = Σ−1. Recall that par-
tial correlation is a measure of the strength and direction of a linear relationship
between two continuous random variables that takes into account (removes) the
influence of some other continuous random variables.
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Conditional correlations are important, e.g., (a) when building (gaussian)
graphical models, where insignificant connections are removed to obtain more
parsimonious model, as well as (b) to better understand the structure of esti-
mated vine copula.

3 Results

All indexes are computed in terms of returns

returni =
indexi − indexi−1

indexi−1
, i = 2, 3, ..., n.

Before further analysis, we filtered all considered time series of returns by
ARIMA-GARCH filters [7]. For all investigated series of returns, the best fil-
ters were identified (by the system Mathematica, Version 11) in the class
GARCH(1, 1).

The obtained residuals have pairwise Kendall correlation coefficients τ in the
interval (−0.025, 0.648), maximal value was achieved for the couple SPX–UKX,
see Table 1.

Table 1. Kendall’s correlation coefficients for the residuals

SPX DAX UKX NKY HSI LEG SPG

SPX 1. 0.577 0.648 0.520 0.298 0.050 0.359

DAX 0.577 1 0.603 0.232 0.196 −0.025 0.027

UKX 0.648 0.603 1. 0.361 0.328 0.017 0.141

NKY 0.520 0.232 0.361 1. 0.247 0.162 0.420

HSI 0.298 0.196 0.328 0.247 1. 0.047 0.212

LEG 0.050 −0.025 0.017 0.162 0.047 1. 0.111

SPG 0.359 0.027 0.141 0.420 0.212 0.111 1.

Figure 3 reveals conditional correlations, showing that the relations of
(filtered) returns of SPX–UKX, SPX–DAX, SPX–HSI and DAX–UKX attain
the largest values, which is in accordance with corresponding strongest depen-
dencies between couples in the first tree of the optimal global vine copula in
Table 2.

Subsequently, to those residuals we applied linear transformations in order
to map them into unit interval. Results served as inputs to calculations of
7-dimensional copula models.

We extended our analysis by examining development of the Kendall’s corre-
lations. We have chosen frequency of calculations of Kendall’s correlation coeffi-
cients over the intervals of 72 months overlapping by 36 months with the neigh-
boring intervals, the last time period spans only 60 months. For each of the
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Fig. 3. Partial correlation coefficients for the residuals

couples of considered indexes, we calculated a sequence of 7 local Kendall corre-
lation coefficients on individual local time intervals. We can see (in Fig. 4) that 8
of considered 21 couples of indexes have most values of local Kendall correlation
coefficients significantly positive.

3.1 Global Models

The best 7-dimensional vine copula (based on forward selection of trees and AIC
criterion for pair-copulas, see [21]) is summarized in Table 2. We observe that at
the lowest tree there are modeled stronger links between SPX with UKX, DAX
and HSI. It illustrates a very strong international position of the US economy.
(It is also interesting to realize that there exist historically strong ties of HSI to
the increasingly influential Chinese economy.) At the second tree, we can clearly
observe a modest dependence between UKX and DAX, conditioned on SPX. All
other elements of the second tree are clearly weaker. Interestingly, at the very
last tree, a slight dependence (negative) between LEGATRUU with SPGSCITR,
conditioned on all considered stock indexes can be observed.

The best HAC is shown in Fig. 5 (left).
According to the GoF test, the best models for the investigated data are in

the class of Student t-copula followed by HAC (see Table 3).

3.2 Modeling Development Dependencies by Local Models

We continued by searching models for the 7 time intervals described above (for
which sequence of Kendalls correlation coefficient was calculated). A best vine
copula was identified (tree structure) for each interval but estimated (in the
same structure) also for all the other intervals. This way we got the selection
of 5 different, locally best fitting vine copula structures and their corresponding
sequences of estimated vine copulas. Through almost whole considered time
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Table 2. The summary of the best 7-dimensional vine copula (I1 = SPX, I2 = DAX,
I3 = UKX, I4 = NKY, I5 = HSI, I6 = LEGATRUU, I7 = SPGSCITR)

Tree Edge Family par1 par2 τ

1 I4 - I7 t −0.13 6.04 −0.08

I2 - I4 SC 0.32 0.00 0.14

I1 - I2 t 0.61 2.80 0.42

I1 - I3 t 0.62 2.75 0.43

I5 - I1 t 0.43 3.19 0.28

I6 - I5 G 1.09 0.00 0.08

2 I2 - I7; I4 t −0.01 5.83 −0.01

I1 - I4; I2 J 1.11 - 0.06

I3 - I2; I1 t 0.26 3.87 0.17

I5 - I3; I1 t 0.12 3.76 0.08

I6 - I1; I5 Tawn 17.67 0.01 0.01

3 I1 - I7; I2 - I4 SJ 1.08 0.00 0.05

I3 - I4; I1 - I2 t 0.07 7.19 0.05

I5 - I2; I3 - I1 t 0.09 5.18 0.05

I6 - I3; I5 - I1 I - - 0.00

4 I3 - I7; I1 - I2 - I4 I - - 0.00

I5 - I4; I3 - I1 - I2 Tawn90 −9.33 0.00 0.00

I6 - I2; I5 - I3 - I1 t −0.10 6.14 −0.06

5 I5 - I7; I3 - I1 - I2 - I4 I - - 0.00

I6 - I4; I5 - I3 - I1 - I2 G 1.06 0.00 0.06

6 I6 - I7; I5 - I3 - I1 - I2 - I4 F −0.81 0.00 −0.09

type: R-vine logLik: 257.52 AIC: −455.03 BIC: −346.42
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Fig. 5. The best global Gumbel HAC copula (left) and the best Gumbel HAC copula
H3 for development (right)

Table 3. GoF test statistics for all four global multi-dimensional models

Normal copula Student t-copula HAC vine Copula

GoF test statistics 0.0220 0.0149 0.0185 0.0277

period, the best vine copula was V5 (see Figs. 7 and 8). Similarly we estimated
a sequence of 7 elliptic and 7 HAC. Among the elliptic copulas, t-copula was
mostly better (except for the last 2 subintervals). We have selected HAC from
the classes Gumbel, Clayton, Frank, Joe and Ali-Mikhail-Haq. Throughout all
considered time intervals, the best model among them was Gumbel HAC H3
closely followed by Joe HAC H4. The corresponding GoF test statistic (for the
best copulas in each class) is displayed in Fig. 6 and it shows slightly superior
performance of hierarchical Archimedean copula H3 (Gumbel) and vine copula
V5 over elliptical copulas throughout the whole analyzed period. We see that (in
most individual time intervals) the difference between the best vine class copulas
and the best optimal HAC class copulas are almost negligible.

The graphical visualization of the optimal vine copula in terms of trees is
presented on Fig. 7 while the densities of the copula building blocks are depicted
on Fig. 8 as contour plot.

The graphical visualization of the optimal Gumbel HAC H3 is presented on
Fig. 5 (right).

Here come two interesting observations. First, the breath-taking performance
of HAC considering its parsimony: for illustration take now only bivariate copulas
used in vines and HAC copulas, then number of parameters needed for construc-
tion of n-dimensional normal copula are n(n−1)/2, vine copulas n+(n−1)+. . .+1
but HAC copulas only n − 1! It is true that when (conditional) independence
takes place in the random vector, vine copula gets significantly reduced, however
in our particular case as for global copula 20 parameters are involved comparing
to 6 of HAC, and as for the optimal evolving copula the vine structure contains
8 parameters.

Second, unlike elliptical copulas, the best vine and HAC copulas reveals
some asymmetry with respect to tail behavior, and while vines are better for
directly displaying conditional relationships, hierarchical Archimedean copulas
shows clusters of random variables in somewhat clearer way.



Multidimensional Copula Models of Dependencies Between Financial Indexes 357

●

●

●

●

●

●

●

● ●

●

●

●

●

●

0.0005

0.0010

0.0015

0.0020

1995 − 2000 1998 − 2003 2001 − 2006 2004 − 2009 2007 − 2012 2010 − 2015 2013 − 2018
period

TS

class
elip

hac

vine

copula

●

●

H3

H4

H5

nor

tco

V3

V4

V5

Fig. 6. Evolution of GoF test statistic for the best copulas in each class

Tree 1

SC

SBB1

N

Gt

t

6

4

2

1

3

5

7

Tree 2

I

I

I

I

I

4,6

2,4

1,23,1

5,3

7,5

Tree 3

I

SG

I

I

2,6 ; 4

1,4 ; 2
3,2 ; 1

5,1 ; 3

7,3 ; 5

Tree 4

I I

I

1,6 ; 2,4

3,4 ; 1,2

5,2 ; 3,1

7,1 ; 5,3

Tree 5

I
I

3,6 ; 1,2,4

5,4 ; 3,1,2

7,2 ; 5,3,1

Tree 6

I

5,6 ; 3,1,2,4

7,4 ; 5,3,1,2

Fig. 7. The tree structure of the optimal vine copula with pair copula family indicated
on edges.



358 T. Bacigál et al.

7,6 ; 5,3,1,2,4

5,6 ; 3,1,2,4 7,4 ; 5,3,1,2

3,6 ; 1,2,4 5,4 ; 3,1,2 7,2 ; 5,3,1

1,6 ; 2,4 3,4 ; 1,2 5,2 ; 3,1 7,1 ; 5,3

2,6 ; 4 1,4 ; 2 3,2 ; 1 5,1 ; 3 7,3 ; 5

4,6 2,4 1,2 3,1 5,3 7,5

Fig. 8. Contour plots of the optimal vine copula

4 Conclusion and Future Work

Modeling dependencies between international financial market indexes is inter-
esting and important for investors, risk managers and policy makers. Application
of more dimensional copulas is bringing a new insight and experience for mod-
eling activities.

Interestingly, while global optimal model (for the whole period of 277 months)
belong to the Student class, the optimal local models can be found (with very
minor differences in the values of GoF test statistic) in the classes of vine copulas
and HAC. The dominance of these models is most striking over the interval of
the financial market crisis, where the quality of the best Student class model
was providing a substantially poorer fit.

Acknowledgement. The support of the grants APVV-14-0013 and VEGA 1/0420/15
is kindly announced.
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Radlinského 11, 810 05 Bratislava, Slovakia

adam.seliga@stuba.sk

Abstract. In this paper we define two new types of decomposition inte-
grals, namely the chain and the min-max integral and prove some of their
properties. Their superdecomposition duals are also mentioned. Based on
the wide applicability of decomposition integrals, some computational
algorithms and their complexity are discussed.
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1 Introduction

Theory of integration plays an important role in almost every subject of mathe-
matics. First ideas behind this theory come back to Eudoxus circa 370 BC. Later,
in the 17th century, Newton and Leibniz developed framework called infinitesi-
mal calculus which was formalized using limits by Riemann in the 19th century.
Riemann integral is a linear operator on the space of continuous functions. Later,
new integrals that were non-linear appeared, e.g. the Sugeno integral [9] and the
Choquet integral [1].

Recently, decomposition integrals found wide applicability in many fields of
mathematics, to note few, in economics, game theory, or multicriteria optimiza-
tion. This is due the fact that decomposition integrals are built upon capacities,
which are set functions similar to measures, but they allow to include subjective
reasoning, such as cooperative and inhibitory effects, to considered processes.

The aim of this contribution is to define new types of decomposition inte-
grals and discuss their properties. Dual superdecomposition integrals are also
presented. Furthermore, the computational complexity of some algorithms is
discussed too.

The preliminary version of this paper was presented at the 3rd Conference
on Information Technology, Systems Research and Computational Physics, 2–5
July 2018, Cracow, Poland [7].
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2 Decomposition Integrals

In this paper, without loss of generality, we will consider a fixed finite space X =
{1, 2, . . . , n} with n ∈ N. A capacity is any set function μ : Pow(X) → [0,∞[ that
is monotone, i.e. A ⊆ B ⊆ X implies μ(A) ≤ μ(B), and grounded, i.e. μ(∅) = 0.
A chain on X is any sequence {Ai}ki=1 such that ∅ �= A1 � · · · � Ak ⊆ X.
The class of all capacities is denoted by M, and the class of all functions with
domain X and co-domain [0,∞[ by F . A decomposition system H is any subset
of Pow(Pow(X) \ {∅}) that is non-empty, i.e. H �= ∅.

Definition 1. A decomposition integral [2,5] with respect to a decomposition
system H is mapping IH : F × M → [0,∞[ such that

IH(f, μ) =
∨

{
∑

i∈J

aiμ(Ai) : {Ai}i∈J ∈ H, ai ≥ 0 ∀i ∈ J,
∑

i∈J

ai1Ai
≤ f

}
. (1)

Based on the choice of H in (1) we get different decomposition integrals.

Example 1. If H1 is the set of all singleton set systems, we speak about the
Shilkret integral [8], i.e.

Sh(f, μ) =
∨

{μ(A)min f(A) : A ∈ Pow(X) \ {∅}} .

Note that we use the abbreviate notation min f(A) = min{f(x) : x ∈ A}. If H2

consists only of partitions of X then we speak about the Pan integral [10], i.e.

Pan(f, μ) =
∨

{
∑

i∈J

μ(Ai)min f(Ai) : {Ai}i∈J is partition of X

}
.

In case that H3 is class of all chains on X, then the corresponding integral is
the Choquet integral [1], i.e.

Ch(f, μ) =
∫ ∞

0

μ(f ≥ t) dt,

Conceding that H4 = Pow(Pow(X) \ {∅}), we get the concave integral con(f, μ)
introduced by Lehrer [3]. Note that the choice H = {Pow(X) \ {∅}} also yields
to the concave integral.

Definition 2. A superdecomposition integral [4] with respect to a decomposition
system H is mapping I∗

H : F × M → [0,∞[ such that

I∗
H(f, μ) =

∧
{

∑

i∈J

aiμ(Ai) : {Ai}i∈J ∈ H, ai ≥ 0 ∀i ∈ J,
∑

i∈J

ai1Ai
≥ f

}
.

Example 2. For decomposition integrals mentioned in Example 1, there is corre-
sponding superdecomposition integral. Observe that in the case of the decom-
position system H3, in both cases the Choquet integral is obtained.
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3 New Types of Integrals

In this section we introduce two new types of decomposition integrals called the
min-max and the chain integral. Some properties of these integrals are proved.
Dual superdecomposition integrals are also defined.

3.1 Chain Integral

If the decomposition system H consists of only one fixed collection, namely a
chain, then we get a new decomposition integral called the chain integral.

Definition 3. Let B be a chain on X. The operator chB(f, μ) = I{B}(f, μ) is
called the chain integral with respect to chain B.

The following definition and lemmas will be useful in proving an explicit
expression for computing the chain integral.

Definition 4. A sequence {ai}ki=1 will be called f-{Ai}ki=1-feasible if and only
if ai ≥ 0 for all i = 1, 2, . . . , k and

k∑

i=1

ai1Ai
≤ f.

Lemma 1. Let ∅ �= A1 � · · · � Ak ⊆ X. For every f-{Ai}ki=1-feasible sequence
{ai}ki=1 there exists f-{Ai}ki=1-feasible sequence {bi}ki=1 with bk = min f(Ak) and

k∑

i=1

aiμ(Ai) ≤
k∑

i=1

biμ(Ai).

Proof. The proof of this lemma will be divided into two cases.
Case 1: If

∑k
i=1 ai ≤ min f(Ak). Then {bi}ki=1 is given by

bi =

{
min f(Ak), if i = k,

0, otherwise

for i = 1, 2, . . . , k. Truly,

k∑

i=1

aiμ(Ai) ≤
k∑

i=1

aiμ(Ak) = μ(Ak)
k∑

i=1

ai ≤ μ(Ak)min f(Ak) =
k∑

i=1

biμ(Ai).

The fact that {bi}ki=1 is f -{Ai}ki=1-feasible can be trivially seen.
Case 2: If

∑k
i=1 ai > min f(Ak). Then there exists i∗ ∈ {1, 2, . . . , k} such

that
∑k

i=i∗+1 ai < min f(Ak) and
∑k

i=i∗ ai ≥ min f(Ak). Then {bi}ki=1 is given
by

bi =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

min f(Ak), if i = k,∑k
i=i∗ ai − min f(Ak), if i = i∗,

ai, if i ∈ {1, . . . , i∗ − 1},

0, otherwise



364 A. Šeliga

for i = 1, 2, . . . , n. Indeed,

k∑

i=1

aiμ(Ai) =
i∗−1∑

i=1

aiμ(Ai) + ai∗μ(Ai∗) +
k∑

i=i∗+1

aiμ(Ai)

≤
i∗−1∑

i=1

aiμ(Ai) +

(
k∑

i=i∗
ai − min f(Ak)

)
μ(Ai∗) + min f(Ak)μ(Ak)

=
k∑

i=1

biμ(Ai).

Again, the statement that {bi}ki=1 is f -{Ai}ki=1-feasible can be checked trivially
using the fact that {ai}ki=1 is f -{Ai}ki=1-feasible. �

Definition 5. A sequence {ai}ki=1 will be called min-f-{Ai}ki=1-feasible if and
only if it is f-{Ai}ki=1-feasible and ak = min f(Ak).

Lemma 2. Let f be a function, μ a capacity and B = {Ai}ki=1 be a chain. Let

α =
∨

{
k∑

i=1

aiμ(Ai) : {ai}ki=1 is f-{Ai}ki=1-feasible

}

and

β =
∨

{
k∑

i=1

aiμ(Ai) : {ai}ki=1 is min-f-{Ai}ki=1-feasible

}
.

Then α = β.

Proof. First of all, it can be seen that

B∗ =
{{bi}ki=1 is min-f -{Ai}ki=1-feasible

}

⊆ {{ai}ki=1 is f -{Ai}ki=1-feasible
}

= A∗

and thus β ≤ α. On the other hand, based on the previous lemma, for every
element in {ai}ki=1 ∈ A∗ there exists an element in {bi}ki=1 ∈ B∗ such that∑k

i=1 aiμ(Ai) ≤ ∑k
i=1 biμ(Ai) and thus α ≤ β, which proves that α = β. �

Let us now consider the computation of the chain integral.

Theorem 1. Let B = {Ai}ki=1 be a chain on X and τ = min f(Ak). Then

chB(f, μ) = τμ(Ak) + chB\{Ak}(f̃ , μ�Pow(Ak−1)),

where f̃ : Ak−1 → R : x �→ f(x) − τ .
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Proof. From previous two lemmas we can see that

chB(f, μ) =
∨

{
k∑

i=1

aiμ(Ai) : {ai}ki=1 is f -{Ai}ki=1-feasible

}

=
∨

{
k∑

i=1

biμ(Ai) : {bi}ki=1 is min-f -{Ai}ki=1-feasible

}

= μ(Ak)min f(Ak)

+
∨

{
k−1∑

i=1

biμ(Ai) : {bi}k−1
i=1 is min-f -{Ai}k−1

i=1 -feasible

}

which proves the theorem. �

Inducting the previous theorem we get the following result.

Corollary 1. Let B = {Ai}ki=1 be a chain. Then

chB(f, μ) = μ(Ak)min f(Ak) +
k−1∑

i=1

μ(Ai) (min f(Ai) − min f(Ai+1)) ,

or

chB(f, μ) =
k∑

i=1

μ(Ai) (min f(Ai) − min f(Ai+1))

with convention that min f(Ak+1) = 0.

Corollary 2. Let B = {Ai}ki=1 be a chain. Then chB(f, μ) ≥ μ(Ak)min f(Ak).

From the theory of the Choquet integration it is known that

Ch(f, μ) =
m∑

i=1

(fi − fi−1)μ(Ai) (2)

where {fi}mi=0 is increasing enumeration of Im(f) ∪ {0} and

Ai = {x ∈ X : f(x) > fi−1}
for i = 1, 2, . . . ,m. Then it can be seen that

Ch(f, μ) =
k∑

i=1

μ(Ai)(min f(Ai) − min f(Ai+1))

with convention that min f(Ak+1) = 0.
It can easily be seen that the chain integral and the Choquet integral are

related with chB(f, μ) ≤ Ch(f, μ) for all chains B, all functions f and all capac-
ities μ. Interesting question arises: What conditions must be satisfied for the
equality of these two decomposition integrals? Following theorem gives some
insight to the answer to this question.
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Definition 6. A chain B = {Ai}ki=1 is called Ch-maximizing for function f if
and only if

{min f(Ai) : i = 1, . . . , k} \ {0} = Im(f) \ {0}.

It seems that the Ch-maximizing property of a chain is enough for the equal-
ity of the chain and the Choquet integrals. The following theorem follows from
the theory of the Choquet integration.

Theorem 2. A chain B is a Ch-maximizing for a function f if and only if
chB(f, μ) = Ch(f, μ) holds.

Example 3. Following the original example with workers of Lehrer in [3], let
us assume that X = {1, 2, 3, 4} represents the set of workers and let f : X →
[0,∞[ : i �→ 5−i denote a positive function where f(i) represents maximum num-
ber of working hours for worker i ∈ X. Let us choose a chain B = {Ai}3i=1 where
A1 = {3}, A2 = {2, 3}, A3 = {1, 2, 3, 4}. This chain can represent the following
situation: all four workers start working together, then the first and fourth will
leave and then the second one will leave. Let μ represent the number of articles
made per hour: μ(A1) = 3, μ(A2) = 4 and μ(A3) = 6, then chB(f, μ) represents
the maximum number of articles made in this situation. From Corollary 1 it is
easy to see that

chB(f, μ) = μ(A1) + μ(A2) + μ(A3) = 13.

3.2 Min-Max Integral

The definition of the Choquet integral can be rewritten to the form

Ch(f, μ) =
∨

B={Ai}n
i=1

∨
{

∑

i∈J

aiμ(Ai) : ai ≥ 0 ∀i ∈ J,
∑

i∈J

ai1Ai
≤ f

}

where the first supremum operator runs over all full chains B on X. The idea
behind the min-max integral is to replace the first supremum by infimum.

Definition 7. A min-max integral of a function f with respect to capacity μ is
defined by

I∧∨(f, μ) =
∧

B={Ai}n
i=1

∨
{

∑

i∈J

aiμ(Ai) : ai ≥ 0 ∀i ∈ J,
∑

i∈J

ai1Ai
≤ f

}

where the infimum operator runs over all full chains B on X.

Firstly, let us prove that there exists a lower bound on the value of I∧∨(f, μ).

Lemma 3. The inequality I∧∨(f, μ) ≥ μ(X)min f(X) holds for all functions f
and capacities μ.
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Proof. Let B = {Ai}i∈J be any full chain. We need to prove that

∨
{

∑

i∈J

aiμ(Ai) : ai ≥ 0 ∀i ∈ J,
∑

i∈J

ai1Ai
≤ f

}
≥ μ(X)min f(X).

From the previous part, it is obvious that the expression on the left of the
inequality sign is equal to chB(f, μ). Also, Corollary 2 implies that

chB(f, μ) ≥ μ(X)min f(X)

and thus the result follows. �

Now, let us prove that this value is not only the lower bound but also the
value of the min-max integral.

Theorem 3. It is true that I∧∨(f, μ) = μ(X)min f(X).

Proof. To simplify writing, notice that I∧∨(f, μ) =
∧

B chB(f, μ). Thus we need
to find a chain B such that chB(f, μ) = μ(X)min f(X). Let x∗ ∈ X be any
element such that f(x∗) = min f(X). Let B = {Ai}ni=1 be any chain such that
A1 = {x∗} and thus x∗ ∈ Ai for all i = 1, . . . , n. Also,

chB(f, μ) = μ(X)min f(X) +
n∑

i=1

μ(Ai) (min f(Ai) − min f(Ai+1))

= μ(X)min f(X) +
n∑

i=1

μ(Ai) (f(x∗) − f(x∗)) = μ(X)min f(X),

which proves the theorem. �

Example 4. Let f and μ be as in Example 3. From Theorem 3 it follows that
I∧∨(f, μ) represents the maximum number of articles made if only all workers
can work together. In this setting, I∧∨(f, μ) = μ(X) = 6.

3.3 Superdecomposition Duals

For these newly proposed decomposition integrals, namely the chain and the
min-max integral, their superdecomposition duals can be considered.

Definition 8. A super-chain integral of a function f with respect to a capacity
μ and a chain B = {Ai}ni=1 is

ch∗
B(f, μ) =

∧
{

n∑

i=1

aiμ(Ai) : a1, . . . , an ≥ 0,

n∑

i=1

ai1Ai
≥ f

}
.

The value of a super-chain integral can be computed and proved analogously
to its decomposition counterpart.
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Theorem 4. The equality

ch∗
B(f, μ) = μ(X)max f(X)

holds.

The corresponding superdecomposition integral for the min-max integral will
be called max-min integral. Note that the min-max and max-min integrals are
reasonable bounds for all operators considered to be integrals, e.g. decomposition
and superdecomposition integrals.

Definition 9. A max-min integral of a function f with respect to a capacity μ
is

I∨∧(f, μ) =
∨

B

∧
{

n∑

i=1

aiμ(Ai) : a1, . . . , an ≥ 0,
n∑

i=1

ai1Ai
≥ f

}

where the infimum operator runs through all chains B = {Ai}ni=1.

4 Computation Algorithms

Decomposition and superdecomposition integrals show potential in applicability
in real-world problems. A natural demand is to find algorithms for their com-
putation. In this section we will formulate basic computational algorithms for
their computation and discuss their computational complexity.

4.1 Concave Integration as Linear Optimization Problem

The problem of the concave integration can be trivially rewritten to the following
optimization problem:

maximize
2n−1∑
i=1

aiμ(Pi)

subject to Aa ≤ f and a ≥ 0

where {Pi}2
n−1

i=1 is any enumeration of Pow(X) \ {∅}, A is n × (2n − 1) matrix
with Aij = 1Pj

(xi), f is n-dimensional vector whose ith element is f(xi) and a
is unknown n-dimensional vector.

Theorem 5. The problem of concave integration posed as linear optimization
problem is harder than NP [6].

4.2 Choquet and Chain Integration

The equality (2) can be used to construct algorithm that computes the Choquet
integral based on the ordering of Im(f) that can be done in polynomial time, thus
yielding to polynomial time algorithm, more precisely to O(n log n) algorithm.

Similar approach can be taken for the chain integral defined in this article,
yielding also to O(n log n) algorithm.
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4.3 Min-Max Integration

Based on Theorem 3, the computation of the min-max integral is straightforward.
The only unknown is to find the minimum of the function f and this can be
done using O(n) algorithm. Thus, the computation of min-max integral can be
accomplished using O(n) algorithm.

4.4 Brute Force Algorithms

With other types of decomposition integrals, namely the Shilkret and the Pan
integral, the situation doesn’t seem so easy. Brute force algorithms, i.e. algo-
rithms that check all possible combinations, are discussed.

Theorem 6. Computation of the Shilkret and the Pan integrals belongs to at
most NP class.

Proof. We need to find polynomial verifiers for both integrals. The solution of
Shilkret integral is identified with a set from Pow(X) \ {∅}. Given such set, A,
the minimum min f(A) can be computed in polynomial time, and also the prod-
uct μ(A)min f(A) which gives us a polynomial verifier for the Shilkret integral.
For the Pan integral, the solution is identified with a partition {Ai}i∈J of X.
Such partition has at most n elements and thus min f(Ai) for i ∈ J can be
computed using polynomial algorithm. Also, the sum

∑
i∈J μ(Ai)min f(Ai) can

be computed in polynomial time yielding to polynomial verifier. Thus, the com-
putation of the Shilkret and the Pan integral belongs to at most NP class of
computational problems. �

Brute force algorithm for the Shilkret integral goes as follows. For every set
A ∈ Pow(X) \ {∅} compute min f(A) and find a minimum of μ(A)min f(A).
The computation of μ(A)min f(A) for every A takes at most O(n) operations.
The set Pow(X) \ {∅} has 2n − 1 elements, thus yielding to O(2nn) algorithm.

For the Pan integral, we need to check all permutations. The number of
permutations of set with n elements is bounded by Catalan numbers, i.e. to
generate all permutations we need O(3n) operations. For each partition, we
need to compute at most n minimums, which yields to O(n2) operations per
permutation and thus the brute force algorithm for the Pan integral takes at
least O(3nn2) operations.

4.5 Special Classes of Capacities

If we restrict ourselves to a special class of capacities then the computation of
decomposition integrals is simplified. The first considered such class is the set of
measures, i.e. additive capacities.

Theorem 7. If μ is a measure, then

Ch(f, μ) = Pan(f, μ) = con(f, μ).

Also, the value of these integrals is equal to the value of Lebesgue integral of
function f with respect to a measure μ.
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The same holds if μ is subadditive capacity. On the other hand, if μ is super-
additive capacity, we get the following theorem.

Theorem 8. If μ is superadditive capacity, then con(f, μ) = Ch(f, μ).

5 Concluding Remarks

In this paper we defined two new types of decomposition integrals, namely the
chain and the min-max integral and proved some of their properties.

A similarity between the chain and the Choquet integral was discussed and
the equality condition was established. We have showed that the min-max inte-
gral can be viewed as a natural lower bound for every operator named integral.
Also, superdecomposition variants of these integrals, namely the super-chain and
the max-min integrals are proposed.

In the last section of this article, basic computational algorithms for comput-
ing some decomposition integrals, namely the concave, the Choquet, the Shilkret
and the Pan integrals, are examined. Also we proposed algorithms for newly
established decomposition integrals–the chain and the min-max integrals. Also,
the computational complexity of these algorithms is discussed.

Acknowledgement. This work was supported by the grants APVV-14-0013 and
VEGA 1/0682/16.
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Abstract. From the macroeconomic point of view, the stock index is the best
indicator of the behavior of the stock market. Stock indices fulfill different
functions. One of heir most important function is to observe developments of the
stock market situation. Therefore, it is crucial to describe the long-term devel-
opment of indices and also to find moments of abrupt changes. Another inter-
esting aspect is to find those indices that have evolved in a similar way over
time. In this article, using trend analysis, we will uncover the long-term evo-
lution of selected indices. Other goal is to detect the moments in which this
development suddenly changed using the change point analysis. By means of
cluster analysis, we find those indices that are most similar in long-term
development. In each analysis, we select the most appropriate methods and
compare their results.

Keywords: Trend analysis � Change-point analysis � Cluster analysis

1 Introduction

Stock market indices express the value of a section of the stock market. By observing
the historical development of market indices, we can determine the trend of their long
term development. It can be useful in construing predictions of the future development
of the valuation process. Locating change-points is also essential factor in the analysis
of the development of indices.

Understanding the long term development and abrupt changes in the prices of
indices is a key factor for the investor in the decision making about where to invest.
Therefore, our aim is to reveal the presence of the trend and identify its nature in the
time series of 11 selected indices. We use non-parametric tests based on the fact that
data follows non-normal distribution. Comparing the results of the Cox-Stuart test,
Mann-Kendall test, and Spearman’s rho test we seek to find trend and its character. The
power of the trend will be expressed by Sen’s slope. This will be compared with the
values of Kendal’s tau and Spearman’s rho.

Another important goal is to find change-points in the series. First we obtain single
change-points for each time series using the Pettitt’s test. Next we use multiple change-
point analysis using divisive and agglomerative estimation. We compare the results of
all three procedures and we will look for common change-points.
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In the last part indices, which development in long term are similar, and which are
the most different from the development of others will be found. For this purpose
agglomerative techniques of cluster analysis will be used. The primary version of this
paper was presented at the 3rd Conference on Information Technology, Systems
Research and Computational Physics, 2–5 July 2018, Cracow, Poland [1].

2 Statistical Methods

2.1 Trend Analysis

The trend analysis in time series of stock market indices has been evaluated using the
following nonparametric tests: Cox-Stuart test, Mann-Kendall test and Spearman’s rho
test. We will denote X1;X2; . . .;Xn as a sample of n independent variables. The above
tests are testing the null hypothesis that there is no trend in the data, against the
alternative hypothesis that there is a statistically significant increasing/decreasing trend.
Positive/negative values of the statistics implies increasing/decreasing trend.

Cox-Stuart Test. The Cox-Stuart test is based on the signs of the differences

y1 ¼ x1þ d � x1
y2 ¼ x2þ d � x2

..

.

yd ¼ xn � xn�d

ð1Þ

where d ¼ n=2, if the size n is odd, otherwise d ¼ nþ 1ð Þ=2. Assign y1; y2; . . .; ym the
sample of positive differences. The test statistic of Cox-Stuart test is

T ¼
Xm

i¼1
sign yið Þ: ð2Þ

On the significance level a we reject the null hypothesis if Tj j[ ta, ta is the
quantile of binomial distribution. For m[ 20, we can approximate ta with the a-
quantile wa of the standard normal distribution

ta ¼ 1
2
mþw að Þ½ � ffiffiffiffi

m
p

: 2½ � ð3Þ

Mann-Kendall Test. The Mann-Kendall test statistic is defined as

S ¼
Xn

i¼1

Xi�1

j¼1
sign xi � xj

� �
: ð4Þ
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For n[ 8; S can be approximate by normal distribution, thus the standardized test
statistic is given:

Z ¼
S�1ffiffiffiffiffiffiffi
D Sð Þ

p S[ 0

0; S ¼ 0
Sþ 1ffiffiffiffiffiffiffi
D Sð Þ

p S\0

8><
>: ð5Þ

We reject the null hypothesis, if Z[ Z1�a=2, and that means there is increasing
trend in the series, or if Z\� Za=2 what means decreasing trend. Z1�a=2 and Za=2 are
the critical value of the standard normal distribution [3, 4].

Spearman’s Rho Test. The test statistic of Spearman’s rho test is given

D ¼ 1� 6
Pn

i¼1 Ri � ið Þ2
n n2 � 1ð Þ ; ð6Þ

where Ri is the rank of the i-th observation in time series. The standardized statistic
is given

ZSR ¼ D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� 2
1� D2

r
: ð7Þ

If ZSRj j[ tðn�2;1�a=2Þ the trend exists. tðn�2;1�a=2Þ is the critical value of Student’s t
distribution [5].

2.2 Change-Point Analysis

First we checked the homogeneity of our time series using Wald-Wolfowitz test and
then we used Pettitt’s test for single change-point detection and multiple change-point
detection.

Wald-Wolfowitz Test. It is a nonparametric test for verifying homogeneity in time
series. The null hypothesis says that a time series is homogenous between two given
times. The test statistic is given

R ¼
Xn�1

i¼1
xixiþ 1 þ x1xn; ð8Þ

where x1; x2; . . .; xn are the sampled data. For n[ 10 we can make an approximation

Z ¼ R� E Rð Þffiffiffiffiffiffiffiffiffiffiffi
D Rð Þp : 6½ � ð9Þ
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Pettitt’s Test. The null hypothesis of this test is that there is no change in the series
against the alternative hypothesis there is change. The test statistic of Pettitt’s test is

bU ¼ max Ukj j; ð10Þ

Uk ¼ 2
Xk

i¼1
ri � k nþ 1ð Þ; ð11Þ

where k ¼ 1; 2; . . .; n and ri are the ranks of Xi: The most probably change-point is
located where bU reaches maximum value [7].

Hierarchical Divisive Estimation E-divisive. This method applies single change-
point detection iteratively. Details on the estimation of change point locations can be
found in [8].

Hierarchical Agglomerative Estimation E-agglo. This method assumes an initial
segmentation of the data. If there are no initial segmentations defined, then each
observation can be considered as a separated segment. In this method bordering seg-
ments are sequentially merged to maximize the goodness-of-fit statistic. The estimated
locations of change points are assigned by the iteration which maximized the penalized
goodness-of-fit statistic. More details about this method can be found in [8].

2.3 Cluster Analysis

Cluster analysis belongs to multidimensional statistical methods used to seek out
similar objects and grouping them into clusters. Clusters contain objects with the
highest degree of similarity, while high dissimilarity among each cluster is desirable.
Results of cluster analysis can be the best shown by dendrogram which represent each
object and the linkage distance of these objects. It is a figure which arranges the
analyzed objects so that individual joining of objects to clusters can be observed.

Since there are several aggregation methods, each of which generally yields dif-
ferent results, it is necessary to determine the most appropriate method of aggregation.
Such measure is the cophonetic correlation coefficient CC. The cophonetic correlation
coefficient is defined as the Pearson coefficient of correlation between actual and
predicted distance. For the most suitable agglomeration method, we choose the one for
which the cophonetic correlation coefficient is the highest [9].

In hierarchical clustering, we can choose the appropriate number of clusters from
the dendrogram by cutting through its branches at the selected distance level on the
corresponding axis. For this several indices has been developed as a criteria. Detailed
criteria used to select the number of clusters can be found in [10].

3 Analysis of the Development of Selected Stock Indices

3.1 Trend Analysis

Trend analysis plays vital role in various fields of study since researcher are often
interested in the long term development of processes. Describing the long term
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character of the stock indices can reflect the progress of market efficiency. For this
purpose we analyzed the presence and the character of the trend of 11 stock market
indices: SPX, CCMP, INDU, DAX, UKX, CAC, NKY, HSI, LEGATRUU, SPGSCITR
and CCI index. We analyzed monthly time series since January 1995 to January 2018.

Since the multidimensional normality was rejected by testing, for this purpose
Mann-Kendall, Cox-Stuart test and Spearman’s rho test was used. These tests was
realized in R software using the packages: trend [10] for the Mann Kendall test and
Cox and Stuart test and pastecs [11] for Spearman’s rho test. The results of the three
trend tests are listed in Table 1. From this table it is found that the Mann-Kendall test
indicates the presence of a statistically significant monotonic trend in all the observed
indices. Cox and Stuart test and Spearman’s rho test rejected the presence of trend at
the level 0.05 only for the NKY index.

The character (increasing/decreasing) of the trend was obtained by Sen’s slope
using the R package TTAinterfaceTrendAnalysis [12]. All of the indices except JPY
have a long term increasing tendency. JPY index indicated decreasing trend. According
to the magnitude of Sen’s slope 61.1 the HSI index has the highest rising tendency
among all the analyzed indices. Other high level of increase was observed in the INDU
Index with the value of 45.05 and DAX Index with the value of slope 29.4. The only
decreasing trend in NKY Index reached the value of −6.73. P-values of Sen’s slope
magnitudes indicate that all of the magnitudes are statistically significant at the 0.05
level. We obtained the same results considering the signs of the Z statistics of Mann-
Kendall test. Other aspect can be the value of Mann-Kendall’s tau and Spearman’s rho
which all indicate decreasing trend for NKY and increasing trend for all the other
indices. Remarkably, according to these last three criteria, LEGATRUU index shows
the highest level of increasing trend and on the other hand SPGSCITR and CAC the
lowest increasing level.

Table 1. Results of trend analysis

Index Cox-Stuart
test

Mann-Kendall test Spearman’s
test

Sen’s slope

T p-value Z p-value Tau Rho p-value Magnitude p-value

SPX 9.75 <10–6 15.30 <10–6 0.62 0.75 <10–6 4.98 <10–6

CCMP 9.75 <10–6 16.58 <10–6 0.67 0.78 <10–6 12.25 <10–6

INDU 9.75 <10–6 17.97 <10–6 0.72 0.86 <10–6 45.05 <10–6

DAX 9.75 <10–6 16.44 <10–6 0.66 0.81 <10–6 29.40 <10–6

UKX 8.29 <10–6 12.02 <10–6 0.48 0.62 <10–6 9.91 <10–6

CAC 4.75 <10–6 6.95 <10–6 0.28 0.35 <10–6 6.51 <10–6

NKY 0.38 0.70 −2.06 0.04 −0.08 −0.11 0.06 −6.74 0.04
HSI 9.75 <10–6 16.01 <10–6 0.64 0.84 <10–6 61.10 <10–6

LEGATRUU 9.75 <10–6 22.37 <10–6 0.90 0.98 <10–6 1.30 <10–6

SPGSCITR 3.30 <10–4 4.17 <10–4 0.17 0.20 <10–3 6.43 <10–4

CCI 9.75 <10–6 13.67 <10–4 0.55 0.79 <10–6 1.26 <10–6
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3.2 Change-Point Analysis

Presence of change-point in time series is a vital question in the development of
processes. Our aim was to find abrupt changes in the time series of each index. First we
used Pettitt’s test from package trend for single change-point detection. After finding
the single change-points we carried out multiple change-point analysis using divisive
estimation and agglomerative estimation of change-points from the ecp [13] package.
Results of these analysis are in Table 2 and Fig. 1. According to Pettitt’s test three
indices- SPX, CCMP and UKX have a significant change-point in 2010. Other common
significant change was detected in INDU, DAX, HSI, LEGATRUU and CCI indices in
from October 2005 to August 2006. CAC index has a significant change in December
1998. NKY index in September 2000, SPGSCITR in December 2012.

Next, the results of multiple change-point analysis was compared. As we can see in
general we obtained more results using the divisive estimation. Some of the results are
similar to the agglomerative estimation, although there are differences. All the detected
change-points obtained by divisive estimation are statistically significant. We can see
some pattern in the positions of the change-points. Most of the indices has the first
abrupt change from September 1997 to April 1998. Other significant period can be
considered from December 2000 to September 2001. DAX, UKX and CAC changed
abruptly in June 2002. Further common changes was observed in the period from June
2005 to August 2006. Another signifficant changes in most of the indices was from
March 2008 to July 2009. LEGATRUU, SPGSCITR, CCI and CCMP has significant
changes from August 2010 to April 2011. Other changes was found from the end of
2012 to the beginning of 2014. For most of the indices it was the last change-point. For
INDU, DAX and UKX, the last change-points was detected in August of 2015. For CCI
and SPGSCITR indices it was in October and December 2014. As we can see in Fig. 1,
for most of the indices, divisive estimation allocated one of the multiple change-points
near to the ones found by Pettitt’s test. Also in most case the results of agglomerative
estimation are close to the ones gained by divisive estimation.

Table 2. Results of single and multiple change-point analysis

Index Pettitt’s test Divisive estimation Agglomerative estimation

Position p-value Position p-value Position

SPX 191 <10–6 34, 80, 133, 163, 223 0.01 31, 226
CCMP 188 <10–6 37, 74, 127, 159, 190, 223 0.01 47, 74, 119, 225

INDU 130 <10–6 37, 75, 106, 136, 166,
218, 248

0.01 230

DAX 140 <10–6 37, 90, 129, 162, 218, 248 0.01 60, 80, 131, 227
UKX 191 <10–6 33, 90, 126, 162, 218, 248 0.01 25, 91, 117, 165, 175, 217

CAC 48 <10–6 38, 90, 126, 165, 225 0.01 39, 91, 125, 165, 230
NKY 69 <10–6 34, 72, 129, 165, 197, 227 0.01 79, 129, 157, 217

HSI 138 <10–6 51, 81, 140, 175, 216 0.01 144
LEGATRUU 139 <10–6 40, 97, 155, 188, 229 0.01 91, 192
SPGSCITR 96 <10–6 63, 111, 166, 196, 240 0.01 110, 239

CCI 135 <10–6 40, 102, 132, 189, 238 0.01 136
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3.3 Cluster Analysis

In practice it is common to seek for similar objects and explain the relationship between
these objects. Thus our other goal was to identify the indices which development are
similar in time and can be separated into clusters. We used hierarchical methods from
the stats package [14], because of the low number of the clustering objects. Since

Fig. 1. Change-point analysis results
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indices are measured in various currencies, first we standardized the values of the
series. To determine the best cluster analysis method we calculated the cophonetic
correlation coefficient from package stats, for each method using Euclidean distance.
We chose the method which contains the highest cophonetic correlation coefficient.
According to this coefficient the best clustering methods to use are the average linkage
method and Ward’s method. In average linkage method the average distance between
objects of each cluster is used as distance between clusters. Ward’s method is based on
minimization of the within-cluster variance. The number of clusters was determined
using the NbClust package based on 30 indices as criteria. Most of the indices proposed
three cluster solution. The results of this analysis was creating using dendextended
package [15] and can be found in Fig. 2.

As we can see the results have something in common. On the lowest linkage
distance SPX and INDU indices are joined into a cluster. DAX and CCMP are very
similar to them. The most different from other indices are NKY index and SPGSCITR
index. NKY index was the only index showing decreasing trend. It also has a unique
change-point found with Pettitt’s test. In SPGSCITR some different change-point can
be found from the change-points of other indices. We can also observate the basic
behaviour of Ward’s method clustering, that objects are joined into existing clusters
and new cluster is created just in case of high dissimilarity.

Fig. 2. Results of cluster analysis- average linkage method and Ward’s method
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4 Conclusions

The aim of this paper was to analyze the development of 11 market indices. Indices are
very important indicator of market development. Our first goal was to reveal the trend
in time series of indices. We compared the results of three nonparametric methods to
determine the trend-Cox-Stuart test, Mann-Kendall test and Spearman’s rho test. The
Cox-Stuart test showed a significant increasing trend for all of the indices except NKY
index. Mann-Kendall test and Spearman’s test showed a statistically significant trend
for all of the indices. Except NKY index it was a statistically significant increasing
trend. The magnitude of the trend was calculated by Sen’s slope. According to this
statistic HSI index has the highest increasing tendency. All magnitudes are statistically
significant on the level of 0.05.

Other important point of view on the development of indices is finding change-
points. Single change-point detection was carried out by Pettitt’s test. Single change-
points was found in 1998, 2000, from 2005 to 2006, in 2010 and 2012. Multiple
change-point analysis was performed by using divisive and agglomerative estimation.
The results of these methods return similar results although a little biased. Also the
agglomerative estimation proposes less change-points then divisive methods. The
results of divisive estimation are statistically significant on the level 0.05. Also the
change-points found by Pettitt’s test are located near to the ones obtained by divisive
estimation. These change-points can be caused by changes in the components of the
indices or by economic depression.

In the third part of this paper we found indices which development is similar in
time. Results of average linkage method and Ward’s method basically give very similar
clusters. The most similar development has INDU and SPX indices. Very similar to
them are DAX, CCMP and UKX. The lowest level of similarity is between NKY and the
other indices. We determined the three cluster solution as the most appropriate.
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Valášková, Ľubica, 321
Vöröskői, Kata, 85

W
Weismann, Peter, 203
Wesełucha-Birczyńska, Aleksandra, 281
Wielgosz, Maciej, 177
Wit, Adrian, 217
Wołoszyn, Maciej, 296, 307
Wróblewska, Anna, 252

Z
Ždímalová, Mária, 203

384 Author Index


	Preface
	References

	Associate Editors
	Contents
	Data Analysis and Intelligent Computing
	Using Random Forest Classifier for Particle Identification in the ALICE Experiment
	1 Introduction
	2 Particle Identification with TPC and TOF
	3 Baseline PID Method
	4 Our Approach
	4.1 Random Forest Algorithm
	4.2 Unique Properties of Random Forest
	4.3 Implementation

	5 Experiments
	5.1 Dataset
	5.2 Attribute Importance
	5.3 Parameter Tuning
	5.4 Evaluation Protocol
	5.5 Results

	6 Conclusions
	References

	Fault Propagation Models Generation in Mobile Telecommunications Networks Based on Bayesian Networks with Principal Component Analysis Filtering
	1 Introduction
	2 Principal Component Analysis
	3 Bayesian Networks Introduction
	4 Bayesian Network Fault Propagation Model Generation with PCA Pre-filtering
	5 Results and Examples
	6 Summary and Conclusions
	References

	Optimizing Clustering with Cuttlefish Algorithm
	1 Introduction
	2 Optimization Metaheurisctics
	3 Clusterization Procedure
	4 Numerical Studies
	5 Conclusions
	References

	A Memetic Version of the Bacterial Evolutionary Algorithm for Discrete Optimization Problems
	Abstract
	1 Introduction
	2 The DBMEA Algorithm
	2.1 Creating the Initial Population
	2.2 Bacterial Mutation
	2.3 Local Search
	2.4 Gene Transfer

	3 Computational Results
	3.1 The Traveling Salesman Problem
	3.2 The Traveling Salesman Problem with Time Windows
	3.3 The Traveling Repairman Problem
	3.4 The Time Dependent Traveling Salesman Problem

	4 Conclusion
	Acknowledgement
	References

	On Wavelet Based Enhancing Possibilities of Fuzzy Classification Methods
	1 Introduction
	2 The Fuzzy Component of the Approach
	2.1 Fuzzy Sets
	2.2 Fuzzy Inference
	2.3 Fuzzy Rule Interpolation

	3 The Wavelet Component of Our Approach
	3.1 Multiresolution Analysis
	3.2 Wavelet Analysis in Signal Processing

	4 Entropies as Compact Descriptions of Two-Dimensional Datasets
	4.1 Rényi Entropies
	4.2 Structural Entropies of Probability Distributions

	5 Telecommunication Lines
	5.1 Measurements
	5.2 Characterisation Scheme

	6 Wear
	6.1 Measurements
	6.2 Characterisation Scheme

	7 Colorectal Polyps
	8 Conclusion
	References

	On the Convergence of Fuzzy Grey Cognitive Maps
	1 Introduction
	2 Mathematical Background
	2.1 The Contraction Mapping Theorem
	2.2 Fuzzy Grey Cognitive Maps

	3 Convergence of Fuzzy Grey Cognitive Maps
	4 Summary
	References

	Hierarchical Fuzzy Decision Support Methodology for Packaging System Design
	Abstract
	1 Introduction
	2 The Fuzzy Signature Model
	2.1 Definition of the Aggregation Operators
	2.2 Defining the Main Aspects and the Weights

	3 Application of the Model
	3.1 Case Study 1
	3.2 Case Study 2

	4 Conclusions and Future Work
	Acknowledgement
	References

	Image Enhancement with Applications in Biomedical Processing
	1 Nonparametric Density Estimation
	2 Image Enhancement Using Kernel Density Estimation
	2.1 Theoretical Aspects
	2.2 Proposed Methodology
	2.3 Implementation Remarks

	3 Results and Discussion
	4 Summary
	References

	Efficient Astronomical Data Condensation Using Fast Nearest Neighbors Search
	1 Introduction
	2 Methodological Preliminaries
	2.1 Data Reduction and Its Use in Astronomy
	2.2 Approximate Nearest Neighbors

	3 Proposed Approach
	4 First Results
	5 Conclusion
	References

	Similarity-Based Outlier Detection in Multiple Time Series
	1 Introduction
	2 Similarity Measures
	2.1 L-p Norms
	2.2 Elastic Measures
	2.3 Threshold Queries Based Similarity
	2.4 Multidimensional Time Series Data

	3 Multiple Time Series Outlier Analysis
	3.1 Distance Distribution Based Method
	3.2 Angle Based Method
	3.3 K-Nearest Neighbour Analysis
	3.4 Local Outlier Factor
	3.5 Multidimensional Time Series Outlier Analysis

	4 Experiments
	5 Discussion and Summary
	References

	Metaheuristics in Physical Processes Optimization
	1 Introduction
	2 Neural Networks
	3 Metaheuristics
	3.1 Evolutionary Algorithm
	3.2 Firefly Algorithm

	4 Experiments
	4.1 Methodology
	4.2 Algorithms Tuning
	4.3 Results

	5 Discussion
	References

	Crisp vs Fuzzy Decision Support Systems for the Forex Market
	1 Introduction
	2 Examples of Technical Indicators
	3 Crisp Trading System
	4 Proposed Fuzzy Trading System
	5 Numerical Experiments
	6 Conclusions and Future Works
	References

	A Hybrid Cascade Neural Network with Ensembles of Extended Neo-Fuzzy Neurons and Its Deep Learning
	Abstract
	1 Introduction
	2 A Structure of the Hybrid Cascade Neural Network with Ensembles of Extended Neo-Fuzzy Neurons
	3 Nodes of the Hybrid Cascade Neural Network
	4 A Learning Method for the Hybrid Cascade Neural Network
	5 Experimental Examples
	6 Conclusion
	Acknowledgment
	References

	Information Technology and Systems Research
	Recurrent Neural Networks with Grid Data Quantization for Modeling LHC Superconducting Magnets Behavior
	1 Introduction
	2 Protection of Large Hadron Collider
	3 Recurrent Neural Networks
	4 Proposed Method for Anomaly Detection
	5 Experiments and the Discussion
	5.1 Dataset
	5.2 Quality Assessment Measures
	5.3 Results

	6 Conclusions and Future Work
	References

	Two Approaches for the Computational Model for Software Usability in Practice
	Abstract
	1 Introduction
	2 Motivation and Background
	3 Experimental Study
	3.1 Qualitative Software Efficiency Evaluation
	3.2 Fuzzy Rules Preparation for Software Usability Evaluation in MATLAB
	3.3 Experimental Study Conclusion

	4 Three Levels of Aggregation
	4.1 The Organization of Questionnaires
	4.2 Aggregating Values for Respondents
	4.3 Aggregating Values for Groups
	4.4 Aggregating Values for Software Tools Among Groups

	5 Conclusion
	Acknowledgements
	References

	Graph Cutting in Image Processing Handling with Biological Data Analysis
	1 Introduction
	2 Segmentation and Graph Cutting
	3 Program and User Manual
	4 Application in Biological Data
	5 Implementation in the Program
	6 Results
	7 Conclusion and Remarks
	References

	A Methodology for Trabecular Bone Microstructure Modelling Agreed with Three-Dimensional Bone Properties
	Abstract
	1 Introduction
	2 Materials and Methods
	2.1 Characteristics
	2.2 Implementation

	3 Results and Observations
	3.1 Case Studies
	3.2 Parameters Tests
	3.3 Model Analysis

	4 Discussion and Conclusion
	4.1 Validation
	4.2 Summary

	Acknowledgments
	References

	RMID: A Novel and Efficient Image Descriptor for Mammogram Mass Classification
	1 Introduction
	2 Contribution Outline
	2.1 RMID Principals and Design
	2.2 Classifiers

	3 Experiments
	3.1 Dataset and Pre-processing
	3.2 Evaluation Metrics
	3.3 Evaluation Strategy and System Configuration
	3.4 Results and Analysis

	4 Conclusions and Future Work
	References

	Instrumentals/Songs Separation for Background Music Removal
	1 Introduction
	2 Related Work
	3 Dataset Development
	4 Proposed Method
	4.1 Pre Processing
	4.2 Feature Extraction
	4.3 Classification

	5 Result and Discussion
	5.1 Statistical Significance Tests

	6 Conclusion and Future Work
	References

	Content-Based Recommendations in an E-Commerce Platform
	1 Introduction
	2 Dataset
	3 Methods
	3.1 Model Building
	3.2 Evaluation

	4 Results and Discussion
	5 Conclusion
	References

	Computational Physics and Applied Mathematics
	Generative Models for Fast Cluster Simulations in the TPC for the ALICE Experiment
	1 Introduction
	2 Related Work
	3 Generative Models
	3.1 Variational Autoencoder
	3.2 Generative Adversarial Networks

	4 Dataset
	5 Results
	6 Future Work
	7 Conclusion
	References

	2D-Raman Correlation Spectroscopy Recognizes the Interaction at the Carbon Coating and Albumin Interface
	Abstract
	1 Introduction
	2 Materials and Methods
	2.1 Preparation of Carbon Layers on Titanium
	2.2 SEM Images Analysis
	2.3 Wettability Measurements
	2.4 The Nano Scratch Test
	2.5 Raman Microspectroscopy
	2.6 2D Raman Correlation

	3 Results and Discussion
	3.1 SEM Images of Carbon Layers
	3.2 Wettability of Carbon Layers
	3.3 Nano Scratch Test
	3.4 Raman Microspectroscopy Characterization of Nanocarbon Layers and Nanocarbon Interaction with Selected Blood Proteins
	3.5 2D Raman Correlation Spectroscopy Characterization of Carbon Layers Interaction with Selected Blood Proteins

	4 Summary
	5 Conclusions
	Acknowledgements
	References

	Effect of Elastic and Inelastic Scattering on Electronic Transport in Open Systems
	1 Introduction
	2 Theory
	3 Method of calculation
	4  Results and discussion
	5 Conclusions
	References

	P22-9muhase-Space Approach to Time Evolution of Quantum States in Confined Systems. The Spectral Split-Operator Method
	1 Introduction
	2 Theory
	3 Results and Discussion
	3.1 Initial Condition and Considered Potential Energies
	3.2 Harmonic Oscillator Potential
	3.3 Gaussian Potential
	3.4 Power-Exponential Potential

	4 Conclusions
	References

	Probability Measures and Projections on Quantum Logics
	1 Introduction
	2 Basic Definitions and Properties
	2.1 Quantum Logic
	2.2 Probability Measures of Logical Connectives on QLs

	3 Special Bivariables Maps on QLs
	4 Probability Measures of Projections on QLs
	5 Summary
	References

	Statistical Analysis of Models' Reliability for Punching Resistance Assessment
	1 Flat Slabs Punching Resistance
	1.1 Three Normative Forms for Reliability Computation

	2 Data Description
	3 Graphical Analysis
	4 Computational Data Analysis
	5 Results Interpretation
	6 Conclusion
	References

	On Persistence of Convergence of Kernel Density Estimates in Particle Filtering
	1 Introduction
	2 Preliminaries
	2.1 Filtering Task
	2.2 Particle Filtering
	2.3 Kernel Density Estimates in Particle Filtering

	3 Sobolev Character of Derivatives of Filtering Densities
	4 Conclusions
	References

	Multidimensional Copula Models of Dependencies Between Selected International Financial Market Indexes
	1 Introduction
	2 Theory
	2.1 Vine Copulas
	2.2 Hierarchical Copulas
	2.3 Methods

	3 Results
	3.1 Global Models
	3.2 Modeling Development Dependencies by Local Models

	4 Conclusion and Future Work
	References

	New Types of Decomposition Integrals and Computational Algorithms
	1 Introduction
	2 Decomposition Integrals
	3 New Types of Integrals
	3.1 Chain Integral
	3.2 Min-Max Integral
	3.3 Superdecomposition Duals

	4 Computation Algorithms
	4.1 Concave Integration as Linear Optimization Problem
	4.2 Choquet and Chain Integration
	4.3 Min-Max Integration
	4.4 Brute Force Algorithms
	4.5 Special Classes of Capacities

	5 Concluding Remarks
	References

	Trend Analysis and Detection of Change-Points of Selected Financial and Market Indices
	Abstract
	1 Introduction
	2 Statistical Methods
	2.1 Trend Analysis
	2.2 Change-Point Analysis
	2.3 Cluster Analysis

	3 Analysis of the Development of Selected Stock Indices
	3.1 Trend Analysis
	3.2 Change-Point Analysis
	3.3 Cluster Analysis

	4 Conclusions
	Acknowledgement
	References

	Author Index



